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Economic-Statistical Design of
Adaptive Moving Average (A-MA) Control Charts

Tae-Jin Lim
Department of Industrial and Information Systems Engineering, Soongsil University, Seoul 156-743, Korea

This research proposes a method for economic-statistical design of adaptive moving average (A-MA) charts.
The basic idea of the A-MA chart is to accumulate previous samples selectively in order to increase the
sensitivity. The A-MA chart is a kind of adaptive chart such as the variable sampling size (VSS) chart. A major
advantage of the A-MA chart over the VSS chart is that it is easy to maintain rational subgroups by using the
fixed sampling size. A steady state cost rate function is constructed based on Lorenzen and Vance (1986) model.
The cost rate function is optimized with respect to five design parameters. Computational experiments show that
the A-MA chart is superior to the VSS chart as well as to the Shewhart X chart in the economic-statistical sense.
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ZEc oS F SSI(Fixed Sample Size and Sampling Interval) %
e MRSt 3ABTY E o5 AASE de $40t
th, & o]sd e F ‘:ﬂ sttt A3y #Y e 28 TAZY
AA ol w2} the MEF Y AU FRAVE HMSAZ L

ZM FSSI #E =9 H5& FFA 7124k 3 A o] th(Tagaras,
1998). 238 B =9 UF < VSS(Variable Sample Size) el
TE A FAFY AA ol wet FE A7) S WA 7= W
A& A

VSS #E =5 #4519 FSSI el Sofl wlg) 43 §A 4
SAE Ztete A2 ofn Be Rl vk QUTh(Prabhu ef al.,
1993; Costa, 1994). L& U VSS W] & #e] EA &9 ¢ A o
et FEI7]E vHro] Fojof SEE G| A Q) BE T (re-
tional subgroup)= frAlsh=H ofF o] ok AHHoE 7}
ZHe] A EY & YT 21X F = ojof st FE AT
7b 3A vHgE Y% 24 A g 9 He Aot

TepA £ AT e REA7 = IAHAT L, A A E
o YA o whet 71 7] 7(time span)] FAHH o] FH 7S Ab
%;FC S-MA(Selective Moving Average) ¥2] =(Lim, 2007)%
Qto g gttt o, ofd FAFEY B A A o wpet ot
o] EHT(MA) TAZFY +7 7|3to] WIThE HAA A
2 A (selective) ] 2t AR T= B} uHA QA 2§ (adap-
tive)ol2h= @S 48319 A-MA(Adaptive Moving Average)
e = skt

Lorenzen and Vance(1986) 8ol 7]z 3to] A-MA #E T
BAH-FAY A AAE A, FAJAE Fok A-
MA #2859 AAA-FA 2 540] vSS He| 2o Hla)
shS wolt

A 28N A= AMA Y EE A8, A 3%

%nloé

ol 4= A-MA

He =] AAH-FAH A AAE A ?E} A 47 M=
FA A E 53l A-MA B 5 284S 248D, A S
FolHe A8 2 FIAT WS A A

2. A-MA =
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Z AR AEY e BFslE EAF
o A-MA A7 E<(design parameters)
k FE3hd e dAAY &
w o EFSHE R A YA A
ny, 1A EEIY
hy IR AWEHA
L #E Ao
* A-MA #T =YY
L=[w wl:9XYY

=[k—w)U (w,k] : Y94
13 (—o0,—k)U (k,o0) : BEA Y
o H|-§ F(cost parameters)
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7] ny, T A o] L, MEYIA p,
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HHA L AL EE YA AT F7181H 7129 31E x
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JAGGd A B EH = ASE PAS] Yol EA,
#H =Y A4 £ AT vkZZ(Markov) 319 A
(state) 7N & frtatAl skaLat goloh

A-MA #HE S A e B A Fol JHBH(5)ol &34
FES FAS] £F5kE HYFAFE AL HE #E
FAF] GAYY (1)l &£3tW o MEHY FEROR
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R EERY
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Figure 1. Expected cycle length



332 ¥ 2

24 $9NI S B YL (/29 oY &
Gl &2 Jtato] g3 2ol Ve 4 o,

Bi= Cy/ +C(4,+A4,) (12)

As=eny+n 1) +77, (13)
AMEE S =3 AAE 7 2P (s) 9 o)y
B 7t AEY A4S B et gt 2o] el ¢
)
B,=(a+bny)(s+ARL;+ A’/ hy) (14)
B SRAL 3 FE sao B2 7)Y L/AE vl gL O
&3 2o
B,=sYa= sY/ARL, (15)

E}ﬂ

E[CR] = E[C]/ E[T]

3.3 A-MA #E =9 BAH-FAH A AR}
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o, 1 AN 4799 S, ui o AE A
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#edo| L& 12, FEAY] n L 008 2783}
L —>L+1

ng —ng+1

LAY A5 I E o] g3t 4 (16)0S H 33}
St (k, w, hy) 9 W8T E[CRIE 7@ ©] o

oA 2
oA 3
oA 4
oA 5

F3 A5 HAX RES DFE 271G AE

shofof @i,

@A 6 : E[CR]] Zadtd ©A 42 7t} 18R] ¢koH,
O EA 2
SA 7 229 Lol thated H 29 ElOR]H o] w ]
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=20 45 %%ﬂt} a8 §7F obF AL (5< 0.25) AS

Foopg 2 g 507}

A A3l Be2ol7} A e
A 59% Do} 4o @A 5ol QA OE A4 4T
A5 FTE A% DS YO D2 T3} o] T3
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+p2]%m[0, ATStg—u]

4. A A)

£ Ao M e A-MA #HE =9 FAAR S FSSI #e = 2 VSS
e =9} st AMA B EE 14 AEYLEE A
S8t B R 7h A Z YA S AHE-StE VSI(Variable Sampling
Interval) &2l =1} VSSI(Variable Sample Size and Sampling In-
terval) & £ 949 vl wE A FaHH Tt

<Table 1>& £ oA AH&H FHI HEEFEA, Pra-
bhu et al.(1997)¢] EAIH & A8 o, 150] AT A
A Adte B8 Aoz Ay, R A4 A3 34
S B AT A2 Y

<Table 2>~<Table 4>+ 212} FSSI &l =, VSS X #H &,
A-MA #E| 2o e H4 AT 7 e O e HF
AA R4S JERAT <Table 3> <Table 4>l A %R 2 FSSI
ezl oigh 2t Fel =] AZbG 7| ou o Ao d Aad
< YehH, o] £431H <Figure 2> 2t} <Table 5>=
A-MA #Z 2] AT 7| hu] &-o] FhY Aol & 4
9 e A9 FHRSF 2FE A Aot o4 F
sto] oo 2o ANE AL &

O & A5 JoAA A-MA FE| =9 AZHF 71t & (E[C
Dol VSS B Tof Hla) 2 Eo 7 7FAsYT)
@ ZE 750l ofA AMA B2 =9 717 7] diHl & (£[C))
o] VSS F Tof nlg] & F02 A4S
@) ZE A9 oA A-MA B =9 71NF7)(E[ 7)) 7} VSS
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Table 1. Process and cost parameters el =of ws) Fastsih
Tied | o T 1 215 - ; @ F8H T o] FE(0) ] AL, o] FAE(N) o] AH,
275 55 35 | 3 " o 500 | 3 el e EGHIE (G ol AL, ol dH EIH& ()
Case | A i | gl ¢ vy | wl a ) jjjj A-MA B =9 AT 7|t e & 2 & o] AA
ST
po e P L LR @ el R () o) 3, 3397 015 E(9)o] 2n)
T Toor T 1 T200 (250 500 T150 1 2 oz #e] e %O%‘ H1 8- () 7 o3 e %03?1%(01)91 o]
7+ Toos Tos T200 1250 T200 1150 T 2 T os ﬁj% 7350l AMA #e|=9] A a7t A vt
S}

e GAMA REAR 3 29N (5 & RE A 443
7 {001 | 1 | 200|500 200150 | 1 | 06 RO AERHES)N SRl NS5 E S
8 0.05 | 0.5 | 200 | 500 | 500 | 150 1 0.2 AT s,

o Toor | T 1100 20 T200 300 T 2 | os @D A-MA B2 59 ATS;+= B+ 2.98%_/\1 FSSI #E = °] 4.18
10 | 0.05 | 0.5 | 100 | 250 | 500 | 300 2 0.2 ;]j]-gsgls :%/ﬂ\ f?};ij:oj} AR,

[e] naeE .

11 ]0.00 | 05 | 200 | 250 | 500 | 300 1 0.6 DAMA 2] 59 W FEI]= 397124, FSsI el =9
12 1005 T | 200 250 | 200 | 300 | 1 | 0.2 153709 wiel 2A Zastdeh =3 Vss B s BB
13 | 0.01 1 100 | 500 | 500 | 300 1 0.2 71 1014 30744 2 Zo) WES e T whelA A-
14 | 0.05| 0.5 | 100 | 500 | 200 | 300 1 0.6 MA ZHEEE §e)d BEZS o xa=g 9ol A vss &
15 | 0.01 | 0.5 | 200 | 500 | 200 | 300 2 0.2 25U FSSI Tl =oll Hl8) AT SEle 2wo] gy
16 | 0.05 1 200 | 500 | 500 | 300 2 0.6 LRoRl=Y

Table 2. Optimal design parameters and cost components for FSSI chart

Case n, Ry k, ARL, | ARL; | ATS, | ATS; B, B, B, E[C] E[7] | E[CR]
1 23 1.9 2.9 267.98 3.25 509.16 6.17 | 13762.69 | 339.10 | 38.91 |14290.70 | 123.05 | 116.14
2 8 1 3.1 516.74 2.54 516.74 2.54 3937.21 | 160.94 | 18.87 | 4267.03 | 35.75 | 119.36
3 12 3.3 3 370.40 1.47 | 1222.31 | 4.86 | 2250531 | 146.69 | 40.23 |22842.24 | 118.02 | 193.54
4 23 2.6 2.8 195.68 291 508.78 7.56 8028.86 | 219.47 7.36 | 8405.70 | 44.12 | 190.54
5 23 1.9 29 267.98 3.25 509.16 6.17 | 1752538 | 956.74 | 97.27 |18729.39 | 123.05 | 152.21
6 8 0.5 33 1034.29 | 3.14 517.14 1.57 5510.16 | 194.55 7.64 | 5862.35 | 35.02 | 167.40
7 9 1.4 3 370.40 2.00 518.56 2.80 | 24038.32 | 494.06 | 38.30 |24720.68 | 116.08 | 212.97
8 20 0.5 | 33 | 103429 | 696 | 517.14 | 3.48 | 1011550 | 322.31 | 19.10 |10606.91 | 40.23 | 263.65
9 9 26 | 2.8 | 19568 | 1.73 | 508.78 | 4.49 | 1229228 | 310.71 | 38.80 |12941.79 | 117.17 | 110.45
10 20 0.7 32 727.66 597 509.36 4.18 5207.54 | 281.40 | 19.29 | 5808.23 | 40.83 | 142.25
11 24 2.9 2.8 195.68 2.75 567.49 7.99 | 24161.62 | 619.43 | 86.84 |25167.89 | 124.65 | 201.91
12 9 1 3.1 | 51674 | 217 | 516.74 | 2.17 | 5913.07 | 77.43 | 7.55 | 6298.04 | 35.65 | 176.65
13 8 0.7 3.2 727.66 2.82 509.36 1.97 | 13660.83 | 398.62 | 97.82 | 14457.27| 115.32 | 125.36
14 20 0.7 3.2 727.66 597 509.36 4.18 8415.07 | 609.70 7.72 | 9332.49 | 40.83 | 228.57
15 21 1 3.1 516.74 4.78 516.74 478 | 26776.37 | 704.03 | 38.51 |27818.91| 121.55 | 228.86
16 8 0.7 3.2 727.66 2.82 509.36 1.97 7661.64 | 265.43 | 19.29 | 8246.36 | 35.32 | 233.45
Avg 15.3 1.5 3.1 524.58 3.41 560.39 418 | 13094.49 | 381.29 | 36.47 |13737.25| 79.17 | 178.96
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Table 3. Optimal design parameters and cost components for VSS chart

Case| n, | m, h k w ARL, | ARL; | ATS, | ATS; B B, B, | E[C] | E[T] |E[CR]| %R
1 1 23 0.58(3.25| 1.01 | 861.46 7.34 |502.73 | 4.28 |13054.06|573.87 |39.67 |13817.60|120.22|114.94| 1.0%
2 1 21 0.27(3.46|2.23 | 1829.81 | 7.10 [500.00 | 1.94 | 3632.91 | 245.25 |19.86 | 4048.02 | 34.53 |117.23| 1.8%
3 11 19 15.00(2.58|2.49 | 100.00 1.34 1500.00 | 6.69 [22430.15| 90.17 |97.52|22767.84|117.72|193.41| 0.1%
4 2 27 |1.2713.03| 1.26 | 407.54 | 5.65 [515.81| 7.16 | 7632.01 | 246.48 | 7.51 | 8036.00 | 42.53 |188.96| 0.8%
5 1 27 10.633.33| 1.30 | 1161.60 | 7.63 |728.38 | 4.79 |16297.08|1296.83|68.43 |17812.35|120.59|147.70| 3.0%
6 1 17 10.29|3.44 | 1.86 | 1720.64 | 5.55 [500.00 | 1.61 | 5207.72 | 235.52 | 7.94 | 5601.18 | 34.42 |162.75| 2.8%
7 1 19 10.36(3.38| 2.19 | 1386.31 | 6.63 |500.00 | 2.39 |23471.66| 668.94 [39.93{24330.52|114.94|211.67| 0.6%
8 1 24 10.48(3.30| 0.90 | 1034.29 | 7.23 |500.00 | 3.50 | 9882.83 | 233.47 | 19.76 |10286.05| 39.77 |258.67| 1.9%
9 8 10 |3.05]2.74| 0.10 | 163.83 1.52 | 500.00 | 4.65 |12345.54283.69 {39.39|12968.63|117.38110.48| 0.0%
10 1 27 1037337 | 1.59 | 1346.46 | 12.83 |500.00 | 4.76 | 4746.48 | 277.34 | 19.81 | 5343.64 | 38.99 |137.07| 3.6%
11 5 30 228 (2.86|0.93 | 239.13 3.29 |545.69 | 7.50 |24128.39|528.69 [90.59 |25047.67|124.51|201.16| 0.4%
12 5 9 1097 |3.10| 0.10 | 514.39 222 |500.00 | 2.16 | 5911.69 | 78.35 | 7.81 | 6297.84 | 35.65 |176.67| 0.0%
13 1 18 10.29|3.55|2.05 | 2637.90 | 6.00 [757.90 | 1.72 |13251.65|540.39 |65.88 |14157.92|114.50|123.65| 1.4%
14 | 2 30 {0.14(3.63 | 2.24 | 356598 | 25.21 |[500.00 | 3.53 | 6576.89 | 806.66 | 7.97 | 7691.53 | 37.15 |207.02| 9.4%
15 1 30 (028 (3.45 | 1.72 | 1759.27 | 12.21 |500.00 | 3.47 |24973.23|1172.00{39.94 |26485.18 |117.95|224.55| 1.9%
16 1 24 10.2313.51 | 2.17 | 2201.28 | 6.82 [500.00 | 1.55 | 7150.52 | 425.67 [19.89 | 7896.07 | 34.30 |230.20| 1.4%
Avg| 2.7 1222 |1.03 325 | 1.51 | 1308.12 | 7.41 |533.41| 3.86 |12543.30|481.46 |36.99 |13286.75| 77.82 [175.38| 1.9%
Table 4. Optimal design parameters and cost components for A-MA chart
Case | L | n, | hy k w | ARL, |ARL;| ATS, | ATS; B B, B, | E[C] | EIT]|EICR]| %R
1 13 5 1048 |3.32]0.68 |1038.30| 8.41 |501.44 | 4.06 | 12173.34 | 450.12 39.79|12663.35|116.69|108.52| 6.6%
2 20 2 1029|344 |0.78 |1746.90 | 6.14 | 500.00 | 1.76 | 3416.26 | 197.27 | 19.86 | 3634.29 | 33.67 [107.95|9.6%
3 10 7 2.07 | 322 | 1.62 | 788.73 | 2.19 |1635.80| 4.53 |22230.86 | 178.57 {30.25|22440.17(116.92|191.92| 0.8%
4 19 4 1041|337 048 |1220.15]9.93 |500.85 | 4.07 | 6117.58 | 305.17 | 7.90 | 6430.76 | 36.47 [176.33|7.5%
5 20 4 | 038|342 | 0.45 [1442.79|10.15 | 542.00 | 3.81 | 14113.18 | 1267.61 [ 92.08 | 15473.77|116.23 |133.13 |12.5%
6 19 2 | 0.18 | 3.57 | 0.72 |2791.99 | 6.47 |500.00 | 1.16 | 4559.88 | 336.64 | 7.96 | 4905.39 | 33.12 [148.11|11.5%
7 15 3 1057 (326095 | 882.64 | 4.16 |500.00 | 2.36 [23199.91 | 525.91 |39.89|23766.21|114.40|207.75|2.5%
8 18 3 0.10 | 3.90 | 0.51 [6587.63|16.72|674.80 | 1.71 | 6993.13 | 405.90 [14.78 | 7414.31 | 33.99 (218.16|17.3%
9 17 4 1.24 | 3.03 | 1.15 | 404.53 | 3.04 | 500.00 | 3.76 | 11935.93 | 383.56 |39.75|12359.74|115.74|106.79 | 3.3%
10 17 4 0.28 | 3.52 | 0.58 [2227.65|11.04 | 620.87 | 3.08 | 3884.28 | 276.64 [15.99 | 4177.42 | 35.54 |117.55|17.4%
11 17 5 1.06 | 3.14 | 0.59 | 583.19 | 7.53 | 619.42 | 8.00 |23086.01 | 423.09 |80.29|23589.89|120.34|196.02|2.9%
12 13 3 1034|340 0.88 |1467.51| 4.43 |500.00 | 1.51 | 5416.46 | 120.53 | 7.93 | 5545.82 | 33.67 |164.73|6.7%
13 16 3 1035|3.49]0.95 |2046.87| 4.60 | 715.75 | 1.61 | 12878.87 | 483.90 |69.73|13433.00|113.76|118.08 | 5.8%
14 18 3 1010 | 3.90 | 0.51 {6587.63|16.72|674.80 | 1.71 | 4993.13 | 710.33 | 5.91 | 5709.87 | 33.99 |168.01|26.5%
15 17 8 0.53 | 328 | 0.74 | 954.28 | 5.68 | 508.17 | 3.03 |24230.05 | 733.23 |39.25|25002.63|116.46|214.69 | 6.2%
16 15 2 10251349 |0.72 |2034.99 | 6.25 | 500.00 | 1.53 | 6731.11 | 331.62 | 19.88 | 7083.11 | 33.46 |211.67|9.3%
Avg | 165 | 3.9 | 054 | 3.42 | 0.77 [2050.36| 7.72 | 624.62 | 2.98 | 11622.50 | 445.63 [33.2012101.86| 75.28 |161.84|9.1%
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Figure 2. Relative reduction rate of £[CR)] w.r.t. FSSI chart

Table 5. Cases when the relative reduction rate of Z[CR)] is high(low)

Case A ) g G Y w a b
Upper 1 14 0.05 0.5 100 500 500 150 2 0.2
Upper 2 10 0.05 0.5 100 250 500 300 1 0.6
Upper 3 8 0.05 0.5 200 500 200 150 1 0.6
Upper 4 5 0.01 0.5 100 500 200 300 2 0.6
Lower 1 3 0.01 1.0 200 250 200 300 1 0.6
Lower 2 7 0.01 1.0 200 500 200 150 2 0.2
Lower 3 11 0.01 0.5 200 250 500 300 1 0.6
Lower 4 9 0.01 1.0 100 250 500 300 2 0.2
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