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FIXED POINTS OF WEAKLY INWARD
1-SET-CONTRACTION MAPPINGS

Huagui Duan, Shaoyuan Xu, and Guozhen Li

Abstract. In this paper, we introduce a fixed point index of weakly
inward 1-set-contraction mappings. With the aid of the new index, we
obtain some new fixed point theorems, nonzero fixed point theorems and

multiple positive fixed points for this class of mappings. As an application
of nonzero fixed point theorems, we discuss an eigenvalue problem.

1. Introduction

Since Halpern and Bergman [9] introduced the conception of inward map-
ping, many results have appeared in the literatures concerning inward and
weakly inward mapping in Halpern’s sense (cf. [2], [4], [5], [6], [7], [10], [11],
[12], [17], [20], [22], [21], [23]). It is well known that many fixed point theorems
for maps involving cones are easily proved if there is a theory of fixed point
index for the class of mappings involved.

In 1990, the fixed point index of weakly inward maps that do not necessarily
take their values in the cone is defined on compact convex sets [20]. Lan and
Webb [11] has introduced a fixed point index for more general mappings of
condensing type that satisfy a weaker inwardness condition called generalized
inward. On the other hand, Lan and Webb [12] has also studied the class of
A-proper mapping and defined a fixed point index for weakly inward mappings.

It is the purpose of this paper to introduce a fixed point index of weakly
inward 1-set-contraction mappings by virtue of some results established in Lan
and Webb [11]. With the aid of the new index, we obtain some new fixed point
theorems, nonzero fixed point theorems and multiple positive fixed points for
this class of mappings. As an application of nonzero fixed point theorems,
we discuss an eigenvalue problem. It should be noted that this class of 1-
set-contraction mappings includes self-maps defined on a closed convex set,
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condensing maps, nonexpansive maps, semicontractive maps, LANE maps and
others (also see [17]). So our results are generalizations and improvements of
the recent results obtained by many authors.

2. A fixed point index of weakly inward 1-set-contraction mappings

Let X be a real Banach space. A continuous bounded map A : dom(A) ⊂
X → X is said to be k-set-contraction if α(A(D)) ≤ kα(D) for each bounded
set D ⊂ dom(A) and k ∈ R+ = [0, +∞), where α(D) is the measure of non-
compactness of D defined by

α(D) = inf{d > 0 : D =
m∪

i=1

Di for some m ∈ N+and diam(Di) ≤ d},

here, N+ denotes the set of all positive integers. If k ∈ [0, 1), then A is called a
strict-set-contraction. If α(A(D)) < α(D) for each bounded D ⊂ dom(A) with
α(D) ̸= 0, then A is called condensing. It is easily seen that a compact map is
0-set-contraction. We refer to [3], [4] for details and more properties.

Let K be a closed convex set. For x ∈ K, let IK(x) = {x + c(z − x) : z ∈
K and c ≥ 0}. Geometrically, it is the union of all rays beginning at x and
passing through some other points of K.

Definition 1 ([4, 11]). A map A : Ω ⊂ K → X is said to be inward (re-
spectively, weakly inward) on Ω relative to K if Ax ∈ IK(x) (respectively,
Ax ∈ IK(x)) for x ∈ Ω, where IK(x) denotes the closure of IK(x).

We refer to Deimling [4, Sections 18.3 and 20.4] for more details. Recall that
K is called a wedge if λx ∈ K for x ∈ K and λ ≥ 0. If a wedge K also satisfies
K ∩ (−K) = {θ}, then K is called a cone.

Lemma 1. With respect to IK(x), we have the following properties.
(1) IK(x) is a closed convex set containing K for each x ∈ K;
(2) If K is a cone or a wedge in X, then IK(x) is a wedge for each x ∈ K;
(3) If K is a starred closed convex set, i.e., x ∈ K implies tx ∈ K for

t ∈ [0, 1], then IK(x) is also starred.

Proof. We only prove (3). With respect to (1) and (2), we refer to Lan and
Webb [12]. Let w = limn→∞ wn, where wn = x + cn(yn − x), yn ∈ K, cn ≥ 0.
For each t ∈ [0, 1), we have

twn = tx + tcn(yn − x)
= x + tcnyn − (1 − t + tcn)x

= x + (1 − t + tcn)
(

tcn

1 − t + tcn
yn − x

)
.

Since 0 ≤ tcn

1−t+tcn
< 1, so we have tcn

1−t+tcn
yn ∈ K, which implies twn ∈ IK(x)

so that tw ∈ IK(x) for each t ∈ [0, 1]. ¤
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Weakly inward mappings have been well studied by many authors. Among
these literatures, Lan and Webb [11] has introduced the concept of generalized
inward mappings which is a proper generalization of weakly inward mappings,
i.e., all weakly inward mappings are generalized inward, but the converse does
not hold (see Example 2.4 in [11]). It is the first purpose of this paper to
introduce the fixed point of weakly inward 1-set-contraction mappings. Now
we recall some definitions and results due to Lan and Webb [11].

Definition 2. Let K be a closed convex set. A map A : Ω ⊂ K → X is said to
be generalized inward on Ω relative to K if the following condition is satisfied:

d(Ax,K) < ||x − Ax|| for x ∈ Ω with Ax /∈ K,

where d(y,K) = inf{||y − u|| : u ∈ K}.

Definition 3. A map r from X to K is called a metric projection if r satisfies
||x − rx|| = d(x,K) for each x ∈ X.

Definition 4. K is said to be an Ml-set for some 1 ≤ l < ∞ if there exists
a continuous metric projection r from X to K such that α(r) = l, where
α(r) = inf{k : r is a k-set-contraction map}. K is called an M∞-set if the
metric projection is only continuous.

Lemma 2 ([11, Examples 2.6, 2.7]). If X is a Hilbert space, then any closed
convex set K in X is an M1-set. And in any Banach space X, let K be a ball,
then K is an M1-set.

Now let D be a bounded open set in X, let K be a closed convex set and
suppose that DK = D ∩ K ̸= ∅. Denote by DK the closure and ∂DK the
boundary of DK relative to K.

From Definition 2.14 and Theorem 2.15 in Lan and Webb [11], we have the
following lemma.

Lemma 3. Let K be a closed convex M1-set in a Banach space X and D
a bounded open set in X such that DK ̸= ∅. Assume that A : DK → X
is a generalized inward k-set-contraction map with k < 1 and x ̸= Ax for
x ∈ ∂DK . Then there exists the fixed point index iK(A,DK) satisfying the
following properties.

(P1) (Solution property) If iK(A,DK) ̸= 0, then A has a fixed point in DK .
(P2) (Normalization) If u ∈ DK , then iK(u,DK) = 1, where u(x) = u for

x ∈ DK .
(P3) (Additivity property) If D1, D2 are disjoint relatively open subsets of

DK such that x ̸= Ax for x ∈ DK\(D1 ∪ D2), then

iK(A,DK) = iK(A,D1) + iK(A,D2).

(P4) (Homotopy property) If H : [0, 1] × DK → X is continuous and for
each t ∈ [0, 1], H(t, ·) : ∂DK → X is a generalized inward map. And
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α(H([0, 1] × D)) < α(D) for each D ⊂ DK with α(D) ̸= 0. If x ̸=
H(t, x) for x ∈ ∂DK and t ∈ [0, 1], then

iK(H(0, ·), DK) = iK(H(1, ·), DK).

Remark 1. Since all weakly inward mappings are generalized inward (see [11,
Lemma 2.3]), the fixed point iK(A,DK) is also well-defined and has the above
properties for the weakly inward k-set-contraction map A with k < 1.

Definition 5 ([14]). A : dom(A) ⊂ X → X is called a semiclosed 1-set-
contraction mapping, if A is 1-set-contraction and I − A is closed.

Definition 6. A weakly inward mapping A : DK → X is said to satisfy (C)
condition, if tA : DK → X is also weakly inward for every t ∈ [0, 1].

Remark 2. Throughout this paper, we suppose that a weakly inward mapping
A : DK → X satisfies (C) condition. However, by Lemma 1, it is easy to
see that (C) condition is satisfied automatically under one of the following
conditions: (1) θ ∈ K; (2) K is a wedge; (3) K is starred.

Next we introduce the main definition in this paper.

Definition 7. Let K be a closed convex M1-set in a Banach space X. Suppose
that A : DK → X is a weakly inward 1-set-contraction mapping and θ /∈
(I − A)∂DK , then there exists δ > 0 such that

inf
x∈∂DK

||x − Ax|| ≥ δ.

Set Ak = kA, where k ∈ (1 − δ
M , 1) and M = supx∈DK

||Ax|| + δ. Then we
define the fixed point index of A over DK with respect to K by

iK(A,DK) = iK(Ak, DK).

It is readily checked that iK(A,DK) makes sense and is independent of the
choice of Ak. In fact, the weakly inwardness of A and (C) condition imply the
weakly inwardness of Ak which is also strict-set-contraction. Now suppose that
Aki : DK → X are ki-set-contraction mappings (0 < ki < 1) with

||Akix − Ax|| < δ for x ∈ ∂DK and i = 1, 2.

Set H(t, x) = tAk1x + (1− t)Ak2x. Clearly, H : [0, 1]×DK → X is continuous
and α(H([0, 1] × D)) < α(D) for each D ⊂ DK with α(D) ̸= 0. By Lemma 1,
H(t, x) ∈ IK(x) for each t ∈ [0, 1], which shows that H(t, ·) : ∂DK → X is
a weakly inward mapping for each t ∈ [0, 1]. For x ∈ ∂DK and t ∈ [0, 1], we
obtain

||x − H(t, x)|| = ||x − tAk1x − (1 − t)Ak2x||
≥ ||x − Ax|| − t||Ax − Ak1x|| − (1 − t)||Ax − Ak2x||
> δ − tδ − (1 − t)δ = 0.
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Then, by Lemma 3 (P4), we have

iK(Ak1 , DK) = iK(H(1, x), DK) = iK(H(0, x), DK) = iK(Ak2 , DK),

which implies that iK(A,DK) is independent of Ak.

Remark 3. It should be noted that (C) condition in the above definition can
be omitted if K is in any case of (1)-(3) in Remark 2.

Theorem 1. Let K be a closed convex M1-set in a Banach space X and D
a bounded open set in X such that DK ̸= ∅. Suppose that A : DK → X is
a weakly inward semiclosed 1-set-contraction mapping and θ /∈ (I − A)∂DK .
Then the index iK(A,DK) satisfies properties (P1), (P3) as in Lemma 3 and

(P2) Let u(x) = u for x ∈ DK , then

iK(u,DK) =

{
1, when u ∈ DK ,

0, when u /∈ DK .

(P4) (Homotopy invariance) Suppose that H : [0, 1] × DK → X is con-
tinuous and H(t, ·) : ∂DK → X is weakly inward for each t ∈ [0, 1]. If the
measure of non-compactness α(H([0, 1] × D)) ≤ α(D) for each D ⊂ DK and
θ /∈ (I − H)([0, 1] × ∂DK), then

iK(H(0, ·), DK) = iK(H(1, ·), DK).

Proof. (P2) and (P3) are trivial. Next we shall prove (P1) and (P4).
Proof of (P1). Let kn ∈ (0, 1) and kn → 1 as n → ∞. Set An = knA :

DK → X, then An is weakly inward and kn-set-contraction (kn < 1). Noting
that supx∈DK

||Ax|| < +∞, since

||Ax − Anx|| = ||Ax − knAx|| = (1 − kn)||Ax|| → 0(n → ∞),

then there exists N > 0 such that

||Ax − Anx|| < δ for every n > N,

where 0 < δ < infx∈∂DK
||x − Ax||, noting that (I − A)∂DK is a closed set.

And so we have ||x − Anx|| ≥ ||x − Ax|| − ||Ax − Anx|| > δ − δ = 0 for each
x ∈ ∂DK . By Definition 7, iK(A,DK) = iK(An, DK) ̸= 0. It follows from (P1)
in Lemma 3 that An has a fixed point xn ∈ DK . Then for every n > N ,

||xn − Axn|| = ||Anxn − Axn|| → 0 as n → ∞.

Since A is a semiclosed mapping, θ ∈ (I − A)DK , i.e., there exists x0 ∈ DK

such that Ax0 = x0. The fact that x ̸= Ax for each x ∈ ∂DK implies that
x0 ∈ DK with x0 = Ax0.

Proof of (P4). By assumptions, there exist δ > 0 and M > 0 such that

||x − H(t, x)|| ≥ δ > 0 for t ∈ [0, 1] and x ∈ ∂DK
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and ||H(t, x)|| ≤ M for t ∈ [0, 1] and x ∈ DK . Let k ∈ (1 − δ
M , 1), set

G(t, x) = kH(t, x) : [0, 1] × DK → X. Since, for t ∈ [0, 1] and x ∈ DK ,

||H(t, x) − G(t, x)|| = (1 − k)||H(t, x)|| ≤ (1 − k)M < δ,

so for every t ∈ [0, 1] and x ∈ ∂DK , we have

||x − G(t, x)|| ≥ ||x − H(t, x)|| − ||H(t, x) − G(t, x)|| > δ − δ > 0.

By (P4) in Lemma 3,

iK(G(0, ·), DK) = iK(G(1, ·), DK).

Also it follows from Definition 7 that

iK(H(0, ·), DK) = iK(H(1, ·), DK).

¤

Remark 4. It should be noted that, in (P4), if H : [0, 1]×DK → X is also semi-
closed, then θ /∈ (I − H)([0, 1] × ∂DK) if and only if x ̸= H(t, x) for x ∈ ∂DK

and t ∈ [0, 1]. One will see that the remark is convenient for later applications
to fixed point theorems.

3. Fixed point theorems for weakly inward maps

In this section we shall obtain some new fixed point theorems and nonzero
fixed point theorems by using the fixed point index developed in Section 2.
These results improve and extend many relevant recent works (cf. [6], [11],
[12], [14], [17], [19], [22], [23]).

Theorem 2. Let K be a closed convex M1-set in a Banach space X and D
be a bounded open set in K with D ̸= ∅. Suppose that A : D → X is a weakly
inward semiclosed 1-set-contraction mapping and x0 ∈ D such that

x ̸= tAx + (1 − t)x0 for all x ∈ ∂D and t ∈ (0, 1). (L − S)

Then A has a fixed point in D, and if x ̸= Ax for x ∈ ∂D, then iK(A,D) = 1.

Proof. Without loss of generality, we assume x ̸= Ax for x ∈ ∂D. Let

H(t, x) = tAx + (1 − t)x0 for x ∈ ∂D and t ∈ [0, 1].

By the hypotheses and Lemma 1, H(t, ·) : ∂D → X is a weakly inward mapping
for each t ∈ [0, 1] and x ̸= H(t, x) for x ∈ ∂D and t ∈ [0, 1]. One readily see
that (I − H) is closed (also see [15]).

In fact, let S be a closed subset of [0, 1] × D of the form S = M × P ,
where M and P is a closed subset of [0, 1] and D respectively. Suppose that
yn ∈ (I − H)(M × P ) such that yn converges to y0 as n → ∞. Next we shall
prove that y0 ∈ (I−H)(M×P ). Since I(t, x) = x for x ∈ D, t ∈ [0, 1] and yn =
(I−H)(tn, xn), where (tn, xn) ∈ M×P , so we have xn−tnAxn−(1−tn)x0 → y0.
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With passing to a subsequence if necessary, we suppose that tn → t0 as n → ∞.
Clearly, t0 ∈ M, 0 ≤ t0 ≤ 1. And so

(I − t0A)xn = xn − t0Axn

= xn − tnAxn − (1 − tn)x0 − t0Axn + tnAxn + (1 − tn)x0.

Hence
(I − t0A)xn → y0 + (1 − t0)x0 as n → ∞.

Since t0A is a semiclosed t0-set-contraction mapping, there exists e0 ∈ P such
that y0 + (1 − t0)x0 = e0 − t0Ae0, i.e.,

y0 = e0 − t0Ae0 − (1 − t0)x0.

Consequently, y0 ∈ (I − H)(M × P ), i.e., (I − H) is a closed mapping. In
addition, it is not difficult to prove that α(Hλ([0, 1] × Q)) ≤ α(Q) for any
Q ⊂ D (also see the proof in Theorem 3). Hence it follows from Theorem 1
that iK(A,D) = iK(x0, D) = 1, which implies that A has a fixed point in
D. ¤

Remark 5. Theorem 2 is an improvement of Theorem 3.2 in [11], Theorem 3
in [14], Theorem 1 in [6] and Lemma 2.2 in [22], respectively.

Corollary 1. Let X,K,A be the same as in Theorem 2. If x0 = θ ∈ D and
x ̸= tAx for x ∈ ∂D and t ∈ (0, 1], then iK(A,D) = 1 and A has a fixed point
in D.

As an immediate consequence of Corollary 1 and Lemma 2, we derive the
following corollary.

Corollary 2. Let K be a closed convex set in a Hilbert space H and D a
bounded open set in K with θ ∈ D. If A : D → H is a weakly inward semiclosed
1-set-contraction mapping and

x ̸= tAx for x ∈ ∂D and t ∈ (0, 1). (L − S)

Then A has a fixed point in D.

Remark 6. The above results still hold under the following boundary condition
(see [11]):

(B1) ||Ax|| < ||x|| + ||x − Ax|| for each x ∈ ∂D with ||Ax|| > ||x||.
(B2) When X is a Hilbert space, (x,Ax) < ||x||||Ax|| for each x ∈ ∂D with

||Ax|| > ||x||.

Theorem 3. Let K be an M1-wedge in a Banach space X and D be a bounded
open set in K. Suppose that A : D → X is a weakly inward semiclosed 1-set-
contraction mapping and there exists e ∈ K\{θ} such that

x ̸= Ax + λe for λ ≥ 0 and x ∈ ∂D.

Then iK(A,D) = 0.
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Proof. Since D is bounded, there exists λ0 > 0 such that λe /∈ D for every
λ ≥ λ0. Set

Hλ(t, x) = (1 − t)Ax + tλe for λ ≥ λ0, t ∈ [0, 1] and x ∈ D.

I) Let Q be a subset in D such that the measure of non-compactness α(Q) ̸=
0, then we have α(Hλ([0, 1] × Q)) ≤ α(Q). Indeed,

Hλ(t, Q) = (1 − t)A(Q) + tλe ⊂ co(A(Q) ∪ {λe}) for all t ∈ [0, 1].

Since Hλ(t, x) : [0, 1] × D → X is bounded and uniformly continuous with
respect to t, so we have

α{Hλ([0, 1] × Q)} = max
t∈[0,1]

α(Hλ(t,Q)) ≤ α(co(A(Q) ∪ {x0}))

= α(A(Q)) ≤ α(Q).

II) It follows from Lemma 1 that Hλ(t, ·) : ∂D → X is a weakly inward
mapping for each t ∈ [0, 1]. Moreover, it is easy to verify that Hλ is semiclosed
(also see the proof in Theorem 2). Next we prove that Hλ(t, x) ̸= x for x ∈
∂D, t ∈ [0, 1] and λ ≥ λ0. In fact, suppose that it is not true. Then there exist
λn(λn → ∞), xn ∈ ∂D and tn ∈ [0, 1] such that

xn = (1 − tn)Axn + tnλne.

Since the boundedness of the set {xn − (1 − tn)Axn} implies that the number
set {tnλn} is bounded, without loss of generality we suppose that λntn → t0 <
+∞, which shows that tn → 0(n → ∞), and so

xn − Axn = (xn − (1 − tn)Axn) − tnAxn

= tnλne − tnAxn → t0e (n → ∞).

Since I − A is closed, there exists x ∈ ∂D such that x − Ax = t0e, which
contradicts our hypothesis. It follows from Theorem 1 and λe /∈ D (λ ≥ λ0)
that

iK(A,D) = iK(Hλ(0, ·), D) = iK(Hλ(1, ·), D) = iK(λx0, D) = 0.

¤

Remark 7. Theorem 3 is an improvement of Theorem 4.1 in [11] and Theorem 4
in [14], respectively.

As a further consequence of Theorem 2 and Theorem 3, we can establish the
following theorem when K is a wedge.

Theorem 4. Let K be an M1-wedge in a Banach space X and D1, D2 bounded
open sets in K with θ ∈ D1 ⊂ D1 ⊂ D2. Suppose that A : D2 → X is a weakly
inward semiclosed 1-set-contraction mapping and the following conditions hold:

(1) There exists x1 ∈ D1 such that x ̸= tAx + (1 − t)x1 for x ∈ ∂D1 and
t ∈ (0, 1).

(2) There exists e ∈ K\{θ} such that x ̸= Ax+λe for x ∈ ∂D2 and λ ≥ 0.
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Then A has a fixed point in D2\D1.

Proof. We assume without loss of generality that A has no fixed point on
∂D1∪∂D2. It follows from Theorem 2 that iK(A,D1) = 1 and from Theorem 3
that iK(A, D2) = 0. By the additivity property in Theorem 1, we obtain

iK(A,D2\D1) = iK(A,D2) − iK(A, D1) = 0 − 1 = −1.

And thus there exists x0 ∈ D2\D1 such that Ax0 = x0. ¤

Remark 8. The same assertion can be obtained when the hypotheses (1) and
(2) are interchanged, i.e., (1) holds on ∂D2 while (2) holds on ∂D1. Moreover,
Theorem 4 improves Theorem 4.2 in [11], Theorem 5 in [14] and Theorem 2 in
[6].

Let K be a cone in Banach space X. Set Kr = {x ∈ K|||x|| < r}, ∂Kr =
{x ∈ K|||x|| = r} and Kr1,r2 = {x ∈ K|r1 < ||x|| < r2}. As an immediate
consequence of Theorem 4, we have the following corollaries.

Corollary 3. Let K be an M1-cone in a Banach space X and A : Kr → X a
weakly inward semiclosed 1-set-contraction mapping. If there exist r1, r2 : 0 <
r1 < r2 < r such that

(1) x ̸= tAx for each x ∈ ∂Kr2 and t ∈ (0, 1];
(2) There exists e ∈ K\{θ} such that x−Ax ̸= λe for x ∈ ∂Kr1 and λ ≥ 0.

Then A has a fixed point in Kr1,r2 .

Corollary 4. Let K be an M1-cone in a Banach space X and A : Kr → X
a weakly inward semiclosed 1-set-contraction mapping. If there exist r1, r2 :
0 < r1 < r2 < r such that one of the following conditions holds

(1) x ∈ ∂Kr2 ⇒ Ax ̸≥ x; x ∈ ∂Kr1 ⇒ x ̸≥ Ax,
(2) x ∈ ∂Kr1 ⇒ Ax ̸≥ x; x ∈ ∂Kr2 ⇒ x ̸≥ Ax.

Then A has a fixed point in Kr1,r2 .

Theorem 5. Let K be a closed convex M1-set in a Banach space X. If A :
K → X is a weakly inward semiclosed 1-set-contraction mapping and A(K) is
bounded. Then there exists ρ0 > 0 such that iK(A,BK(ρ)) = 1 for all ρ > ρ0,
where B(ρ) = {x ∈ X : ||x|| < ρ} and BK(ρ) = B(ρ) ∩ K. And so, A has a
fixed point in K.

Proof. Since A(K) is bounded, An(K) ≡ knA(K) is also bounded for kn ∈
(0, 1) with kn → 1 (n → ∞), which then implies that there exists ρ0 > 0 such
that A(K) ∪ An(K) ⊂ B(ρ0) for sufficiently large n. And so, for all ρ > ρ0,
An(K) ⊂ B(ρ), x ̸= Anx and x ̸= Ax for x ∈ ∂BK(ρ). By Definition 7 and
Theorem 3.1 in [11], we obtain

iK(A,BK(ρ)) = iK(An, BK(ρ)) = 1.

So A has a fixed point in BK(ρ). ¤
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Remark 9. Theorem 5 improves Theorem 3.1 in [11] and Theorem 3.1 (H2),
Corollary 3.1 (I2) and Theorem 3.2 (J2) in Liu [17], respectively.

We may combine Theorem 4 and Theorem 5 to obtain the existence of at
least two nonzero fixed points in K under appropriate conditions.

Theorem 6. Let K,D1, D2 be the same as in Theorem 4. Let A : K → X
be a weakly inward semiclosed 1-set-contraction mapping and A(K) bounded.
Assume that (1) of Theorem 4 holds on ∂D1 and (2) holds on ∂D2. Then A
has at least two nonzero fixed points in K.

Proof. Since A(K) is bounded, by Theorem 5, there exists a bounded open set
D such that D2 ⊂ D and iK(A,D) = 1. If A has no fixed point on ∂D, then
it follows from (2) and (P3) that

iK(A, D\D2) = iK(A,D) − iK(A,D2) = 1 − 0 = 1.

Thus A has a fixed point in D\D2. If x ̸= Ax for x ∈ ∂D1 (otherwise, the
assertion holds), it follows from Theorem 4 that A has a fixed point in D2\D1.

¤
Theorem 7. Let K be an M1-cone of a Banach space X and the norm mono-
tonically increasing with respect to K. Suppose that A : Kr,R → X is a weakly
inward k-set-contraction mapping (0 < k < 1) which satisfies one of the fol-
lowing conditions

(C1) x ∈ ∂Kr ⇒ ||Ax|| ≤ ||x||; x ∈ ∂KR ⇒ ||Ax|| ≥ ||x||,
(C2) x ∈ ∂KR ⇒ ||Ax|| ≤ ||x||; x ∈ ∂Kr ⇒ ||Ax|| ≥ ||x||.

Then A has a fixed point in Kr,R, where Kr,R = {x ∈ K|r ≤ ||x|| ≤ R}.

Proof. We only prove this theorem under (C1). The proof is similar under
(C2). Let s = 1

2 (r + R), we define operator An as follows

Anx =

A
(1)
n =

(
1 + ||x||−s

n(R−s)

)
Ax for x ∈ K and s ≤ ||x|| ≤ R,

A
(2)
n =

(
1 − s−||x||

n(s−r)

)
Ax for x ∈ K and r ≤ ||x|| < s.

Then An is continuous, bounded and weakly inward. Consider the mapping

Bnx =
||x||
nm

Ax for x ∈ Kr,R,

where m = 1
2 (R − r). For a subset Ω in Kr,R, we have

α(Bn(Ω)) ≤ 2R

nm
α(A(Ω)) ≤ 2R

nm
kα(Ω),

which implies that Bn is a weakly inward (2Rk
mn )-set-contraction mapping. Note

that 2Rk
mn → 0 (n → ∞), so Bn is a weakly inward strict-set-contraction map-

ping in Kr,R for sufficiently large n.
In addition, one can see that A

(1)
n and A

(2)
n are (1 + s+2R

mn )k-set-contraction
mappings. Hence A

(1)
n and A

(2)
n are strict-set-contraction for sufficiently large
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n. Let K1 = {x ∈ K|s ≤ ||x|| ≤ R}, K2 = {x ∈ K|r ≤ ||x|| < s} and
Kr,R = K1 ∪ K2. Then (Note that Ω = (Ω ∩ K1) ∪ (Ω ∩ K2)) we have

α(An(Ω)) = α{(An(Ω ∩ K1)) ∪ (An(Ω ∩ K2))}
= α{(A(1)

n (Ω ∩ K1)) ∪ (A(2)
n (Ω ∩ K2))}

≤ (1 +
s + 2R

mn
)kα(Ω),

which implies that An is also strict-set-contraction for sufficiently large n.
On the other hand, if there exists x0 ∈ ∂Kr such that Anx0 ≥ x0, it follows

from hypotheses that

r = ||x0|| ≤ ||Anx0|| = (1 − 1
n

)||Ax0|| ≤ (1 − 1
n

)||x0|| = (1 − 1
n

)r < r.

This contradiction shows that Anx ̸≥ x for x ∈ ∂Kr. Similarly, Anx ̸≤ x
for x ∈ ∂KR. By Corollary 4, there exists xn ∈ Kr,R such that Axn = xn.
Without loss of generality we may assume that a subsequence {xnk

} of {xn} is
in K1. Since A is strict-set-contraction, the set {||Axn||} is bounded. And so

||xnk
− Anxnk

|| = ||xnk
− (1 +

||xnk
|| − s

nk(R − s)
)Axnk

||

=
||xnk

|| − s

nk(R − s)
||Axnk

|| ≤ 1
nk

||Axnk
|| → 0 (nk → ∞).

Since a strict-set-contraction mapping is semiclosed, with passing to a sub-
sequence if necessary, we may suppose that xnk

→ x∗ as n → ∞. By the
definition of An, we obtain x∗ ∈ Kr,R and Ax∗ = x∗. ¤

Remark 10. Theorem 7 improves Theorem 2.1 in [23], lemma in [14] and some
results due to Guo and Lakshmikantham [8], respectively.

Theorem 8. Let K be an M1-cone of Banach space X and the norm monotone
with respect to K. Suppose that A : Kr,R → X is a weakly inward semiclosed
1-set-contraction mapping and there exists δ > 0 such that

(H1) x ∈ ∂Kr ⇒ ||Ax|| ≤ ||x||; x ∈ ∂KR ⇒ ||Ax|| ≥ (1 + δ)||x||,
or

(H2) x ∈ ∂KR ⇒ ||Ax|| ≤ ||x||; x ∈ ∂Kr ⇒ ||Ax|| ≥ (1 + δ)||x||.
Then A has a fixed point in Kr,R.

Proof. Since A : Kr,R → X is a 1-set-contraction mapping, then α(A(Ω)) ≤
α(Ω) for an open subset Ω ⊂ Kr,R. Now consider the mapping An as follows

Anx = λnAx, where λn =
n − 1

n
.

Then α(An(Ω)) = n−1
n α(A(Ω)) ≤ n−1

n α(Ω), which implies that An is strict-
set-contraction. And it is easy to see that An is weakly inward.
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If (H1) is satisfied, noting that 1
1+δ < λn < 1 when n is sufficiently large,

then we get

||Anx|| = λn||Ax|| < ||Ax|| ≤ ||x|| for x ∈ ∂Kr

and

||Anx|| = λn||Ax|| >
1

1 + δ
||Ax|| ≥ ||x|| for x ∈ ∂KR.

It follows from Theorem 7 that there exists xn ∈ Kr,R such that xn = Anxn =
λnAxn. And thus

xn − Axn = λnAxn − Axn = (λn − 1)Axn → θ as n → ∞.

Since A : Kr,R → X is semiclosed, there exists x0 ∈ Kr,R such that Ax0 = x0.
Similarly, the same assertion remains valid under (H2). ¤

Remark 11. Theorem 8 improves Theorem 7 in [14] and Corollary 2.1, Theo-
rem 2.2 and Corollary 2.2 in [23], respectively.

4. Multiple positive fixed points

Leggett and Williams [13] has obtained multiple fixed points of completely
continuous operators that are self-maps defined on a cone. By virtue of the in-
dex introduced in [20], Sun and Sun have obtained the same assertion for weakly
inward and completely continuous operators under appropriate conditions. In
this section, we shall prove that the same results remain valid for weakly in-
ward semiclosed 1-set-contraction mappings. For the sake of convenience, we
first recall a similar concept due to Amann [1] (also see [8]). A non-negative
continuous functional f(x) defined on a cone P is said to be concave if

f(tx + (1 − t)y) ≥ tf(x) + (1 − t)f(y) for x, y ∈ P and t ∈ [0, 1].

Let P (f, a, b) = {x ∈ P : a ≤ f(x) and ||x|| ≤ b} for 0 < a < b. Evidently,
P (f, a, b) is a bounded closed convex set.

Lemma 4. Let K be a bounded closed convex M1-set in a Banach space X
and A : K → X a weakly inward semiclosed 1-set-contraction mapping. Then
iK(A,K) = 1.

Proof. Since K is open and ∂K = ∅ relative to K, iK(A,K) makes sense. For
a fixed element v ∈ K, let H(t, x) = tv + (1 − t)Ax for x ∈ K and t ∈ [0, 1].
From ∂K = ∅, it follows that H(t, x) ̸= x for x ∈ ∂K and t ∈ [0, 1], and so

iK(A,K) = iK(v,K) = 1.

This completes the proof. ¤

Now we introduce the main theorem of this section.
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Theorem 9. Let P be a cone in a real Banach space X and A : Pc → X
a weakly inward (relative to Pc) semiclosed 1-set-contraction mapping, where
Pc = {x ∈ P : ||x|| ≤ c}. Suppose that there exists a non-negative continuous
concave functional f(x) defined on P such that f(x) ≤ ||x|| for x ∈ Pc. If there
exist 0 < d < a < b ≤ c such that

(1) {x ∈ P (f, a, b) : f(x) > a} ̸= ∅, and f(Ax) > a whenever x ∈ P (f, a, b);
(2) x ̸= tAx for x ∈ ∂Pd and t ∈ (0, 1];
(3) f(Ax) > a for x ∈ P (f, a, c) with ||Ax|| > b.

Then A has at least three fixed points in Pc.

Proof. Set U1 = {x ∈ Pc : ||x|| < d} and U2 = {x ∈ P (f, a, c) and f(x) > a}. It
easily follows from f(x) ≤ ||x|| that U1, U2 are two disjoint nonempty bounded
open sets relative to Pc. Now we take Pc as K in Definition 7, i.e., write
K ≡ Pc, then it follows from Lemma 2 that K is a closed convex M1-set. By
(2) and Corollary 1, we have

iK(A, U1) = 1.

Now we claim that Ax ̸= x for x ∈ ∂U2. In fact, suppose that it is not true.
Then there exists x0 ∈ ∂U2 such that Ax0 = x0, and hence f(x0) = a and
either x0 ∈ P (f, a, b) or ||x0|| > b. If x0 ∈ P (f, a, b), it follows from (1) that
f(x0) = f(Ax0) > a, a contradiction. If ||x0|| > b, we have ||Ax0|| = ||x0|| > b.
So it follows from (3) that f(x0) = f(Ax0) > a, a contradiction with f(x0) = a.
Hence Ax ̸= x for all x ∈ ∂U2, which shows that iK(A,U2) makes sense.

By (1), let v ∈ P (f, a, b) with f(v) > a. And we set

H(t, x) = tv + (1 − t)Ax for x ∈ U2 and t ∈ [0, 1].

As in former sections, it is easy to verify that H : [0, 1] × U2 → X is
continuous, semiclosed and H(t, ·) : ∂U2 → X is weakly inward for each t ∈
[0, 1] with α(H([0, 1] × D)) ≤ α(D) for any D ⊂ U2. Suppose that there
exist t0 ∈ [0, 1] and x0 ∈ ∂U2 such that H(t0, x0) = x0, then f(x0) = a. If
||Ax0|| > b, it follows from (3) that f(Ax0) > a, and so

f(x0) = f(H(t0, x0)) = f(t0v + (1 − t0)Ax0)
≥ t0f(v) + (1 − t0)f(Ax0) > a,

which is a contradiction to f(x0) = a. On the other hand, if ||Ax0|| ≤ b, then
we have

||x0|| = ||t0v + (1 − t0)Ax0||
≤ t0||v|| + (1 − t0)||Ax0|| ≤ b,

which implies that x0 ∈ P (f, a, b). Therefore it follows from (1) that f(Ax0) >
a. As the same in the first case, we also get a contradiction. Thus H(t, x) ̸= x
for each x ∈ ∂U2 and t ∈ [0, 1]. By virtue of (P4) and (P2) in Theorem 1, we
obtain

iK(A,U2) = iK(H(0, ·), U2) = iK(H(1, ·), U2) = iK(v, U2) = 1.
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From Lemma 4 and (P3) in Theorem 1, it follows that

iK(A,K\(U1 ∪ U2)) = iK(A,K) − iK(A,U1) − iK(A,U2)
= 1 − 1 − 1 = −1.

By (P1) in Theorem 1, there exist x1 ∈ U1, x2 ∈ U2 and x3 ∈ Pc\U1 ∪ U2 such
that Axi = xi (i = 1, 2, 3). ¤

5. An eigenvalue problem

In this section we discuss the eigenvalue problem:

Ax = µx for x ∈ K\{θ} and µ > 0,

which has been thoroughly studied when A is a mapping from Kr into K.
However, to our best knowledge, very little is known when A is weakly inward
except Zou [23].

Theorem 10. Let K be an M1-cone in a Banach space X and the norm
monotone with respect to K. Suppose that A : K → X is a weakly inward
semiclosed 1-set-contraction mapping and one of the following conditions holds

(1) lim
||x||→0,x∈K

||Ax||
||x||

= ∞; lim
||x||→∞,x∈K

||Ax||
||x||

= σ ∈ [0, 1),

(2) lim
||x||→∞,x∈K

||Ax||
||x||

= ∞; lim
||x||→0,x∈K

||Ax||
||x||

= σ ∈ [0, 1).

Then for each λ ≥ 1, there exists xλ ∈ K\{θ} such that Axλ = λxλ. Moreover,
limλ→∞ ||xλ|| = 0 under (1) and limλ→∞ ||xλ|| = ∞ under (2).

Proof. we only prove this theorem for the first case. Let λ ≥ 1 be arbitrarily
fixed and consider 1

λ -set-contraction mapping Aλ = 1
λA. By hypothesis (1),

there exist r > 0 and δ > 0 such that

||Aλx|| ≥ (1 + δ)||x|| for x ∈ ∂Kr.

Also by (1), for each ε > 0 with σ + ε ≤ 1, there exists R(> r) such that

||Aλx||
||x||

=
1
λ

||Ax||
||x||

≤ ||Ax||
||x||

≤ σ + ε ≤ 1,

i.e., ||Aλx|| ≤ ||x|| for every x ∈ ∂KR. Therefore, it follows from Theorem 8
that there exists xλ ∈ Kr,R such that Aλxλ = xλ, i.e., Axλ = λxλ.

It remains to prove ||xλ|| → 0 as λ → ∞. Suppose that it is not true.
Then there exists d(0 < d ≤ +∞) such that ||xλn || → d as λn → ∞ for some
subsequence {xλn}.

If d < +∞, then d
2 ≤ ||xλn || ≤ 2d for sufficiently large n, and hence

λn =
||Axλn ||
||xλn ||

≤ 2M

d
,

where M = sup||x||≤2d ||Ax||, which contradicts λn → ∞.
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If d = +∞, then by hypothesis (1), we have

λn =
||Axλn ||
||xλn ||

→ τ ∈ [0, 1),

which contradicts λn → ∞. So we obtain limλ→∞ ||xλ|| = 0. ¤

Remark 12. Theorem 10 improves Theorem 3.1 in [23] and some relevant results
obtained by Guo and Lakshmikantham [8], respectively.

Remark 13. We do not know whether the results established in this paper
remain valid for generalized inward 1-set-contraction mappings.

Acknowledgement. The first author thanks Professor Yiming Long for con-
stant encouragement and help.
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