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FIXED POINTS OF WEAKLY INWARD
1-SET-CONTRACTION MAPPINGS

HuaAcGur DuAN, SHAOYUAN XU, AND GUOZHEN L1

ABSTRACT. In this paper, we introduce a fixed point index of weakly
inward 1-set-contraction mappings. With the aid of the new index, we
obtain some new fixed point theorems, nonzero fixed point theorems and
multiple positive fixed points for this class of mappings. As an application
of nonzero fixed point theorems, we discuss an eigenvalue problem.

1. Introduction

Since Halpern and Bergman [9] introduced the conception of inward map-
ping, many results have appeared in the literatures concerning inward and
weakly inward mapping in Halpern’s sense (cf. [2], [4], [5], [6], [7], [10], [11],
[12], [17], [20], [22], [21], [23]). It is well known that many fixed point theorems
for maps involving cones are easily proved if there is a theory of fixed point
index for the class of mappings involved.

In 1990, the fixed point index of weakly inward maps that do not necessarily
take their values in the cone is defined on compact convex sets [20]. Lan and
Webb [11] has introduced a fixed point index for more general mappings of
condensing type that satisfy a weaker inwardness condition called generalized
inward. On the other hand, Lan and Webb [12] has also studied the class of
A-proper mapping and defined a fixed point index for weakly inward mappings.

It is the purpose of this paper to introduce a fixed point index of weakly
inward 1-set-contraction mappings by virtue of some results established in Lan
and Webb [11]. With the aid of the new index, we obtain some new fixed point
theorems, nonzero fixed point theorems and multiple positive fixed points for
this class of mappings. As an application of nonzero fixed point theorems,
we discuss an eigenvalue problem. It should be noted that this class of 1-
set-contraction mappings includes self-maps defined on a closed convex set,
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condensing maps, nonexpansive maps, semicontractive maps, LANE maps and
others (also see [17]). So our results are generalizations and improvements of
the recent results obtained by many authors.

2. A fixed point index of weakly inward 1-set-contraction mappings

Let X be a real Banach space. A continuous bounded map A : dom(A) C
X — X is said to be k-set-contraction if a(A(D)) < ka(D) for each bounded
set D C dom(A) and k € RT = [0, 400), where a(D) is the measure of non-
compactness of D defined by

a(D)=inf{d>0:D = U D; for some m € Ntand diam(D;) < d},
i=1

here, Nt denotes the set of all positive integers. If k € [0, 1), then A is called a
strict-set-contraction. If o(A(D)) < a(D) for each bounded D C dom(A) with
a(D) # 0, then A is called condensing. It is easily seen that a compact map is
O-set-contraction. We refer to [3], [4] for details and more properties.

Let K be a closed convex set. For x € K, let Ix(z) ={z+c(z —x): 2z €
K and ¢ > 0}. Geometrically, it is the union of all rays beginning at x and
passing through some other points of K.

Definition 1 ([4, 11]). A map A : Q@ C K — X is said to be inward (re-
spectively, weakly inward) on Q relative to K if Az € Ix(x) (respectively,
Az € T (z)) for x € Q, where I (z) denotes the closure of I (z).

We refer to Deimling [4, Sections 18.3 and 20.4] for more details. Recall that
K is called a wedge if Az € K for z € K and A > 0. If a wedge K also satisfies
KN (—K) = {0}, then K is called a cone.

Lemma 1. With respect to I (x), we have the following properties.
(1) Tk () is a closed convex set containing K for each x € K;
(2) If K is a cone or a wedge in X, then I (z) is a wedge for each x € K;
(3) If K is a starred closed convex set, i.e., x € K implies tx € K for
t € [0,1], then I (z) is also starred.

Proof. We only prove (3). With respect to (1) and (2), we refer to Lan and
Webb [12]. Let w = lim,,_, o0 Wy, where w, = & + ¢p(Yn — ), yn € K, ¢ > 0.
For each t € [0,1), we have
tw, = tx+te,(yn —x)
= xHtepyn — (1 —t+tey)x

lep
= x4+ (1—t+tc,) <C —x>.

=ttt "
Since 0 < 17ttf:tcn < 1, so we have Jﬁyn € K, which implies tw,, € Ix(x)

so that tw € Ix(x) for each t € [0,1]. O
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Weakly inward mappings have been well studied by many authors. Among
these literatures, Lan and Webb [11] has introduced the concept of generalized
inward mappings which is a proper generalization of weakly inward mappings,
i.e., all weakly inward mappings are generalized inward, but the converse does
not hold (see Example 2.4 in [11]). It is the first purpose of this paper to
introduce the fixed point of weakly inward 1-set-contraction mappings. Now
we recall some definitions and results due to Lan and Webb [11].

Definition 2. Let K be a closed convex set. A map A: Q C K — X is said to
be generalized inward on (2 relative to K if the following condition is satisfied:

d(Az,K) < ||z — Az|| for z € Q with Ax ¢ K,
where d(y, K) = inf{||ly — u|| : v € K}.

Definition 3. A map r from X to K is called a metric projection if r satisfies
||z — rz|| = d(x, K) for each z € X.

Definition 4. K is said to be an M;j-set for some 1 < [ < oo if there exists
a continuous metric projection r from X to K such that a(r) = I, where
a(r) = inf{k : r is a k-set-contraction map}. K is called an M.-set if the
metric projection is only continuous.

Lemma 2 ([11, Examples 2.6, 2.7]). If X 1is a Hilbert space, then any closed
convex set K in X is an My-set. And in any Banach space X, let K be a ball,
then K is an M -set.

Now let D be a bounded open set in X, let K be a closed convex set and
suppose that D = D N K # (. Denote by Dy the closure and Dy the
boundary of D relative to K.

From Definition 2.14 and Theorem 2.15 in Lan and Webb [11], we have the
following lemma.

Lemma 3. Let K be a closed convex M;i-set in a Banach space X and D
a bounded open set in X such that Dx # 0. Assume that A : Dg — X
is a generalized inward k-set-contraction map with k < 1 and x # Ax for
x € ODg. Then there exists the fized point index ix (A, Dk) satisfying the
following properties.
(P1) (Solution property) If ix (A, Di) # 0, then A has a fized point in Dy .
(P2) (Normalization) If uw € Dy, then ig (U, D) = 1, where u(x) = u for
S D7K
(P3) (Additivity property) If D1, Do are disjoint relatively open subsets of
Dy such that x # Az for x € Dg\(Dy U D), then

ik(A, D) =1ik(A,D1) +ix (A, Ds).

(Py) (Homotopy property) If H : [0,1] x D — X is continuous and for
each t € [0,1], H(t,:) : 0Dk — X is a generalized inward map. And
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a(H([0,1] x D)) < a(D) for each D C Dy with a(D) # 0. If x #
H(t,x) for x € 0Dk and t € [0, 1], then

ik(H(0,-), D) =ixg(H(1,-), Dg).

Remark 1. Since all weakly inward mappings are generalized inward (see [11,
Lemma 2.3]), the fixed point ix (A, D) is also well-defined and has the above
properties for the weakly inward k-set-contraction map A with k& < 1.

Definition 5 ([14]). A : dom(A) € X — X is called a semiclosed 1-set-
contraction mapping, if A is 1-set-contraction and I — A is closed.

Definition 6. A weakly inward mapping A : Dg — X is said to satisfy (O)
condition, if tA : D — X is also weakly inward for every ¢ € [0, 1].

Remark 2. Throughout this paper, we suppose that a weakly inward mapping
A : Dxg — X satisfies (C) condition. However, by Lemma 1, it is easy to
see that (C) condition is satisfied automatically under one of the following
conditions: (1) § € K; (2) K is a wedge; (3) K is starred.

Next we introduce the main definition in this paper.

Definition 7. Let K be a closed convex M;-set in a Banach space X. Suppose
that A : Dg — X is a weakly inward 1-set-contraction mapping and 6 ¢
(I — A)ODg, then there exists § > 0 such that
inf |l — Az|| > 0.
z€0D K
Set A, = kA, where k € (1 — 2,1) and M = sup,cp ||Az|| +J. Then we
define the fixed point index of A over Dy with respect to K by

ix(A,Dk) = ix(Ax, Dk).

It is readily checked that ix (A, D) makes sense and is independent of the
choice of A. In fact, the weakly inwardness of A and (C) condition imply the
weakly inwardness of Ay which is also strict-set-contraction. Now suppose that
Ay, : Dg — X are k;-set-contraction mappings (0 < k; < 1) with

[|Ar,x — Az|| < § for x € Dk and i = 1, 2.
Set H(t,z) = tAy,x + (1 —t)Ay,z. Clearly, H : [0,1] x Dg — X is continuous
and a(H([0,1] x D)) < (D) for each D C D with a(D) # 0. By Lemma 1,
H(t,x) € Ix(x) for each t € [0,1], which shows that H(t,-) : 0Dx — X is
a weakly inward mapping for each t € [0,1]. For z € 0Dk and ¢ € [0,1], we
obtain
|lz — H(t, )] |lz — tAg, & — (1 — 1) Ap, |

|lz — Ax|| — t]|Az — Ap,z|| — (1 —1)[[Az — A, |
0—td—(1—1t)d=0.

VoIV
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Then, by Lemma 3 (Py), we have
ir(Ak,, Dic) = ik (H(1,2), Dx) = ix (H(0,7), D) = ir (Ak,, Dr),
which implies that ix (A, D) is independent of Ay.

Remark 3. It should be noted that (C) condition in the above definition can
be omitted if K is in any case of (1)-(3) in Remark 2.

Theorem 1. Let K be a closed convex Mi-set in a Banach space X and D

a bounded open set in X such that D # (. Suppose that A : D — X is

a weakly inward semiclosed 1-set-contraction mapping and 6 ¢ (I — A)0D.

Then the indez ix (A, D) satisfies properties (Py), (Ps) as in Lemma 3 and
(P2) Letu(z) =u for x € Dy, then

L 1, when u € Dg,
ZK(ua DK) =
0, when ué¢ Dg.

(Py) (Homotopy invariance) Suppose that H : [0,1] x Dg — X is con-
tinuous and H(t,-) : 0D — X is weakly inward for each t € [0,1]. If the
measure of non-compactness a(H([0,1] x D)) < a(D) for each D C Dy and
0¢(I—H)(0,1] x 0Dkg), then

ik(H(0,-),Dk) =ik (H(1,-),Dk).

Proof. (P3) and (Ps) are trivial. Next we shall prove (P;) and (Py).

Proof of (P;). Let k, € (0,1) and k, — 1 as n — oo. Set 4, = k, A :
Dy — X, then A, is weakly inward and k,-set-contraction (k, < 1). Noting
that sup ||Az|| < 400, since

z€Dx
|Az — Apz|| = ||Az — kn Az]| = (1 = ky)[[Az]] — 0(n — o0),
then there exists N > 0 such that

||Ax — Apx|| < § for every m > N,

where 0 < 0 < infyecop, ||© — Ax||, noting that (I — A)0Dg is a closed set.
And so we have ||z — Apz|| > ||l — Az|| — ||Az — Apz|| > § —d = 0 for each
x € 0Dk . By Definition 7, ix (4, Dk) = ix (An, Dg) # 0. It follows from (P;)
in Lemma 3 that A,, has a fixed point z,, € Dg. Then for every n > N,

[|zn, — Azp|| = ||Anzn — Azp|] — 0 as n — oc.

Since A is a semiclosed mapping, § € (I — A)Dg, i.e., there exists zg € Dx
such that Axg = xg. The fact that © # Ax for each x € 0Dk implies that
xo € D with g = Axo.

Proof of (P4). By assumptions, there exist § > 0 and M > 0 such that

||l — H(t,z)|| >0 >0 forte[0,1] and z € 0Dk
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and |[H(t,z)|| < M for t € [0,1] and @ € Dg. Let k € (1 — 2,1), set
G(t,z) =kH(t,x) : [0,1] x Dg — X. Since, for t € [0,1] and = € Dk,
|H(t,z) = Gt )l = (L= K)|[H(E,2)]] < (1 - k)M <0,
so for every t € [0,1] and = € 0Dk, we have
[lz — G(t,2)|| > ||z — H(t,x)|| — ||H(t,x) — G(t,z)|| > —§ > 0.

By (P4) in Lemma 3,

ix(G(0,-), Dk) = ix(G(1,-), Dk).
Also it follows from Definition 7 that

ix(H(0,-),Dk) = ix(H(1,-), Dk).

U

Remark 4. Tt should be noted that, in (Py), if H : [0,1] x Dg — X is also semi-
closed, then 6 ¢ (I — H)([0,1] x 0D ) if and only if x # H(t,x) for x € 0Dk
and ¢ € [0,1]. One will see that the remark is convenient for later applications
to fixed point theorems.

3. Fixed point theorems for weakly inward maps

In this section we shall obtain some new fixed point theorems and nonzero
fixed point theorems by using the fixed point index developed in Section 2.
These results improve and extend many relevant recent works (cf. [6], [11],
[12], [14], [17], [19], [22], [23)).

Theorem 2. Let K be a closed convexr Mi-set in a Banach space X and D
be a bounded open set in K with D # (). Suppose that A: D — X is a weakly
inward semiclosed 1-set-contraction mapping and xg € D such that

x #£tAx + (1 —t)zo for allz € D and t € (0,1). (L—-29)
Then A has a fized point in D, and if x # Ax for x € D, then ix (A, D) = 1.
Proof. Without loss of generality, we assume x # Az for x € 0D. Let
H(t,x) =tAz+ (1 —t)xg for x € 0D and t € [0,1].

By the hypotheses and Lemma 1, H(t,-) : 0D — X is a weakly inward mapping
for each ¢t € [0,1] and © # H(¢,z) for x € 0D and ¢ € [0,1]. One readily see
that (I — H) is closed (also see [15]).

In fact, let S be a closed subset of [0,1] x D of the form S = M x P,
where M and P is a closed subset of [0,1] and D respectively. Suppose that
yn € (I — H)(M x P) such that y,, converges to yo as n — co. Next we shall
prove that yo € (I — H)(M x P). Since I(t,z) = x for x € D,t € [0,1] and y,, =
(I—H)(tn,zy), where (t, x,) € M x P, sowe have z, —t, Ax,—(1—t,)zo — Yo.
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With passing to a subsequence if necessary, we suppose that ¢, — ty as n — oo.
Clearly, to € M, 0 <tg <1. And so
(I —-toA)x, = z,—tolx,
= x, —thAx, — (1 —t,)xo — toAzy, + t, Az, + (1 — t,)20.
Hence
(I —toA)x,, — yo+ (1 —tp)xy asn — oo.
Since tpA is a semiclosed tg-set-contraction mapping, there exists eg € P such
that yo + (1 — tg)zo = eg — toAep, i.e.,

Yo = €0 — tero — (1 — to)mo.

Consequently, yo € (I — H)(M x P), i.e., (I — H) is a closed mapping. In
addition, it is not difficult to prove that a(Hx([0,1] x Q)) < «(Q) for any
Q C D (also see the proof in Theorem 3). Hence it follows from Theorem 1
that ix (A, D) = ig(xo,D) = 1, which implies that A has a fixed point in
D. O

Remark 5. Theorem 2 is an improvement of Theorem 3.2 in [11], Theorem 3
in [14], Theorem 1 in [6] and Lemma 2.2 in [22], respectively.

Corollary 1. Let X, K, A be the same as in Theorem 2. If zg = 6 € D and
x # tAx for x € 0D and t € (0,1], then ix(A,D) =1 and A has a fized point
i D.

As an immediate consequence of Corollary 1 and Lemma 2, we derive the
following corollary.

Corollary 2. Let K be a closed convex set in a Hilbert space H and D a
bounded open set in K with® € D. If A: D — H is a weakly inward semiclosed
1-set-contraction mapping and

T # tAzx for x€dD and te(0,1). (L—25)
Then A has a fized point in D.
Remark 6. The above results still hold under the following boundary condition
(see [11]):
(By1) ||Az|| < ||z|| + ||z — Az]| for each x € OD with ||Az|| > ||z]].

(B3) When X is a Hilbert space, (x, Az) < ||z||||Az|| for each x € D with
[|Az]] > [|z]].

Theorem 3. Let K be an My-wedge in a Banach space X and D be a bounded
open set in K. Suppose that A : D — X is a weakly inward semiclosed 1-set-
contraction mapping and there exists e € K\{0} such that

x#Ar+Xe for A\>0 and xz € OD.
Then ix (A, D) = 0.
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Proof. Since D is bounded, there exists A\g > 0 such that e ¢ D for every
A > Ao. Set

Hy(t,z) = (1 —t)Az +the for A > \g, t €[0,1] and x € D.

I) Let Q be a subset in D such that the measure of non-compactness a(Q) #
0, then we have a(H,([0,1] X @)) < a(Q). Indeed,

Hy(t,Q) = (1 —1)A(Q) + the C co(A(Q) U {Ae}) for all ¢ € [0,1].
Since Hy(t,z) : [0,1] x D — X is bounded and uniformly continuous with
respect to ¢, so we have

afHA([0,1] x @)} = max a(Hx(t,Q)) < a(co(A(Q) U{zo}))

t€(0,1]
= a(A(Q)) < a(Q).

IT) Tt follows from Lemma 1 that H)(¢,-) : 0D — X is a weakly inward
mapping for each ¢ € [0, 1]. Moreover, it is easy to verify that H) is semiclosed
(also see the proof in Theorem 2). Next we prove that Hy(t,z) # x for x €
OD,t € [0,1] and A > Ag. In fact, suppose that it is not true. Then there exist
An(Ap — 00), x,, € 0D and t, € [0,1] such that

Tn = (1 —t,) Az, + th\ne.
Since the boundedness of the set {z, — (1 — ¢,)Ax, } implies that the number
set {t,\n} is bounded, without loss of generality we suppose that A,t, — to <
+00, which shows that ¢, — 0(n — o0), and so

Tn — Az, = (2, — (1 —t,)Ax,) — t, Az,

= ty\pe —th Az, — toe (n — 00).
Since I — A is closed, there exists x € 9D such that x — Az = tge, which
contradicts our hypothesis. It follows from Theorem 1 and Ae ¢ D (A > Xo)
that

ZK(A,D) = Z'K(H)\(O, ')7 D) = Z’K(fl,\(l7 '), D) = iK()\,’L‘o, D) =0.
O

Remark 7. Theorem 3 is an improvement of Theorem 4.1 in [11] and Theorem 4
in [14], respectively.

As a further consequence of Theorem 2 and Theorem 3, we can establish the
following theorem when K is a wedge.

Theorem 4. Let K be an M-wedge in a Banach space X and D1, Dy bounded
open sets in K with @ € Dy C Dy C Ds. Suppose that A : Dy — X is a weakly
inward semiclosed 1-set-contraction mapping and the following conditions hold:

(1) There exists x1 € Dy such that x # tAx + (1 — t)xy for x € 0Dy and
te (0,1).
(2) There exists e € K\{0} such that x # Ax+ Xe for x € Dy and A > 0.
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Then A has a fived point in Dy\D;.

Proof. We assume without loss of generality that A has no fixed point on
0D, UODs. Tt follows from Theorem 2 that ik (A, D1) = 1 and from Theorem 3
that ik (A4, Dy) = 0. By the additivity property in Theorem 1, we obtain

i (A, Do\D1) = ix(A, Do) —ig(A,D;)=0—1=—1.
And thus there exists 29 € Dy\D; such that Azg = . ([

Remark 8. The same assertion can be obtained when the hypotheses (1) and
(2) are interchanged, i.e., (1) holds on D5 while (2) holds on dD;. Moreover,
Theorem 4 improves Theorem 4.2 in [11], Theorem 5 in [14] and Theorem 2 in
[6].

Let K be a cone in Banach space X. Set K, = {z € K|||z|| < r}, 0K, =
{z € K|||z|| = r} and K, », = {z € K|r1 < ||z|| < r2}. As an immediate
consequence of Theorem 4, we have the following corollaries.

Corollary 3. Let K be an M;i-cone in a Banach space X and A: K, — X a
weakly inward semiclosed 1-set-contraction mapping. If there exist r1,79 : 0 <
r1 < ro <1 such that

(1) z # tAx for each x € OK,, and t € (0, 1];

(2) There exists e € K\{0} such that x — Ax # Ae for x € OK,., and A > 0.
Then A has a fived point in K, ,,.

Corollary 4. Let K be an M;-cone in a Banach space X and A : K, — X
a weakly inward semiclosed 1-set-contraction mapping. If there exist i, ro :
0 <1y <ry <71 such that one of the following conditions holds

(1) z € 0K,, = Ax # x; x € 0K,, = = # Ax,

(2) x € OK,, = Ax # x; x € 0K, = x } Ax.
Then A has a fized point in K, ,,.

Theorem 5. Let K be a closed convexr My-set in a Banach space X. If A :
K — X is a weakly inward semiclosed 1-set-contraction mapping and A(K) is
bounded. Then there exists po > 0 such that ix (A, Bk (p)) =1 for all p > po,
where B(p) = {z € X : ||z|]| < p} and Bk(p) = B(p) N K. And so, A has a
fixed point in K.

Proof. Since A(K) is bounded, A, (K) = k,A(K) is also bounded for k,, €
(0,1) with k, — 1 (n — 00), which then implies that there exists pg > 0 such
that A(K)U A, (K) C B(py) for sufficiently large n. And so, for all p > po,
An(K) C B(p),z # Apz and = # Ax for © € 0Bk (p). By Definition 7 and
Theorem 3.1 in [11], we obtain

i (A, Bk(p)) = ix(An, Bk (p)) = 1.
So A has a fixed point in Bg(p). O
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Remark 9. Theorem 5 improves Theorem 3.1 in [11] and Theorem 3.1 (Hs),
Corollary 3.1 (I3) and Theorem 3.2 (J2) in Liu [17], respectively.

We may combine Theorem 4 and Theorem 5 to obtain the existence of at
least two nonzero fixed points in K under appropriate conditions.

Theorem 6. Let K, D1, D5 be the same as in Theorem 4. Let A : K — X
be a weakly inward semiclosed 1-set-contraction mapping and A(K) bounded.
Assume that (1) of Theorem 4 holds on 0Dy and (2) holds on 0Ds. Then A
has at least two nonzero fized points in K.

Proof. Since A(K) is bounded, by Theorem 5, there exists a bounded open set
D such that Dy C D and ig (A, D) = 1. If A has no fixed point on D, then
it follows from (2) and (P5) that

ix (A, D\Dy) = if(A, D) —igx(A,Dy)=1—-0=1.

Thus A has a fixed point in D\Dy. If x # Ax for x € dD; (otherwise, the
assertion holds), it follows from Theorem 4 that A has a fixed point in Dy\D;.
O

Theorem 7. Let K be an Mi-cone of a Banach space X and the norm mono-
tonically increasing with respect to K. Suppose that A : K, p — X is a weakly
inward k-set-contraction mapping (0 < k < 1) which satisfies one of the fol-
lowing conditions

(Ch) @ € DK, = || Azl < [[o]l; o € DK = ||Az|| > |[z],

(Ca) @ € 9K R = || Aal| < |[z]l; @ € DK, = ||Aa]| > ||o]|
Then A has a fized point in K, r, where K, p = {z € K|r <||z|| < R}.

Proof. We only prove this theorem under (C7). The proof is similar under
(C3). Let s = 3(r + R), we define operator A,, as follows

AW _ 1+7\L|5|{|—;))Ax for z € K and s < ||z|| < R,

AD — 1—%)1435 for x € K and r < ||z]| < s.

Then A,, is continuous, bounded and weakly inward. Consider the mapping

Ax =

B,x = MAJC for x € K, g,
nm

where m = (R —r). For a subset 2 in K, g, we have

2R 2R
Bn,(Q) < —a(A(Q)) < —ka(Q),
a(Ba()) < —a(A(Q)) < = ka(Q)
which implies that B,, is a weakly inward (%)—set—contraction mapping. Note
that Qm—’iff — 0 (n — o), so B,, is a weakly inward strict-set-contraction map-

ping in K, p for sufficiently large n.
In addition, one can see that A and A{Y are (14 =283k set-contraction

mappings. Hence AS) and Ag) are strict-set-contraction for sufficiently large
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n. Let K1 = {x € Kl|s < ||z|] < R}, Ko = {z € K|r < |z]| < s} and
K, p = K1 UK,. Then (Note that @ = (2N K7) U (22N K2)) we have
a(An(Q) = o{(An(2N K1) U (An(QN K2))}
o{(AP(QN K1) U (AP (2N K2))}
s+2R
mn

< (I+ Ve (S2),

which implies that A,, is also strict-set-contraction for sufficiently large n.
On the other hand, if there exists xo € 0K, such that A,xq > xg, it follows
from hypotheses that

1 1 1
= < ||[Anzo|| = (1 = 2)||Azo|| < (1= = =(1-)r<r
r = [lzol| < lAnzoll = (1 = S)[|Azol| < (1 = S)llaol| = (1 — —)r <7

This contradiction shows that A,z ? x for x € 0K,. Similarly, A,z £ x
for z € 0Kg. By Corollary 4, there exists x,, € K, g such that Az, = x,.
Without loss of generality we may assume that a subsequence {x,, } of {z,} is
in K. Since A is strict-set-contraction, the set {||Ax,||} is bounded. And so

(| |l = s

nk(R — s)

||xnk - Anx'ﬂk” ||‘T7lk - (1 + )AxnkH

|0, || — s
ng(R — s)
Since a strict-set-contraction mapping is semiclosed, with passing to a sub-
sequence if necessary, we may suppose that z,, — 2* as n — oco. By the
definition of A,,, we obtain z* € K, g and Az* = x*. O

1
A2, < [l Az, | = 0 (n = o0).

Remark 10. Theorem 7 improves Theorem 2.1 in [23], lemma in [14] and some
results due to Guo and Lakshmikantham [8], respectively.

Theorem 8. Let K be an Mi-cone of Banach space X and the norm monotone
with respect to K. Suppose that A : K, p — X is a weakly inward semiclosed
1-set-contraction mapping and there exists § > 0 such that

(H1) x € 0K, = [|Az|| < |[z]|; x € 0K = [|Az|| = (1 4 0)][z]],
or

(H2) x € 0K = ||Az|| < ||z[|; z € 0K, = [|Az[| = (1 + §)||]].
Then A has a fized point in K, g.

Proof. Since A : K, p — X is a l-set-contraction mapping, then a(A(Q2)) <
a(92) for an open subset Q C K, r. Now consider the mapping A,, as follows

n—1

A,x = N\, Az, where A, = -

Then a(A4,(Q)) = =2a(A(Q)) < 2La(), which implies that A, is strict-
set-contraction. And it is easy to see that A, is weakly inward.
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If (Hy) is satisfied, noting that ﬁ < Ap < 1 when n is sufficiently large,
then we get

Anzll = Aol Azl] < |4zl < [l2]] for = € OK,
and
1
[|Anz|| = Anl|Az|| > mHAmH > ||lz|| for z € dKR.

It follows from Theorem 7 that there exists =, € K, r such that z,, = A, x,, =
M Azx,,. And thus

Tp — Az, = N\ Azy, — Az, = (A, — DAz, - 0 as n — oc.

Since A : K, p — X is semiclosed, there exists g € K, g such that Azxy = 2.
Similarly, the same assertion remains valid under (Hy). O

Remark 11. Theorem 8 improves Theorem 7 in [14] and Corollary 2.1, Theo-
rem 2.2 and Corollary 2.2 in [23], respectively.

4. Multiple positive fixed points

Leggett and Williams [13] has obtained multiple fixed points of completely
continuous operators that are self-maps defined on a cone. By virtue of the in-
dex introduced in [20], Sun and Sun have obtained the same assertion for weakly
inward and completely continuous operators under appropriate conditions. In
this section, we shall prove that the same results remain valid for weakly in-
ward semiclosed 1-set-contraction mappings. For the sake of convenience, we
first recall a similar concept due to Amann [1] (also see [8]). A non-negative
continuous functional f(z) defined on a cone P is said to be concave if

fltz+ (1 —=t)y) > tf(x)+ (1 —t)f(y) forz,y e Pandtel0,1].

Let P(f,a,b) ={x € P:a < f(z) and ||z|| < b} for 0 < a < b. Evidently,
P(f,a,b) is a bounded closed convex set.

Lemma 4. Let K be a bounded closed convex Mi-set in a Banach space X
and A : K — X a weakly inward semiclosed 1-set-contraction mapping. Then
k(A K)=1.

Proof. Since K is open and 0K = () relative to K, ix (A, K) makes sense. For
a fixed element v € K, let H(t,z) = tv + (1 — t)Az for x € K and t € [0,1].
From K = 0, it follows that H(t,z) # z for x € K and ¢ € [0,1], and so

This completes the proof. O

Now we introduce the main theorem of this section.
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Theorem 9. Let P be a cone in o real Banach space X and A : P. — X
a weakly inward (relative to P.) semiclosed 1-set-contraction mapping, where
P.={x e P:|z|| <c}. Suppose that there exists a non-negative continuous
concave functional f(x) defined on P such that f(x) < ||z|| for x € P.. If there
exist 0 < d < a<b<c such that

(1) {z € P(f,a,b): f(x) >a} #0, and f(Azx) > a whenever x € P(f,a,b);

(2) x # tAzx forx € OPy and t € (0, 1];

(3) f(Azx) > a for xz € P(f,a,c) with ||Ax|| > b.
Then A has at least three fized points in P,.

Proof. Set Uy = {x € P.:||z|| < d} and Uy = {x € P(f,a,c) and f(z) > a}. It
easily follows from f(z) < [|z|| that Uy, Uz are two disjoint nonempty bounded
open sets relative to P.. Now we take P. as K in Definition 7, i.e., write
K = P,, then it follows from Lemma 2 that K is a closed convex M;-set. By
(2) and Corollary 1, we have

ZK(Aa Ul) =1L

Now we claim that Az # z for x € QU,. In fact, suppose that it is not true.
Then there exists o € 9U; such that Azy = xp, and hence f(xzg) = a and
either zy € P(f,a,b) or ||xo|| > b. If o € P(f,a,b), it follows from (1) that
f(xo) = f(Axo) > a, a contradiction. If ||zo|| > b, we have ||Axo|| = ||zo]| > b.
So it follows from (3) that f(zg) = f(Azg) > a, a contradiction with f(zg) = a.
Hence Ax # x for all x € U, which shows that ix (A, Us) makes sense.

By (1), let v € P(f,a,b) with f(v) > a. And we set

H(t,x) =tv+ (1 —t)Ax forx € Uy and t € [0, 1].

As in former sections, it is easy to verify that H : [0,1] x Uy — X is
continuous, semiclosed and H(t,-) : OUs — X is weakly inward for each ¢ €
[0,1] with a(H([0,1] x D)) < «(D) for any D C U,. Suppose that there
exist to € [0,1] and zp € OUs such that H(tg,z9) = xo, then f(xg) = a. If
[|Azo|| > b, it follows from (3) that f(Azg) > a, and so

f(ZL’()) = f(H(t(), ZL'())) = f(t()’l) -+ (]. — to)Axo)
= tof(v) + (1 —to)f(Azo) > a,

which is a contradiction to f(zg) = a. On the other hand, if ||Axg|| < b, then
we have

[lzoll = [[tov + (1 — to) Azol|
< tol[ol] + (1 = to)[[Azol| < b,
which implies that zy € P(f,a,b). Therefore it follows from (1) that f(Azg) >
a. As the same in the first case, we also get a contradiction. Thus H (¢, z) # x

for each x € OU; and t € [0,1]. By virtue of (Py) and (P,) in Theorem 1, we
obtain

ik (A, Us) = ig(H(0,-),Usz) = ix(H(1,-),Us) =ix(v,Uz) = 1.
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From Lemma 4 and (Ps3) in Theorem 1, it follows that

ik(A, K\(UyUU)) = ig(AK)—ix(AU) —ix(A,Us)
By (P;) in Theorem 1, there exist 1 € Uy, x5 € U and a3 € P.\U; U Us such
that Ax; =z, (i=1,2,3). O

5. An eigenvalue problem

In this section we discuss the eigenvalue problem:
Az =px  for z € K\{#} and p >0,

which has been thoroughly studied when A is a mapping from K, into K.
However, to our best knowledge, very little is known when A is weakly inward
except Zou [23].

Theorem 10. Let K be an Mj-cone in a Banach space X and the norm
monotone with respect to K. Suppose that A : K — X is a weakly inward
semiclosed 1-set-contraction mapping and one of the following conditions holds

|| Az]| . || Az||
1 — o _ 1
NI, 9 [} e e o €O
A A
(2) Al _ o g Ml gy,

llzl|—oo,weK ||z]| llzl|—0zek ||z||

Then for each X\ > 1, there exists x) € K\{0} such that Axy = \xx. Moreover,
limy oo ||zA]] = 0 under (1) and limy_,o ||zx]| = 00 under (2).

Proof. we only prove this theorem for the first case. Let A > 1 be arbitrarily

fixed and consider %—set—contraction mapping Ay = %A. By hypothesis (1),

there exist r > 0 and J > 0 such that
[|Axz|| = (1 +0)||z|| for x € IK,.
Also by (1), for each € > 0 with 0 + ¢ < 1, there exists R(> r) such that
[ Axz]| _ 1[[Ax|| _ [[Az]]
1 R S ]
ie., [|Axz|| < |lz|| for every & € OKg. Therefore, it follows from Theorem 8
that there exists ) € K, g such that Ayzy = ), i.e., Azy = Az,.

It remains to prove ||zx|| — 0 as A — oo. Suppose that it is not true.
Then there exists d(0 < d < +00) such that ||z, || — d as A\, — oo for some
subsequence {z, }.

If d < +oo0, then ¢ < ||z, || < 2d for sufficiently large n, and hence
_ ||AJ})\" 2M

x|~ d

where M = sup)|, <24 ||Az||, which contradicts A, — oc.

<o+e<1,

An
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If d = 400, then by hypothesis (1), we have

A
n = 7” Dl e [0,1),
[lx, |
which contradicts A, — 00. So we obtain limy_, [|zx]| = 0. O

Remark 12. Theorem 10 improves Theorem 3.1 in [23] and some relevant results
obtained by Guo and Lakshmikantham [8], respectively.

Remark 13. We do not know whether the results established in this paper
remain valid for generalized inward 1-set-contraction mappings.

Acknowledgement. The first author thanks Professor Yiming Long for con-
stant encouragement and help.
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