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QUANTUM EXTENSIONS OF FOURIER-GAUSS AND
FOURIER-MEHLER TRANSFORMS

UN Ci1G J1

ABSTRACT. Noncommutative extensions of the Gross and Beltrami Lapla-
cians, called the quantum Gross Laplacian and the quantum Beltrami
Laplacian, resp., are introduced and their basic properties are studied.
As noncommutative extensions of the Fourier-Gauss and Fourier-Mehler
transforms, we introduce the quantum Fourier-Gauss and quantum Four-
ier-Mehler transforms. The infinitesimal generators of all differentiable
one parameter groups induced by the quantum Fourier-Gauss transform
are linear combinations of the quantum Gross Laplacian and quantum
Beltrami Laplacian. A characterization of the quantum Fourier-Mehler
transform is studied.

1. Introduction

As infinite dimensional analogues of a finite dimensional Laplacian, Lévy,
Gross and Piech introduced the Lévy Laplacian, the Gross Laplacian and the
Beltrami Laplacian (number operator) in [8], [24], and [27], respectively. Since
then, in white noise theory initiated by Hida [9], these infinite dimensional
Laplacians have been extensively studied in [12, 21, 22, 25, 29] and the ref-
erences cited therein. In particular, Kuo [18] formulated the Gross Laplacian
and the number operator as continuous linear operators acting on the space of
test white noise functionals.

In recent papers [3, 4, 16], noncommutative generalizations of the Lévy
Laplacian, called the quantum Lévy Laplacian, acting on operators have been
introduced and studied. In particular, in [2], the authors studied the quantum
extension of the time shift of the Brownian motion to give a positive answer to
the Meyer’s problem. Then the generator of the Markov semigroup generated
by the quantum extension of the time shift is a quantum Laplacian. Also, a
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noncommutative extension of the Gross Laplacian has been introduced in [1]
and studied in connection with heat equation.

On the other hand, based on the white noise theory, Kuo [17, 19, 20] formu-
lated the Fourier-Mehler transform and Fourier transform as continuous linear
operators acting on the space of generalized white noise functionals which are
called the Kuo’s Fourier-Mehler transform and Kuo’s Fourier transform, respec-
tively, and have been studied in connection with infinite dimensional harmonic
analysis in [11, 21, 25]. Since then, Chung and Ji [5] generalized the Kuo’s
Fourier-Mehler transform as a two parameter transform which is the adjoint
of the Fourier-Gauss transform studied by Lee [23] (see, also [21]) and called
the generalized Fourier-Mehler transform. In [5], the authors studied all dif-
ferentiable one parameter transformation groups induced by the generalized
Fourier-Mehler transform of which the infinitesimal generators are linear com-
binations of the adjoint of the Gross Laplacian and the Beltrami operator, and
proved a characterization theorem for the transform. Recently, in [14, 15], the
authors obtained unexpected results for unitarities of the Kuo’s Fourier-Mehler
transform and the generalized Fourier-Gauss transform.

The main purposes of this paper are two folds: one is to study noncom-
mutative extensions of the Gross and Beltrami Laplacians, and another one
is to study noncommutative extensions of the Fourier-Gauss and generalized
Fourier-Mehler transforms.

For the purposes we first introduce the quantum Gross Laplacian and quan-
tum Beltrami Laplacian and then we study their basic properties. In fact, the
notion of quantum Gross Laplacian in this paper is slightly different with in [1]
in which the quantum Gross Laplacian is defined by using the Wick symbols of
operators, but in this paper we use the symbols of operators. The definitions are
very similar, but the basic properties are much different. Secondly, we introduce
the quantum Fourier-Gauss transform and quantum generalized Fourier-Mehler
transform. Then we study basic properties of the transforms and all differen-
tiable one parameter transformation groups induced by the quantum general-
ized Fourier-Mehler transform of which the infinitesimal generators are linear
combinations of the adjoint of the quantum Gross Laplacian and the quantum
Beltrami Laplacian. Also, we prove a characterization theorem for the quantum
generalized Fourier-Mehler transform by certain intertwining properties.

The paper is organized as follows. In Section 2 we recall some of concepts,
notations and known results in white noise theory. In Section 3 we revisit the
operator theory on Fock space with the analytic characterization theorem for
operator symbols and a general characterization theorem in white noise theory.
In Section 4 we introduce noncommutative extensions of the Gross Laplacian
and the Beltrami Laplacian, and study their basic properties. Also, we study
relations between the quantum Laplacians and the classical Laplacians. In Sec-
tion 5 we introduce noncommutative extensions of the Fourier-Gauss and gener-
alized Fourier-Mehler transform motivated by the standard quantum-classical
correspondence. Then we study basic properties of the transforms and all
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differentiable one parameter transformation groups induced by the quantum
generalized Fourier-Mehler transform. In Section 6 we prove a characterization
theorem for the quantum generalized Fourier-Mehler transform.

2. Nuclear rigging of Fock space

Let H = L?(R, dt) be the real Hilbert space of the square integrable functions
on R of which the norm and the inner product on H are denoted by |- |, and
(-, -), respectively. Let A = 1+ t? — d?/dt* be the harmonic oscillator. For
each p > 0, put E, = dom(AP) which becomes a Hilbert space with norm
1€], = [APE],. Let E_p be the completion of H with respect to the norm
|-|_, = [A7P-|;. Then E_, is isomorphic to the strong dual space Ej of E,
with respect to the Hilbert space H and then we have the following chain of
Hilbert spaces

-CE,CHCE_,C---.

Put
E = projlim E,, E* =indlim E_,.

pP— 00 p—00

Then we have the real Gelfand triple:
(1) E C H=L*R,dt) C E*.

In fact, F is a nuclear Fréchet space and coincides with the Schwartz space of
rapidly decreasing C*°-functions on R. The canonical bilinear form on E* x
E is also denoted by (-, -). The complex Gelfand triple obtained by taking
complexification of (1) is denoted by

Ec C He C E(EE
The (Boson) Fock space I'(Hc) over the Hilbert space Hc is defined by

F(HC) = {¢ = (fn)vozozo i fn € Hgmv || ¢H3 = Zn! ‘ fn |§ < OO} :
n=0

Let T'(A) denote the second quantization operator of A defined by
D(A)¢=(A""fa),—y. &= (fa)ney € T(He).
Then I'(A) is a positive selfadjoint operator on I'(Hc) with || T'(A)~* HOP <1
and || T(A)™! ||,,g < oo. From I'(Hc) and I'(A), a complex Gelfand triple
(E) c I'(Hc) C (E)

is constructed in the standard manner (see [21], [25]), and referred to as the
Hida-Kubo-Takenaka space in the white noise theory. We note that (E) is a
nuclear space equipped with the Hilbertian norms || ¢ ||, = [ T(4)P¢ ||y, p > 0.
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It is obvious that ¢ € T'(Hc) belongs to (E) if and only if f,, € Eg" for all n
and

o0
2
loll2 = nllfal2 < oo
n=0

for all p > 0. We denote by (-, -)) the canonical C-bilinear form on (E)* x (E).
For each ® € (E)*, there exists a unique sequence {F,}32, F, € (EE™)%,,.
such that

(@, ¢) = Zn' (Fny fn)
n=0

for all ¢ = (fn)oLo € (E). Moreover,
@2, => nl|F,, < oo
n=0

for some p > 0. We use a formal expression for ® € (E)*: & = (F,)5%,.
For each £ € E¢, an exponential vector (or coherent vector) ¢ is defined by

Xn
¢€: (1,57,7’“,)

It is well-known that {¢¢ : ¢ € Ec} spans a dense subspace of (E). The
S-transform of ® € (E)* is a function on E¢ defined by

S(E) = (P, ¢e)), € Ec.

The following theorem is well-known as the analytic characterization theorem
for S-transform of white noise functionals.

Theorem 2.1 ([13, 28]). A Gdteauz-entire function F : Ec — C is the S-
transform of some ® € (E)* if and only if there exist C > 0 and p > 0 such
that

[FE)l<cen{l¢l}, €€k

3. Operators on Fock space

Let £(%,9)) denote the space of all continuous linear operators from a locally
convex space X into another locally convex space ). For simple notation, we
write £(X) for £(X,X). For each Z € L((E), (E)*), the function Z on E¢ x Eg
defined by R

5(5777) = <<E¢§7 ¢77>>7 &, ne kEc
is called the symbol of =. Then the following theorem is well-known as analytic
characterization theorem for symbols of white noise operators.

Theorem 3.1 ([13, 26]). A Gateauz-entire function © : E¢c x Ec — C is the
symbol of an operator E € L((E), (E)*) if and only if there exist nonnegative
constants C' > 0 and p > 0 such that

(2) O <Cexp{lel+Inl},  &ne B
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The Gateauz-entire function © is the symbol of an operator E € L((E)) if and
only if for any p > 0, there exist ¢ > 0 and C > 0 such that

3) o€ mI<Cep{lel,, +Inf,},  &ne ke

For each k € (Eg(Hm))*, by applying Theorem 3.1 we can easily see that
there exists an operator = ., (k;m) € L((E), (E)*), called an integral kernel
operator, such that

(4) El,m(’%l,m)(§7 T}) = <Hl,’ma 77®l & §®7YL> €<Ev77>, 57 n c E(C-
For each x € Ef and t € R we write
a(z) =Eoa(z), a’(z) =Eio(2), ar=ald), a;=a"(d)

The operators a(z) and a*(x) are called the annihilation and creation operators,
respectively, which play an important role in the white noise theory. Note that
E1.m(k) € L((E)) if and only if k€ EE' @ (EE™)*.

Theorem 3.2 ([25]). For any E € L((E),(E)*) there exists a unique family

of distributions ki m € (Eg(Hm)):ym(l m) such that
(5) E= Z El,m(ﬁl,m)a
l,m=0

where the right hand side converges in L((E), (E)*). If 2 € L((E)), so does
Eim(Ki,m) for alll,m and the series (5) converges in L((E)).

Expansion (5) is referred to as Fock expansion. For the study of the white
noise theory with various applications, we refer to [10, 21, 25].
By the kernel theorem we have the following isomorphisms:

L((E),(E)") =(E) @ (B)",  L(E))=(E)®(E)

and
LI(E), (E)) = (E) @ (E),

i.e., for each E € L((E),(E)*) there exists a unique Pz € (E)* ® (E)* such
that
Define a map K : L((E),(E)*) > E
each ¢¢, ® ¢¢, € (F) ® (E) C (E)* @ (E)*, there exists a unique Z4. g4, €
L((E), (E)*) such that

<<E¢<1®¢<2 (bv 90>> = <<¢C1 ® (bsz Y ¢>> = <<¢C17 <P>> <<¢C27 ¢>>7 ¢> pe (E)
Therefore, for any (1, (2,&,n € Ec we have

§¢<1®¢<2 (&,n) = e{6m+(¢2,€)

o

1
= Z m< TR n® @M.

1,m=0
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Hence for each (7, (> € Ec we have

Eoc, 08¢, = K (06, ® di,)
o (DR QS @kS -Om
—klzm:zo mulﬂc,mﬂc( 1 ®TTR(, )
— 651,0(C1)e<>(*N)650,1(Cz)7

where 21 ¢ 2y is the Wick product (or normal-ordered product) of 21 and =
defined by

Z1 0 Ea(&,m) = E1(€,m)E2(€,m)e” &, &,n € Ec,

see [6]. Since {¢e @ ¢, : &,n € Ec} spans a dense subspace of (E) ® (E),
{Epcwe, : §;m € Ec} spans a dense subspace of L((E)*, (E)).
For each T € L((F) ® (E), (E)* ® (E)*), we put

(6) G(§1,§2;7717772) = <<T(¢§1 ®¢§2)7 ¢7]1 ®¢772>>7 5175237717772 € Ec.
Theorem 3.3 ([13]). A Gateauz-entire function G : E¢ — C is expressed in

the form (6) with Y € L((E)® (E), (E)*®(E)*) if and only if there exist C > 0
and p > 0 such that

2 2
|G(&1,€25m1,m2)] < Cexp {Z G2+ Im'lf,}

i=1 i=1
for &1,&,m,m2 € Ec. Moreover, G is expressed in the form (6) with T €
L((E)®(E)) if and only if for any p > 0 there exist C > 0 and ¢ > 0 such that

2 2
(7) |G (&1, 625 m1,m2) SCGXP{Z|& 12;+q+2|77i2p}
i—1

i=1

for &1,&2,m,m2 € Ec. In this case,
ITe 0, < CM(s, ) | Plpigss, P € (B)® (B,

where M(s,t) is a (finite) constant for some sufficiently large s,t > 1 and
11, = | (D(4°) & T(AP)) ® lp ey iy Jor © € (E) @ (E).

4. Classical and quantum Laplacians
4.1. Classical Laplacians

The integral kernel operators with trace 7 as kernel distribution:

Ag =Zgo(r) = / a’ds, —N=-E11(1) = —/ arasds
R R

are called the Gross Laplacian and Beltrami Laplacian (N is called also the
number operator), respectively. It is well-known that Ag and N are continu-
ous linear operators from (E) into itself. Moreover, N can be extended to a
continuous linear operator, denoted by the same notation, from (E)* into itself.
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Let {e,}22, C E be a complete orthonormal basis of Hc. Then the Gross
Laplacian and number operator are represented by

Ag = Za(en)a(en), N = Z alen) a(en),
n=1 n=1

respectively, see [21].
Let F' € C*(Eg). Then for each ¢ € E¢ there exist F'(§) € Ef and F"'(£) €
(Ec ® Ec)* such that

F(€+n)=F©) + (F(€n) + 5 (F'©mom+ollnf),  ne ke

for some p > 0. Moreover, the maps Ec 3 { — F'(§) € Ef and E¢ 3 £ —
F"(&) € (Ec ® E¢)* are continuous. For more study, we refer to [7]. By the
kernel theorem we have the canonical isomorphism

(E([j ® E@)* = E(Ec,E(E) = B(Ec,Ec>
from which, for notational convenience, we sometimes write

(F"(&), n@mn) = (F"(&)n, n) .

Note that for each ¢ € (E), S¢ € C?(E¢) and
S(Ace)(€) = Ac(S9)(&) =D ((S9)"(), en®@en), &€ Ec
n=1

and so the Gross Laplacian can be represented by
Ag = ST'AGS,

see [21].

4.2. Quantum Laplacians

For each F' € C%*(Ec x Eg), there exist F/(&1,&) € Ef and Fli(61,&2) €
(Ec ® E¢)* for any &1,& € Ec and ¢,j = 1,2 such that

2

F(&+m, & +m) = F(&, &) + Y (F/ (&, &), m)
=1
2

1
+5 2 (FE&m ) +ollm |+ [na [})

i,5=1

for some p > 0 and any 11,72 € Ec. For more study, we refer to [7].
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For each E € L((E), (E)*), E € C2(E¢ x Eg). Define

KAG(é)(gl,é.Q) = Z <§/1/1(£1,£2)7 er ® ek> )
k=1
BeaE)(6n&) =Y (Fhl6&). e oer)

~
Il

1

if the series exist and then

Aqc(E)(E1, &) = Aac(E)(€1, &) + Acc(B) (&1, &).

If ZA(}(E) and Acg(Z) are Gateaux entire and (2) holds, then there exist
unique operators, denoted by ApgZE and AcgE, in L((F), (E)*) such that

ArcE = Anc(3), AccE = Acc(E).
Then
Aqce = Aac +Acc

is called the quantum Gross Laplacian which is slightly different with the quan-
tum Gross Laplacian studied in [1].

Theorem 4.1. For any f,g € H, Z4,54, is an eigenvector of the quantum
Gross Laplacian Aqe corresponding to the eigenvalue (f, f) + (g, g), i.e.,

(8) AQcEsswp, = ({f; ) + (9, 9)) Eg a0,

Proof. The proof is straightforward. O

Theorem 4.2. The quantum Gross Laplacian Aqg is a continuous linear

operator in L(L((E)*, (E))).

Proof. By applying Theorem 3.3 we can easily show that KAqgK ™! is a con-
tinuous linear operator from (F) ® (E) into itself. On the other hand, K is a
topological isomorphism from L((E)*, (E)) onto (E) ® (F) which follows the
proof. (I

By (8) we can easily see that for any &,n € E¢c we have
KAcGK™ (¢ @ ¢y) = (&, €) 0@y,  KAAGK™ (¢¢ ® ¢y) = (0, 1) b @y
which implies that
(9) Acg =K' (Ag®I)K, Apc =K' (I®Ac)K.
Theorem 4.3. For any = € L((E)*, (E)) we have
AqGE = AGE + EAL,
where A € L((E)*) is the adjoint of the Gross Laplacian Ag € L((E)).
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Proof. Let E € L((E)*, (E)). Then by (9) for any ¥, ® € (E)* we have
(AacEY, @) = (KZ, 2@ (AgV)) = (EAGY, @)

Similarly, we have
(AcEY, @) = (AGET, D).
Thus, by definition we complete the proof. 0

_ By applying Theorem 3.3 we can easily show that there exist operators
Aap,Acs € L(E) ® (E), (E)* ® (E)*) such that for any &1,&2,m1,m2 € Ec

((Ben(se, ® dea)s @y © b)) = (€1, my) St HE ),

<<£AB(¢51 ® d¢;)s Oy @ Py >> = (&, mp) et TE ),
Moreover, we have Acg, Aap € L((E) ® (E)) N L((E)* @ (E)*) and

Acg =N®I, Axp=I®N.
Put
Acg = K 'AcsK € LIL((E)*, (E))), Aag =K 'AapK € LIL((B)*, (E)))
and then
(10) Acg =K' (No DK, A=K '(I®N)K.
The operator
Aqge = Acs + AaB

is called the quantum Beltrami Laplacian and then, by similar arguments used
in the proof of Theorem 4.3, we obtain that for any = € L((E), (E)*)
(11) AqpE = NE+E=N.

The following theorem is already proved.

Theorem 4.4. The quantum Beltrami Laplacian Aqp is a continuous linear
operator in L(L((E)*, (E))).

4.3. Quantum-—classical correspondence

For each ¢,¢ € (E), we write ¢1) for the pointwise multiplication. It is
well-known that the pointwise multiplication yields a continuous bilinear map
from (E) x (E) into (F), see [21, 25]. For ® € (E)* and ¢ € (F) we define
B = 6 € (E)* by

(@, v) = (@, ¢v), ¥ € (E).

Obviously, the map (®,¢) — P¢ is a separately continuous bilinear map.
In particular, each ® € (E)* gives rise to a multiplication operator Mg €
L((E),(E)) 2 (E)* @ (E)* defined by Mg¢p = P¢. With this we have a
continuous injection (E)* — L((E), (E)*). Note also that (Ms)* = Mg.
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Since KAQeK ' =Ac®I+1® Ag € L((E) ® (E)), the operator
K (KAQeK ™) K=K (AL @ I+ 10 ALK € LIL((E), (B)"))

is considered as the adjoint of the quantum Gross Laplacian Agg and denoted
by Afg- Then by similar arguments used in the proof of Theorem 4.3 we have

(12) qa(E) =AGE+EAq, E€L((E),(E))
and
Afe = Ate + A
where
o =K AEO DK, A=K (I®AL)K.

Theorem 4.5. For any ® € (E)*, we have

(AaaMe) 6o = Az®,  (AqsMe)go = NO.
Proof. The proof is immediate from (12) and (11). O

5. Quantum generalized Fourier—Mehler transform
5.1. Generalized Fourier—Mehler transform

By applying Theorem 3.1, we can easily see that for each «, 3 € C, there
exists an operator G g € L((F)) such that

(13) Ga,p0¢ = exp{a(§, )} dpe, € € Ec,
see [5]. In fact, the function © on E¢ X E¢ defined by

O =Gap€n) =expfall, O + B}, &ne e
is Gateaux-entire and (3) holds. It is obvious from (13) that
(14) Gap = D(BI)e*?e.
The operator G, g € L((E)) obtained as in (13) is called the Fourier—Gauss
transform and the adjoint Fo g = G, 5 € L((E)*) of Ga g is called the gener-
alized Fourier—Mehler transform. In particular, for a(f) = (ie” sin) /2 and

BH) =e?, 6 R, Fa0),800) is called the Kuo’s Fourier-Mehler transform, see
[11]. From (14) we have

(15) Fop = 2T (BI).

For a locally convex space X, let GL(X) denote the group of all linear home-
omorphisms from X onto itself. Let § = {Fop : o € C,3 € C*}, where
C* = C\ {0} is the multiplicative group. Then § is a subgroup of GL((E)*).
In fact, for any o/, 3, , 3 € C,

Foar=1, FarprFap = Fartap?,pp-

For more study of the generalized Fourier-Mehler transform, we refer to [5, 21,
25].
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5.2. Quantum generalized Fourier—Mehler transform
We start with the following lemma.

Lemma 5.1. For any «, 3,7,6 € C, there exists an operator Gvgﬁm(; eL(E)®
(E)) such that

(16) 5375;7,5((;551 ® ¢§2) = ea<£1,£1)+ﬁ(£2,52>¢%1 ® (b(sfzv 51762 € E(C~

Proof. The proof is straightforward by applying Theorem 3.3. O
For the operator §f;}ﬂ_7 s € L((F) ® (EF)) obtained in Lemma 5.1 we write
G255 = K162, K € LIL((E)", (E)))

which is called the quantum Fourier—Gauss transform. The quantum general-
ized Fourier—Mehler transform is defined by

‘7:3,,8;%5 = K_l‘%o(iﬁ;v,éK € LIL((E), (E)")),
where ‘%S,ﬂmé € L(E)* ® (E)*) is the adjoint of QNSﬂ;%é.

Theorem 5.2. Let §Q = {FQ

o fiys - a,B € C, 7,0 € C*}. Then 2 is a
subgroup of GL(L((E), (E)*)).

Proof. The proof is straightforward. In fact, we have

Q — Q Q — Q
(17) oo =1, ForpiveTapms = ‘Fa’+a7’2,ﬂ’+ﬂ5’2;v’776’5

for any o/, 3',7/,¢,a, 3,7,6 € C. O
Proposition 5.3. Let o, (3,v,0 € C. Then we have

(18) 53[3;%5 = Gay ®Yp.6, ‘7?0?,5;%5 = Fany ® Fps-

Proof. The proof is immediate from (14), (15) and (16). O

Theorem 5.4. Let a,3,v,0 € C. Then ggﬂwﬁ € LIL((E)*, (F))) and for
each E € L((E)*, (F)) we have

(19) G pi08(E) = GanEFps,  E€L(E),(E)):
(20) P s(E) = FanZGss,  E€ L(E),(B)).
Proof. By definition, it is obvious that Qg, 1,6 18 & continuous linear operator

in LIL((E)*, (E))). Let 2 € L((E)*,(F)) ar{d ¢, € (E). Then by (18), we
have

(625,50, ¢)) = ((G25,5(K2), 02 6))
= (KE, (Fanqv) @ (Fp,50)))
= <<ga,'75'7:ﬁ,5¢7 Q0>>
which implies (19). Similarly, we prove (20). O
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Theorem 5.5. Let = € L((E),(E)*) admit the Fock expansion (5). Then
-7:3;3;7,5(5) is given by

J - = § : iBd —_ 1)k

o, By a ﬁ ('Y(S 1) l

( 1) Bimd _',7%'7 §m
4,5,k,l,m=0 1:7R:

= = 585\ o~k Ok
X Egiphri,2j+htm (T8 ®k1m@7%7) OF 79%)
where for k € (Eg(Hm))*, K OF 7Ok € (E§(2k+l+m))* such that

(r @k 7ok, g2 @ e0Hm )y — (e ) (1, ™ @ €57), g€ Ee.

Proof. Since

oo

é(é-u 77) = Z <’L€l,m7 77®l ® £®’m> €<§,n>7

l,m=0

by (20) we have

Fd s 5(E)(Em) = E(BE, yn)emmHHES)

_ Z ,yl(sm <m s 77®l ® §®m> e m+B(&; &) +75(n, &)
I,m=0
o iQj k
SRCUEDS B0 =1 o

2171k!
gkl m=0 J

x <(T®i®m7m®7®j) OF 78k pBQitktD) o §®(2j+k+m)> )

Hence in view of (4), we get the expression (21) of ]:3,6;%65' O

5.3. Quantum-—classical correspondence
Theorem 5.6. Let ® € (E)*. Then we have
(22) (]—'O(?ﬂm 5(Mq>)) B0 = ForyD.

Proof. By (20) we have

(F255(Ma)) 60 = Far(Ms)G5600 = Fory®.

Therefore, (22) holds. O

Theorem 5.7. Let a,y € C with 4> — 2a = 1. Then for any ® € (E)* we
have

(23) FRo (M) = Mr, o

Q, 057,y
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Proof. Let ® € (E)*. Then for any £,n € E¢ we have

—

fo(%a;'yﬁ(M@)(fJ]) = <<fll,’yM<I>ga,’y¢€v (Z)’l]»
— o2& O+mm)+y* (& m) (®, dryesnm) -

Therefore, for a,y € C with v2 — 2o = 1 we have

-

Farn(Ma)(€,n) = (@, Gardern) e = Mz, _s(€,n)
which implies (23). O

5.4. One-parameter groups and its infinitesimal generators

Let X be a locally convex space of which the topology is induced by a family
of norms {|| - ||,}p>0. A one-parameter subgroup {Vp}ger of GL(X) is called
differentiable if for every ¢ € X, limg_,¢ V"g_g converges in the topology of X.

In this case, a linear operator L from X into itself defined by
. Vo(—¢
L¢=1
¢ i 0
is called the infinitesimal generator of {Vp}ger. It is shown that L € L(X, X)

and for any 0 € R, we have VyL{ = LVy( for ¢ € X.
For notational convenience, we write

, CeX

Q_ ~Q
9o = Ya.s0n0.500 IER
for C-valued functions «, 3, and § defined on R.

Lemma 5.8. Let o, 3,7v,0 be differentiable C-valued functions defined on R
such that v(0) # 0 and §(0) # 0 for all 8 € R. Then {geQ}ge]R is a one-
parameter subgroup of &9 = {gfjgw ca,f € C, v,0 €C} if and only if
a, B,7,6 are given by

b

a

_ 09 _ Y240 _ _ b _ .o
a(0) = 5-(0 = 1), BO) = 5y (™ = 1), A(O) =€, 5(8) = e
for some a,b,c,d € C with ¢c# 0 and d # 0, or
alf) =ab, BO) = oo 1), AB) =1, 5(6) ="

for some a,b,d € C with d # 0, or
o) = 5-(7 = 1), BO)=bh, ~(6) =<, 5(6)=1
for some a,b,c € C with ¢ # 0, or
a)=ab, pBO) =09, ~O)=1, §0)=1
for some a,b € C.

Proof. The proof is straightforward (see the proof of Lemma 4.1 in [5]). O
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For notational convenience, for each a,b,c,d € C we write

g;(62c9_1)7%(62d9_1);€c9,ed97 if ¢# 0 and d # 0;

ngi(ezce,l) bO:eco 17 if c# 0 and d = 0;
Q o c ) ’ )
Ia,b,c,d;& - Q
ga97275d(62d0_1);1,€d97 ifc=0andd 7é 0;

G voins if c=0and d = 0.

Theorem 5.9. Let a,b,c,d € C. Then {Z(?hc 20 toer 15 a differentiable one-
parameter subgroup of & with infinitesimal generator aAcg +bAag +cAcp+
dAAB.

Proof. The proof is a simple modification of the proof of Theorem 4.3 in [5]. O

For each a,b,c,d € C we put
]:Q

i(62c9_1)7%(62d9_1);ec97ed9 )

if ¢c# 0 and d # 0;

HQ f;(e20971)7b9;609,17 if ¢ £ 0 and d = 0;
a,b,c,d;f —
FQ if c=0 and d # 0;

b . 10 9
af, 35 (€240 —1);1,ed0

Fa0,p0:1,15 ifc=0and d=0.
Then by dual properties and Theorem 5.9 the following theorem is immediate.

Theorem 5.10. Let a,b,c,d € C. Then {Hgb c.d:0 JoeRr 15 a differentiable one-

parameter subgroup of § with infinitesimal generator alAge +bAL e +cAcs+
dAAB.

Remark 5.11. By applying Theorem 5.6 and Theorem 5.10, we obtain one of
main results in [5] for differentiable one-parameter subgroups of § and their
infinitesimal generators.

6. A characterization of Tgﬁ;vyé-transform

Let n € E¢ and ¢(n) € L((F)) the multiplication operator by (-, n). Note
that the operators a(n) and ¢(n) are continuously extended to operators in
L((E)*). These extensions are denoted by the same symbols. Moreover, we

have ¢(n) = a(n) + a*(n).
Proposition 6.1 ([5]). Let o« € C and 8 € C*. Then for each n € Ec we have

gw( o ) - ( STl ) ( o )g‘“”
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equivalently,

a 1 —2a a
()-8 7))
For each n,( € Eg, define D, ¢), Df, - € LIL((E), (E)*)) by
D(y,¢)(8) = a(n)E + Ea*((),
Do) (B) =a"(mE+Ea((),  E € L((E),(E)).
Then we have
KDpok ™' =am @ l+1®a((), KDj oK '=a*(n)el+I®ad ()
which are the annihilation and creation operators acting on I'(H¢) @ I'(He) &
I'(Hc @ Hc). Therefore, the following canonical commutation relations hold:
for any n1,m2, 1, G2 € Ec,
(D c1)s Pineea)l = Py 1) Dingia)] = 0
[Dnici)s Dingea)) = (s m2) + (G, G2)) 1.
Proposition 6.2. Let T € L(L((E)*, (E))). If for any n,¢ € Ec
(24) DuoY =TD.0,  DiyoT =TDj0),
then Y is a scalar operator.

Proof. The proof is a simple modification of the proof of Theorem 3.5 in [11].
O

By Proposition 6.2 and the dual properties, the following theorem is imme-
diate.

Theorem 6.3. Let YT € L(L((E), (E)*)). If T satisfy (24), then T is a scalar
operator.

Theorem 6.4. Let a,5 € C and v, € C*. Then the quantum generalized
Fourier—Mehler transform }—o?ﬁ'v s has the following properties:

; Q _ Q * Q .
) o piv,sPm.0) = DianioFapms +D(—2§n,—¥g)‘7aﬂ;%5’ 1.6 € Eg;

o rQ . Q

() Fosr6D0n.c) = DinsoFasmer 1€ € Ee.
Conversely, suppose Aq g5 is in L(L((E), (E)*)) and satisfies the properties
(i) and (ii). Then Aq g5 is a constant multiple of ‘7:0(?6'7 5
Proof. For any E € L((E), (E)*), by applying Proposition 6.1 we have

‘Fgﬁ;%dD(n’C) (B) = Fay (a(m)=+Za*(¢)) Gs.s
1 2«

— (Zat) - () FarE
(Latn - 20 )) £ Z0as

+ FaqZ0s (300 - Zat)
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and

]:gﬁ;,y’(;DEkn’c) (E) = ]:oz,v (a’* (77)5 + EG(C)) gﬁ75
= ’YCL* (n)foz,'yagﬁ,(? + 5~Fa,75gﬁ,6a(g)

which implies the properties (i) and (ii).

To prove the converse, let A, g, 5 € LIL((E), (E)*)) satisfy the properties
(i) and (ii). Let o = —ay~2, 8’ = —3672, 7 =~y ' and ' = §~ . Then for
any 1,¢ € Ec, by (i) and (ii), we have

« _ Q
Tt g 50 Aabir .6 Dn¢) = Do) F ol gy 51 Aa,557.6
Q . e 0
Far g g Aapin s Do) = DinoyFar gy Aapins-

Therefore, by Theorem 6.3, fg’ﬁ/wl’é,Aa7ﬁw75 is a scalar operator. Equiva-
lently, Aq 8,5 is & constant multiple of fo?ﬁ;%é since fllQ’ﬂ’;’Y/yé' is the inverse
of F g s O

Remark 6.5. By Theorem 6.4 and dual properties, we can prove a similar
characterization of QS Biy s-transform by similar intertwining properties.
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