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Modeling of Radiation Effects for 1-D RLH-TL Using Extraction
of Circuit Parameters
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Abstract

The equivalent circuit for the RLH-TL is proposed considering radiation effects due to the inclusion of a series
capacitor and shunt inductor in a unit cell for the right/left-handed transmission line(RLH-TL). The design equations
to realize a specific phase shift at a given frequency is also provided. The S-parameters for unit cells with N=1, 3,
5, and 10 are analyzed in various aspects based on the EM and circuit simulations especially for the purpose of
controlling radiation along RLH-TL’s. A modification formula for the radiation rate per unit cell is also proposed for

good agreement between the EM and circuit simulation results.
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1. Introduction F/m). By adding a lumped-type series capacitance Cp

and shunt inductance Lo periodically with a unit cell

There has been intense research on metamaterial- size of d much smaller than the wavelength, the com-
based transmission lines. The conventional transmission posite right- and left-handed transmission line can be
lines, which usually support TEM waves and follow the constructed and many applications in the microwave
right hand rule(right-handedness), have been charac- band have followed"! . The lumped series capacitance
terized by the distributed series inductance L(given in Cy has been commonly realized by a transverse cut or
unit of H/m) and shunt capacitance C(given in unit of interdigital cut on the signal line, while the lumped
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shunt inductance Lo has been commonly realized by a
shunt shorted stub. In realizing Co periodically on the
line, some power is leaked out of the cuts. In realizing
Lo, some power is also leaked out of the shorted stub
due to a discontinuity problem. These radiation losses
are inevitable. For most applications such as phase
shifters, directional couplers, power dividers, and etc,
this radiation effect behaves adversely to their desired
performances since the transmitted power levels are
usually somewhat less than the required ones. For these
applications, design must be carried out to minimize the
radiation losses. The minimization of the radiation
losses is possible although it is limited. For antenna
applications such as leaky wave antennas, these ra-
diation effects need to be controlled. Some beneficial
features of leaky wave antennas have been widely
reported, while some refining study still needs to be
performed further. In this paper, radiation effects are
investigated based on the proposed equivalent unit cell.
The radiation rate formula for the series gap capacitor
and shunt stub inductor is derived using transmission
line theory. The equivalent circuit is examined in terms
of the Bloch impedance of complex propagation con-
stant”. Some design equations for the control of ra-
diated power are also presented. The S-parameters for
unit cells with N=1, 3, 5, and 10 are analyzed in
various aspects based on the EM and circuit simulations
especially in terms of radiation rates. A modification
formula for the radiation rate per unit cell is proposed
and its validity is investigated.

1. Analysis of Equivalent Circuit for RLH-TL
Considering Radiation Effects Based
Transmission Line Theory

In Fig. 1, we propose the equivalent circuit of a unit
cell considering radiation effects. The right-handed
transmission line(RH-TL) with its electrical length kd is
usually characterized by the distributed series induc-
tance L(H/m), series resistance R(&2/m), shunt capaci-
tance C(F/m), and shunt conductance G(&/m). The

kd 2 kd/2

z z W
R 2C, 20, Ri2

Gy L

Fig. 1. Equivalent circuit of a unit cell considering
radiation effects.

left-handedness comes from Cy and Lo but they are

inevitably accompanied by Ro and Go. For most prac-
G,
tical applications, R<<% and G<<7°, and thus we

will assume that R=G=0 throughout our analysis.
For an ideal lossless RLH-TL with loading of Cy and

Ly, the important analysis equations are given by
LC = pe = pyeie,, (1

where #4, €, and & are the permittivity, permea-
bility, and relative effective dielectric constant, respec-

tively,
z —\E— L
*"NC \C, (matching condition), Q)

i
and (-pd)~ —[w\/ﬁd - ———]= 4, (rad)
quOCO . (3)
The symbol ¢. denotes the phase shift per unit cell
at a specific radian frequency of w.
For a specific phase shift 4, per unit cell at a radian
frequency of w, the design equations for the Cy and Ly

loadings can be expressed as

1 1 1 1
C = =

* Z *JLCd+ o, Z, o(kd+4,) )
and L, =Z7°C,. (%)

The solutions (4) and (5) are valid in the limiting
case where kd is very small.
More exact solutions can be determined from the dis-

persion equation given by

cosh(ad + jfd) =
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cosf—~—cos?? (6=kd).

20°L,C, 2
+L( L + ! )sin @
20 CyZ, LY, (6)

Most design employing metamaterial-based trans-
mission lines is now based on the lossless equivalent
circuit, although some optimization trial follows to deal
with losses through EM simulation and actual mea-
surement.

The lumped series capacitance Cy can be realized by
a transverse cut or interdigital cut on the signal line,
while the lumped shunt inductance Ly can be realized
by a shunt shorted stub. In realizing Cy and Lo, some
power is leaked out of the transverse cut and shunt
shorted stub. In a trial to consider this radiation effects,
a lumped resistance Ro and conductance Gy have been
included as shown in Fig. 1. The radiation rate 7, per
unit cell due to the series loading of Cy can be shown

to be given by
z (M)

if w—CO«Z", which is indeed true for most practical
cases. The derivation for the radiation rate 7, due to
inclusion of a shunt stub inductor Lo similarly goes with
the one for 7, due to inclusion of a series capacitor Cy.
The radiation rate due to a stub inductor can be shown

to be given by
GO
g, =2

S L ®)

The distributed series impedance per unit length(Z)
may now be written by

1

JoC,

1
=jo|L-——|+nZ)/d
Jw( wZCOdJ (mz,)

= joL, +12,)/d (Q/m) . 9)

Z=jol+

/d+R,/d

The effective distributed series inductance L. may
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be positive, zero, and negative depending on the degree
of the added left-handedness due to periodic Ly loading
in a unit cell size d The distributed shunt admittance

per unit length(¥) may now be written as

Y=joC+

1d+G,ld

Ly

N 1
= jw[(, ~w2—LOJ)+(rhYC)/d

= joC, +(Y,)/ d (B /) . (10)

The effective distributed shunt capacitance Coy may
be positive, zero, and negative depending on the degree
of added left-handedness due to periodic Lo loading in
a unit cell size d The effective distributed series in-
ductance L.y and shunt capacitance C.y(Circuit parame-
ters) are related with the effective relative permeability
Uop and permittivity € .5 as

Ly = poprg g (H /m) (1)

and C, :£0€eff%:50£eﬁ /g(F/m) a2
where the geometrical factor £ can be found from the
ratio of the substrate-filled Z. and air-filled Z.,; as Z.
| Zegir.

Ley is seen to be proportional to (.4 with the pro-
portionality constant z.g and C.y is seen to be propor-
tional to € 4 with the proportionality constant e/g. The
pair of Leg{or o), Cepfor €. ) may be both positive
(Double Positive(DPS): RH region), both negative(Dou-
ble Negative(DNG): LH region), only s g(or Ly ne-
gative(Mu Negative(MNG)), or only & 4or Cp) nega-
tive(Epsilon Negative(ENG)) depending on the degree
of added left-handedness(LH) to the host RH-TL.

The total radiation rate 7 due to a gap capacitor and

stub inductor is the sum of each and given by

RO GO

n=EmAn =4
Zo X (13)
The radiation rate 7 may also be understood as a
perturbation factor inflicted on a lossless RLH-TL unit

cell. The Bloch impedance Zj, which differs from the
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characteristic impedance due to loading effects of Cp
and Ly, is related with the ratio of Z(9) and ¥(10) as
given by

1
i@ L——— |+(n2Z.)/d
Jw[ wzcodj (mz,)

ja)[C— cozlLOE]+ (m,Y)/d 14

For the case of no radiation( 7= 7,=0), it is well
known that the Bloch impedance Zp reduces to the
characteristic impedance Z.. By observing equation (14),
we can see that when the radiation rates 7 and 7, are
the same, Zp also reduces to the characteristic impe-
dance Z.. This means that if the degrees of radiation
due to the transverse cut(for Cg) and the shorted
stub(for Ly) characterized by 7 and 7, are the same,
there is a perfect match at the input connecting the RH
transmission line and RLH loaded transmission line.
Usually, the typical radiation rates are approximately in
the range 0.01~0.1(1~10 %) depending on loading
structures. The control of the radiation rate 7 is usua-
lly easier than the control of 7, Thus, the realization
of Lo is recommended in advance of Cy. If Lq is realized
on any TEM transmission line with a specific radiation
rate 7., then we need to make an effort to obtain the
same radiation 7, as 7, by adjusting the transverse cut
for Co.

The complex propagation constant 7 is related with
the product of Z and ¥ and given by

}/=a+jﬂ=\/ﬁ, (15)

The attenuation constant ¢ in (15) can be shown to

agree with

1R, G 1
a=— L+t :_(771 +772):"7_
2d\Z, Y ) 2d 2d (16)
The propagation constant is almost the same when
radiation effects are small.
The control of radiation rate 7 is possible by ad-

justing the width w and gap g shown in Fig. 2.

Fig. 2. Geometry of gap capacitor.

The gap capacitance Co in Fig. 2 is roughly pro-
portional to the ratio of w/g and radiation from the gap
increases as w increases. Thus, the control of radiation
rate 7, is possible by a proper choice of w and g.

For antenna applications(leaky wave antenna for an
example), we need to design a RLH unit cell such that
71= 72 as much as possible. If this is the case, Zp —
Z. and the periodically loaded RLH-TL is completely
matched to the unloaded input RH-TL. In a periodic
RLH-TL with identical unit cells, power leaking out of
the each unit cell decreases exponentially. The total
radiated power up to the Nth cell( 7 rn) is given by

rp=l-e™ (17)

where 7 is the radiation rate for a unit cell.
If a specific 77y is desired, the total required

number N of the unit cells is obtained by

ln(l - 77T,N)
n . (18)

N=-

The uniformly radiating array may be more fre-
quently needed than the exponentially radiating array.
This may be possible with non-uniform radiation rates

along the transmission line given by

__
l-nn, (n=0, 1,2, - (19)

77)1

using the first approximation, where 7, is the radiation
rate referred to the input power reaching the first unit
cell and the total required number N of the unit cells

for a specific 77y is given by

N= Ty
up (20)
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M. Comparison of S-parameters in Terms
of Radiation Rates Based on EM and
Circuit Simulations

When the size of the RLH-TL unit cell is very small
compared with the wavelength, the effective medium
concept can be applied and the relative effective
permeability( 4 o= o
(€=t —jEe" ) can be obtained [8] from the si-

mulated or measured Sy, and S, referred to both ends

—jtes”) and permittivity

of the unit cell. Using the obtained x.7 and €. we

have
Z=R,/d+jo| L-—
S =T
=joLg = jo- tp,.g(Q/m) 210
and
Y=G,/d+ jo| C-—
o IO T d
:jwcejf =jw-soseﬂ/g(U/m)_ (22)

With the additional matching condition

1 i
*Jaa,  Jcar, , 23)

the six circuit parameters can be extracted as

R =ouu,’ dg ), G =wee, dlg ®),

l[L_L]
2 2
Le—ttdHIm), G- 2 py

00 ﬂoﬂeff’d
1 1
43
—/d (F/m), and Ly=———-2(H),
0~ £0€eﬁd (20)

To validate the formulation given in section II based
on transmission line theory, we construct a unit cell on
a Rogers RT Duroid 5880 substrate. The relative per-
mittivity &, is 2.2, The height A of the substrate is 1.6
mm. The width of the RH 50 & transmission line is
4.9 mm. The length of the unit cell is 9.09 mm, which
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is A/12 at the transition frequency of 2 GHz where 3
=0. Using equation (6), the loading capacitance and
inductance are found to be C¢=3.03 pF and L=7.28 nH,
respectively, which are tried to be realized using a chip
capacitor in a transverse cut with its gap 1 mm, a shunt
shorted stub with width 1.254 mm(characteristic impe-
dance Z; of 92.64 S2), and length 13.44 mm.

Fig. 3 shows the magnitude (a) and phase (b) of Si
and S obtained from EM and circuit simulations. We
can observe a wide passband at around the transition
frequency of 2 GHz. The magnitude of $»; at 2 GHz is
shown to be somewhat less than 1 due to losses mainly
due to radiation. For the circuit simulation, we have
used Co=3.03 pF and Ly=7.28 nH. Besides, we have

14 — T T
Tarim Mag (8")(EM)
12 o— (12 (Sm)(EM)
1k
&
g 0.8f
El
< oel
g
=
041
02. _
A : : : :
7 \\‘M. i
ol i .‘--.-'T-lsc-ﬂ—.-—-a-—-r-"'“ﬂ""“"
Q 0.5 1 1.6 2 25 3 35 4 45 5
Frequency [GHz]
(a) Magnitude

200 T T T T ! . - ' v
T ! : ; ; = 1Phase (S, )EM)
wonemmm P h252(S, ) (GirCult) |4

Phase (S,,) fdeg]

i i L L i i
06 1 15 2 26 3 36 4 48 B

Frequanoy [GHz]
{(b) Phase

Fig. 3. EM- and circuit-simulated $); and Sy for unit
cell.
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included the radiation effects using Ro=2.654 & and
Gy=0.0005 G (to be determined later).

The phase of Sy at 2 GHz is shown to be almost 0.
For frequencies below 2 GHz, the phase shift ¢, in (3)
is positive(# <0: LH region), and for frequencies abo-
ve 2 GHz, ¢, is negative( 5>0: RH region). The S-pa-
rameters based on EM and circuit simulations are
shown to be in good agreement.

In Fig. 4, we compare the real parts of the effective
relative permittivity( € .5) and permeability( o) ext-
racted from Si, and Sy referred to both ends of the unit
cell based on EM and circuit simulation. The real parts

of & and permeability x .5 are shown to in reaso-

2 T T T T
- EM) l
o e M) ]
= ==& ,(Girouit)
-------- W oy(Girauit)
. !- ........................................................... ]
[
4
8 ? ................................................. fred 4
10 i L { L L L i

i i ]
1 1.2 1.4 1.6 1.8 2 22 2.4 2.6 28 3
Frequency [GHz]

(a) Real part

0.36 T T T T X L
. L [mmeegEm

03_ —p"e"(EM) 4
: : === y(Gircuit)

025‘.....3. . ‘‘‘‘‘‘‘‘ p.“e”(cwcu«t) -

i i 1 i i
1 1.2 1.4 16 1.8 2 2.2 2.4 2.6 2.8 3
Frequency [GHz]

i

(b) Imaginary part
Fig. 4. Effective relative permittivity( & ;s ) and per-
meability( /. ) extracted from S and Sy

nable agreement, while the imaginary parts of them
show some disagreement except near the transition fre-
quency of 2 GHz.

Based on the effective relative permittivity( € ,) and
permeability( z g)(Fig. 4), the extracted circuit parame-
ters using the solutions in (24) at 2 GHz are R¢=2.654
Q, G=0.0005 G, Cy=2.8 pF and L=5.0 nH.

More details are summarized in Table L. In Table 1,
the radiation rates per unit cell obtained using 1 - |Sn|2
7\821|2(EM data) and equation (13) are shown to be
exactly the same(0.078 or 7.8 %).

We show in Fig. 5 the magnitude (a) and phase (b)
of $11 and Sy obtained from EM and circuit simulations

for RLH-TL composed of 3 unit cells. A wide passband

1.4 T T T T T
| =—-—aMag (S, HEM)
12} | —ag. Sy 0EM) |
- — —Mag.[S,,)Ciruit)
iL ------- “-Mag‘(sm)(ci.rcuit) 1
~ :
o
- 0.8
B
g ae
4
= : : : : : :
02t
0

Frequency [GHz|

(a) Magnitude

== 1Phase(S,, ) EM)
| ve—— 2585, ) Girouit)
. . T T

F 4

180%

21

v
L) o | ).

Phase (S,,) [deg)
o

8

j I i i i
a5 1 1.5 2 26 3 35 4 4.5 6
Frequency [GHz}

200 i L i I
0

(b) Phase

Fig. 5. EM- and circuit-simulated S, and Sy for
RLH-TL with 3 unit cells.
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is observed at around the transition frequency of 2 GHz.
For EM simulation, we have used a lumped capacitance
of 2.60 pF in a gap of 1 mm, W=1.254 mm, and /=
14.539 mm to compensate for some coupling between
cells. For circuit simulation, we continue to use the
same unit cell employed for Fig. 3. The magnitude of
S at 2GHz is shown to be somewhat less than 1 due
to losses mainly caused by radiation.

Fig. 6 shows the magnitude (a) and phase (b) of Sy,
and Sy obtained from EM and circuit simulations for
RLH-TL with 5 unit cells. For EM simulation, we have
used the same unit cell employed for Fig. 5.

The magnitudes of Sy based on EM and circuit

simulations are shown to have a significant difference.

| = iaMag B )EM)
.| —Mag. ) EM)

| ===mag,(s,,)Girult)
] Mag. (S,,)(Circult) |

Mag. ;) and (S,,)

4 4.5 5
Frequancy [GHz|
(a) Magnitude
200 Y T T T T
== Phase(s, HEM)

| e—Phase (S, )(Ciruit) 1

e
ettt brted- 11 TL OO

Phase B, [ceg)
[=]

sk 4
-100 -
480k 4
200 i 1 { i L i i I i
0.5 1 1.5 2 256 3 35 4 45 5
Frequency [GHz]
(b) Phase

Fig. 6. EM- and circuit-simulated $;, and S$ for
RLH-TL consisting of 5 unit cells.
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The phases of Sy based on EM and circuit simulations
are shown to agree well with each other. The radiation
rate for 5 unit cells obtained using 1 —1S11|2—|S21|2(EM
data) and equation (17) with N=5 are 13.36 % and 32
%, respectively, showing a large discrepancy.

Fig. 7 shows the magnitude (a) and phase (b) of Si
and Sy obtained from EM and circuit simulations for
RLH-TL with 10 unit cells. For EM simulation, we
have used a lumped capacitance of 2.75 pF in a gap of
Imm, #=1.254 mm, and /=14.249 mm to compensate
for some coupling between unit cells. Here too, the
magnitudes of Sy based on EM and circuit simulations
are shown to have a significant difference. The phases

of §21 between EM and circuit simulations are shown to

14 T T " ; T
: : : : - aMag. (S, )EM)
1obebi] e, R L —2g S, )EM) |
: : : : : | ===Mag.(8,)Cirout)
: oo Mag. (S, ,)(Ciroult)
1 emgmei
- ~ : : : ‘
5 v .
28 . g : »
o 08F gl g
]
@:_D.G-- RIS ‘
g
= ke
04fF....... J
D2k ... p
0 "";"-' T T T O,
o 256 3 35 4 45 &
Frequency [GHz]
(a) Magnitude
200 T

- eSS, JEM)

| s—Phase (S, )(Circuit) |4

NN

Phase (3,,) [deg}

i I i
2 2.8 3 36 4 4.5 5
Fraquency [GHz]

(b) Phase

Fig. 7. EM- and circuit-simulated S;; and S5 for
RLH-TL with 10 unit cells.
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Table 1. Summary of parameters for RLH-TL unit cell.

Description Co(pF) Lo(nH) Ry(Q) Go(T) 71 72 n
Design 3.0294 7.2765
W=1.254 mm
EM data ( a251271f1m) =13.44 mm 0.078
&P Z,=92.64
Extracted circuit 28 5 2654 | 00005 | 0.053 0025 | 0078
parameters
agree well with each other. The radiation rate for 10 14 ; ' T
. _ . , ) v { == eMag s, JEM)
unit cells obtained using 1—|Sy1|” —|Sx|(EM data) and 12b : Wag. (3, JEM)
X . : | = ——nMag. s i uit)
equation (17) with N=10 are 24.83 % and 52 %, res- 1 [ xaﬁ E;;;;Egimuit;
idal A -
pectively, showing a large discrepancy. - Y e e
% D8 3 :
IV. Modification of Radiation Rate 7 for RLH-TL € sl

with a Large Number of Unit Cells

The large difference of |Sy| between the EM and
circuit simulations in case of a large number of unit
cells seems to come from following reasons.

1. The edge problem is alleviated in the EM simu-
lations while it is not done in the circuit si-
mulations since the same unit cells are just re-
peated.

2. The number of the transverse cuts does not
increase in proportion to the number of unit cells
used for EM simulations while it does in the
circuit simulations.

3. There are some coupling effects between unit ce-
lls in the EM simulations while there are not in
the circuit simulations.

To address these discrepancies for the case of a large

number of unit cells, we modify the radiation rate per

unit cell( 7) based on EM simulation as

_ In |:1 “Nrx (EM):!
=" N (25)

where N is the used number of unit cells and 7rp(EM)
is the EM-simulated total radiation rate determined from
-} Su|2—| 821|2 for N unit cells.

When N=10, 7 rn(EM) has been obtained as 0.2483,

oal

02r

R ‘

- NN LI SN
0 : P et g LR Y
o] 4.6 1 1.5 2 2.5 3 38 4 45 5

Frequency [GHz]

Fig. 8. EM- and circuit-simulated |Sy| and |$y| for
RLH-TL with 10 unit cells with modified 7.

and the radiation rate per unit cell( 7 ) is modified to be
0.0285(or 2.85 %). In Fig. 8, we compare the EM- and
circuit-simulated S5 and |S»| for RLH-TL consisting of
10 unit cells with the modified 7. They are shown to

be in good agreement.

V. Conclusions

We have analyzed the equivalent circuits for 1-D
RLH-TL considering radiation effects. The radiation rate
formula has been derived considering the inclusion
effects of a series capacitor and shunt inductor in a unit
cell for the right/left-handed transmission line(RLH-TL).
The method of realizing uniform excitation along the
RLH-TL has also been proposed for antenna applica-
tions. The S-parameters for unit cells with N=1, 3, 3,
and 10 have been examined based on the EM and

circuit simulations especially in terms of radiation rates.
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A modification formula for the radiation rate per unit
cell has been proposed for good agreement between the
EM and circuit simulation results.
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