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ANALYTIC FUNCTIONS SHARING THREE VALUES DM
IN ONE ANGULAR DOMAIN

TING-BIN CAO AND HONG-XUN Y1

ABSTRACT. We investigate the uniqueness of transcendental analytic fun-
ctions that share three values DM in one angular domain instead of the
whole complex plane.

1. Introduction and main results

In this paper, a transcendental meromorphic (analytic) function is mero-
morphic (analytic) in the whole complex plane C and not rational. We as-
sume that the reader is familiar with the Nevanlinna’s theory of meromorphic
functions and the standard notations such as m(r, f), T(r, f). For references,
see [2]. We say that two meromorphic functions f and g share the value a
(a € C=CuU{o0}) in X C C provided that in X, we have f(z) = a if and only
if g(z) = a. We will state whether a shared value is by DM (differential mul-
tiplicities), or by IM (ignoring multiplicities). R. Nevanlinna (see [4]) proved
that if two meromorphic functions f and g have five distinct /M shared values
in X = C, then f(z) = g(z). After his very work, the uniqueness of meromor-
phic functions with shared values in the whole complex plane attracted many
investigations (for references, see [7]). E. Mues consider DM shared values and
proved the following theorem.

Theorem A ([3]). There are no two distinct nonconstant analytic functions
f and g that share three distinct values DM in X = C.

In [8], Zheng took into account of the uniqueness dealing with five shared
values in some angular domains of C. It is an interesting topic to investigate
the uniqueness with shared values in the remaining part of the complex plane
removing an unbounded closed set. In [9], Zheng continued to investigate this
subject and obtain some results on uniqueness of meromorphic functions with
five or four shared values in one angular domain.
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We may ask: What can be said to an analogous result as Theorem A in one
angular domain?

Nevanlinna’s theory on angular domain (see [1]) will play a key role in this
paper. Let f be a meromorphic function on the angular domain Q(«, 5) = {z :
a < argz < (8}, where 0 < § — a < 27. Following Nevanlinna define

w [M/1 tv . X dt
0 Aaptrnd) = 2 [ (G~ 225 ) g™ 17| + g™ 170} 5.
™ 1 t T t
2w s .
(2) Bag(r,f) = ﬁ/ log™ | f(re?)|sinw(f — a)db,
e J,
3 Coptn) = 2 3 (2 -2 e, - a)
a,B\" |bn|w 7’2"'} n )
1<|bp|<T
(4) Daﬂ(rﬂ f) - Aaﬂ(r’ f) + Baﬁ(r> f)v
where w = 57, 1 < r < oo and b, = |bn|e?n are the poles of f on Q(a, 3)

appearing according to their multiplicities. If we only consider the distinct

poles of f, we denote the corresponding angular counting function by Cy, g(r, f).
Nevanlinna’s angular characteristic is defined as follows:

(5) Sa,ﬁ(r’ f) = Aaﬁ(ra f) + Ba,ﬁ(ra f) + Ca,ﬁ(rv f)

Throughout, we denote respectively by R(r, ) and R g(r, *) quantities sat-
isfying

R(r,*) = O (log (rT(r,*))),r € E,
and
Raﬂ(ra *) =0 (log (TSOtﬂ(n *))) ) T ¢ E,

where E denotes a set of positive real numbers with finite linear measure. The
notation E is not necessarily the same for its every time occurrence in the
context.

Now we show our main result which can answer the above question.

Theorem 1. There are no two distinct transcendental analytic functions f
and g that share three distinct values a1,as, as DM in one angular domain
X ={z:ra<argz < B} with 0 < a < < 2, provided that

Saﬁ(’l“, f)

Mg (i TEE)

2. Lemmas

Lemma A ([5], [6], [10]). Suppose that g(z) is a non-constant meromorphic
function in the plane and that Q(a, ) is an angular domain, where 0 < f—a <
2m. Then

(i) ([1], Chap. 1) for any complex number a # oo,

1
S0 (1125 ) = Sualr) +<(r,0)
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where e(r,a) = O(1) (r — 00);
(i) ([1], p. 188) for any 1 <r < R,

q R\“ /R log™ T'(t, g) LT R
Ang(rL) <K= =S P gt +logt —— +log = +1
’B<r g)_ {<T) 1 thte e Ry e T

and

where w = B%a and K 1is a positive constant not depending on r and R.

Remark. 1t follows from Lemma A(ii) that

/ !/ /

g g g
Da,ﬁ(ra E) = Aa,ﬁ(T7 3) + Ba,ﬂ(ra g) = Rozﬁ(ra g) = R(Ta g)'

Lemma B ([9]). Suppose that f(z) is a non-constant meromorphic function
in the plane and that Q(a, ) is an angular domain, where 0 < f — a < 2m.
Then for arbitrary q distinct a; € C (1 < j < q), we have

q
(q - 2)S(x,ﬂ(ra f) < Zéa,ﬂ (T’, f_1> + Ra,ﬁ(ra f)
i—1 ]
]q - 1
= > Cap (7“’ f_a> + R(r, f),

where the term Cy. g (7“, ﬁ) will be replaced by Coy 5 (r, f) when some a; =
00.

Lemma 1. Suppose that f(z) is a non-constant meromorphic function in the
plane and that Q(«, ) is an angular domain, where 0 < f—a < 2m. Let P(f) =
aof™+arf"t+ -+ am (ap # 0) be a polynomial in f with degree m, where
the coefficients a;j(j = 0,1,...,m) are constants, and let b;(j = 1,2,...,q)
(g > m) be q distinct finite complex numbers. Then

P - f
Des (T’ (f =b0)(f = b2) -~ (f = bg)

Proof. One can deduce that

)= R0,

P(f) -y Aj

(f =b)(f =b2) - (f=bg) = f—b;
holds, where A; are nonzero constants. Hence we deduce by Lemma A (ii) and
the lemma of logarithmic derivative of meromorphic function in the complex
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Dag (T’ Y sz)f/ (f - bq))

Lemma 2. Let f and g be two distinct transcendental meromorphic functions
that share four distinct values ay, as, as, ag IM in X = {z: a < argz < 3}
with 0 < a < B < 2w. Then

(i) S

(T f) Sa B(n g) + R(Tv f)’ Soc,ﬁ(ra g) = Sa,ﬁ(rv f) + R(Ta g);

7
Zl C’Oéﬂ(’ra f,a]. ) = 2Sa,ﬁ(rv f) + R(’f’, f)7
=
éaﬂ(rv ib) = (T f) +R(T7 f)» éa,ﬁ(rv ﬁ) = Saﬁ(rv g) +R(T’ g)v
whereb7é ( =1,2,3,4);

C’aﬁ( LY = R(r, f), aﬁ( LY = R(r,g), where Ch s (m, %) and
Cr 5l ,) are respectively the counting functions of the zeros of f’

that are not zeros of f —a; (j =1,2,3,4), and the zeros of g’ that are
not zeros of g —a; (j =1,2,3,4);

4
2, Calp(r (z) = a; = 9(2)) = R(r, f), where Cls(r f(2) = a; =
=

g(2)) is the counting function for common multiple zeros of f —a; and
g—a; (j =1,2,3,4), counting the smaller one of the two multiplicities
at each of the points.

Proof. From Lemma B we have

4
2504,@(7”, f) S Zéa,g <7", f—aj> +R(T, f)

Cas (ro 52 ) + RO )
< Sap(r, f)+ Sap(r,g) + R(r, f),

IN

and by interchanging f and g we obtain (i) and (ii).
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Again by Lemma B and (ii) we have

4 . 1 o 1
35(175(7‘, f) S Z O(X,ﬁ (Ta f_a/]> + Ooé,ﬁ (7', f _ b> + R(Ta f)

ie.,
Cap (7“, flb) = Sas(r, )+ R(r, f).

By interchanging f and g, we get

— 1
OO@B (T’, g— b> = S()t,ﬁ(’ng) + R(T7g)

Thus we obtain (iii).
Without loss of generality we will assume that ay = oo. This is allowed
because if all the shared values are finite, then we can consider

F=(f—ay) ' and G=(g—a4)".
Set
f'g'(f —g)?
(f —a)(f —a2)(f —as)(g —a1)(g — a2)(g — as)

It is easy to see from Lemma 1 and (6) that

Da,ﬁ(r7 \I]) = R(Ta f) + R(T’ g)'

(6) =

If zp € X is a point such that f(zy) = g(z0) = a; for some j = 1,2,3,4, then
from (6) we see that ¥ will be analytic at zg. Thus we can deduce that

1 1 .
Cip (r) + Cis () + X Calplr ) = s = 9(2)
j=1

1
Coz,ﬁ ('r, \II)

1
Saﬁﬁ (7’, \II)

= Saps(r,¥)+0(1)
= Da,ﬂ(’l“,\lf) +Ca75(r,\ll) +O(1)
= R(r,f)+ R(r,g).

From (i) we see that R(r, f) = R(r,g). Therefore we obtain (v) and (vi). O

IN

IA
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Lemma 3. Let f and g be two distinct transcendental meromorphic functions
that share four distinct values ay, az, as, ag IM in X = {z: a < argz < [}
with 0 < a < 6 < 2w. Then

1
Da,ﬁ <7“, f—g) - R(ra f)

Proof. We assume that a;(j = 1,2, 3,4) are finite, then it follows from Lemma A
and Lemma B that

4
25’0‘75(7“,]") < 26‘3475 (r, f%

J

)+ R )

1
S Ca7ﬂ <'I"7 f—g) + ]%(’I"7 f)

1
g,%ﬂgv;g)+Rmﬁ
< Sa76(r7 f) + Sa”@(ra g) + R(’I“, f>7

namely,

Sa.8(r; f) < Sa,p(r,9) + R(r, f).
Similarly, we have

Sa.8(r;9) < Sap(r, f) + R(r, g).
It implies from above discussion that

1 1
Sa.p ( f—g) = Caus ( f—g> RS-

Hence we have

Da,ﬁ <T, f:g) = R(Tv f)

We now assume ag = oo. Let b # a; (j = 1,2,3,4), F(z) = ﬁ, and
G(z) = q(%)_b. Then b; = ﬁ(j =1,2,3) and by = 0 are T M shared values of
F(z) and G(z) in X. From the discussion above, we have

1
D — | = .
™ i (rmg) = RO

From Lemma 2(iii) we have

o (15 ) = Sl )+ R0 ).
This implies from Lemma A that
Cop(r,F) = Sap(r,F)+ R(r, F).
Hence
(8) Dy g(r,F) = R(r, F).
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Similarly, we have
(9) D, s(r,G) = R(r,G).
From the equalities (7), (8), and (9), we get

1 FG
D —~ ) = »p e
@B (r, fg) aB \" R G)

< Duj (T,FfG) 4 Do (r, F) + Do (r, G)
)

- R0
This completes the proof of the lemma. O

Lemma 4. Let f and g be two distinct transcendental meromorphic functions
that share four distinct values ay, az, as, ag IM in X = {z: a < argz < 3}
with 0 < a < B < 2w, Then

D, g (r, fig> + D, (T, fzg> + Da.p (r, fJig> + Da.p (r, fg—g)

f'g )
+ D, (r, = R(r, f).
o\ (r, f)
Proof. Set
1 1
F=-, G=-.
f g
Then b; = i (j = 1,2,3,4) are IM shared values of F' and G in X. From

Lemma 3 we have

1
Pos (r75) =R

and
1
Do (1 {2 ) = Do (r 5 ) = RO-F) = RO )
Since )
( / ) _ I s
f—g f-9 (f-9%
we have
S .
2Das (T’ f—g) = Do ( ' f —g>
1
S P
< Da,ﬁ (T7 ffg> + R(ﬁ f)
Hence
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Similarly, we have

Furthermore, we have

f/ ) ( f/

Da, ) S Da, [Sars
’ ( f=g N

/ ’

g g

Da, T, S Da, T, —
? < - g) ’ ( g

f/

f

f
Dcx,ﬁ <Ta ffj]g) S Da,ﬁ (T7

3. Proof of Theorem 1

We assume that the conclusion of Theorem 1 is not true, namely, there exist
two distinct transcendental analytic functions f(z) and g(z) that share three
distinct values a1, as, a3 DM in X, provided that

im Sap(r, f)
% Tog (1T (r, £)
Without loss of generality, we assume a1 =0, agy = 1, a3 = ¢. Set
oo UP@P-9
FUF =D = e)glg —1)(g —¢)
If zg € X is a zero of both f and g, with multiplicities p and ¢, respectively.

Since 0 is DM shared values of f and g in X, we have p # ¢. Then by compu-
tation, we have

=00 (r¢kE).

@(z) = O ((2 — =0)"),
where t = p 4+ ¢ — 4 + min{p, ¢} > 0. Hence zeros of f in X are not poles of ®
in X. Similarly, zeros of f —1 or f —cin X are not poles of ® in X. Therefore
we get that @ is analytic in X. Obviously,

!
o - g v,
f—g
where ¥ is the function defined in (6). From Lemma 4 we have
f'g
Sa,g(r,®) = Dug (’I“, = g) + Dq g(r, )
= R(r. f).

We denote by 6;@(7‘) the counting function of zeros of f,f — 1,f — ¢ (or
9,9 — 1,9 — ¢) with multiplicities more than 2, each point counts only once.
Then

(10) Clp(r) < Cap <7‘, é) < Sap(r, ®) + O(1) = R(r, ).
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Since 0,1, c are DM shared values of f and ¢ in X, from Lemma 2(iv) we have

_ 1 — 1 — 1
Ca,ﬁ (T, f) + Ca,ﬁ (T, fl) + Ca,ﬁ (T, fc)

1 1
=Cap (T, f’) +Cop (r, g’) + R(r, f).

Since f and g are analytic in X, from the above equality, Lemma A, Lemma B,
Lemma 2(i) and Lemma 2(ii) we have

250&,5(7”7 f) = 60«5 (T, %) +60t”3 (Tv ﬁ) + 60&75 (7': ﬁ) + R(’f’, f)
= B (T7 %) + CD:,B (Tv ;) + R(Ta )
A S

!
/ 1 , 1
= Sa,6(r, f') = Dag | T, *) + Sa,5(r,g') — Da,s (7'7 *)

= Das(r, ') = Da,

@
/N
3
I
S~
+
S
)
@
—~
3
Q
N
|
S
2
®
//~
3
S~
_|_
=
=
3
~
-

1 1
Da,ﬂ <Ta f,) + DO/,B (T7 g,) = R(Ta f)

Hence we get from Lemma A that

1 1 1
us (17) # oo (r75) + 2o 75)
< Doy (4, ) + RO = RO )

If

then we have

Suplrif) = Cap(77)+ Do (7)) +00)
(
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= 60(75 <’/‘, le-> + R(’f‘, f)

IN

Cop (7", Jlt) + R(r, f)

Se.B (7‘7 ch) + R(r, f),

namely,
Saﬁ(ra f) = R(ﬁ f)
This contradicts the condition of Theorem 1. Hence we have

(11) Cos (r, }) T (r, }) £ R, f).

Similarly, we have

1 — 1
Cap (r, f—1> —Cap (7”7 f—1> # R(r, f),

Set
1 ! l ! 11
0 2f,—3(f+ A )—29,
f o r=1 f-c g
’ / / 1 _ 94
_ 2<g+ g 9 )+f g
g 9-1 g-c f—g
Then from Lemma A, Lemma 4 we have
(12) Do, p(r, Q) < R(r, f).

If 21 € X is a zero of both f and g, (or both f —1 and g — 1; or both f — ¢ and
g — ¢), with multiplicities 2 and 1, respectively; and if z5 € X is a zero of both
f and g, (or both f —1 and g — 1; or both f — ¢ and g — ¢), with multiplicities
1 and 2, respectively. Then by simple computation, we get that both z; and
zo are not poles of (z) in X. Hence we can deduce by Lemma 2(iv) and (10)
that

(13) Caﬁ('f’, Q) < R(T, f)
Hence combining (12) and (13), we have
Sa,p(r; Q) < R(r, f).

If z; € X is a zero of both f and g, with multiplicities 2 and 1, respectively.
Then by computation we have

() = (g ()",

Qz) = - (1 + i) g’ (21).



FUNCTIONS SHARING THREE VALUES IN ONE ANGULAR DOMAIN

Hence we get

If

then

IN

IA

Qz(zl) — (¢ 2
e R
QQ(Z) 2

1
Cap|" o
’ﬂ< g‘p—(c—i—l)2>

2Sa’5(7’, Q) + Sa”@*(ﬁ \I/) + O(l)
R(r, f).

This contradicts to (11). Hence

02(2)

29(2) (c+1)2=0.

1533

If 23 € X is a zero of both f — 1 and g — 1, with multiplicities 2 and 1,
respectively. Then by computation we have

Hence

_1
namely, ¢ = 3.

Q?(z23)
2V (z3)

=(2— c)2.

(c+1)*=(2-¢)?

If zy € X is a zero of both f — ¢ and g — ¢, with multiplicities 2 and 1,
respectively. Then by computation we have

Hence

0%(24)

20 (2) = (2c— 1)~

(c+1)* = (2c - 1)

This implies ¢ = 2. We obtain a contradiction. Therefore, we complete the

proof of Theorem 1.
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