J. KSIAM Vol.12, No.4, 249-260, 2008

MIXED FINITE VOLUME METHOD ON NON-STAGGERED GRIDS FOR THE
SIGNORINI PROBLEM

KWANG-YEON KIM!

'DEPARTMENT OF MATHEMATICS, KANGWON NATIONAL UNIVERSITY, CHUNCHEON, SOUTH KOREA
E-mail address: eulerkim@kangwon.ac.kr

ABSTRACT. In this work we propose a mixed finite volume method for the Signorini problem
which are based on the idea of Keller’s finite volume box method. The triangulation may
consist of both triangles and quadrilaterals. We choose the first-order nonconforming space
for the scalar approximation and the lowest-order Raviart-Thomas vector space for the vector
approximation. It will be shown that our mixed finite volume method is equivalent to the
standard nonconforming finite element method for the scalar variable with a slightly modified
right-hand side, which are crucially used in a priori error analysis.

1. INTRODUCTION

In this paper we consider the following Signorini Problem (which is a simplification of the
unilateral contact problem)

-V .- (AVu) = f in Q, €))

u=0 onl'p, 2)

AVu-n=g on 'y, 3)

u>0, AVu-n>0, u(AVu-n)=0 onlc. 4

Here (2 is a bounded polygonal domain in R? with the Lipschitz boundary 052, and n denotes
the unit outward normal to 9€). The coefficient A is assumed to be symmetric and uniformly
positive definite, i.e., there exist positive constants a;;, ag > 0 such that

amzlz <2TA(x)z < a2’z Vz e R%xcQ.

The boundary 0f2 is split into three disjoint parts, namely, the closed Dirichlet part I'p with
positive measure, the Neumann part I'y and the possible contact zone I'¢. In order to avoid
some technical difficulty arising from H{,(T'¢), we assume that T'p and T'¢- do not touch.
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Let K be the closed convex subset of H1 () := {v € H(Q) : v|r, = 0} defined by
K={ve H};(Q) :v|p. > 0}.
Then the primal variational formulation of problem (1)—(4) is given as follows: find u € K
such that for allv € K,
a(u,v —u) > L(v —u), 5)
where

a(u,v):/AVu'Vvdaz, L(v):/fvda:+/ guds.
Q Q I'n

The finite element approximations based on this variational inequality have been studied in
many works; for example, we refer to [5, 9, 10] for some early results and to [1, 2, 3, 11] for
improved error estimates. When one is more interested in approximation of the vector variable
o = AVu, it is desirable to rewrite (1)—(4) in the mixed form

o = AVu, Veo+f=0 in Q, (6)
u=20 onI'p, @)

o-n=yg on 'y, (8)

u>0, o-n>0, ulo-n)=0 onT¢. )

Dual mixed finite element methods, which were very successful for the variational equation
(cf. [4]), have been also proposed for this system in [14, 15].

The purpose of this paper is to apply the mixed finite volume method on non-staggered grids
proposed in [6] for the Poisson problem to the Signorini problem. In this method the vector
approximation is sought in the lowest-order Raviart-Thomas space (like the dual mixed finite
element method), while the scalar approximation is sought in the edge-based nonconforming
space from [8, 13]. It was discovered in [6] that this mixed finite volume method possesses
many attractive features when compared with the dual mixed finite element method, some of
which are listed here:

e One can easily decouple the scalar and vector variables in the discrete mixed system,
which results in a nonconforming finite element method for the scalar variable only.

e The nonconforming finite element system for the scalar only involves much less num-
ber of unknowns, and thus is easier to solve than the dual mixed finite element method.

e Once the scalar approximation is computed, the vector approximation can be recovered
from it in a local and direct manner.

e The recovered vector approximation has continuous normal components over the whole
domain and satisfies the local mass conservation, as in the dual mixed finite element
method.

It will be shown that these advantages carry over to the Signorini problem without modification.
In particular, we only need to deal with the nonconforming finite element method to establish
error estimates for the mixed finite volume method of the Signorini problem. Although a
satisfactory analysis is presented in [11] for the P1 nonconforming element, it seems to apply
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to triangular meshes only. We give an alternative approach which treats both triangular and
quadrilateral cases.

The remainder of the paper is organized as follows. In the next section we introduce some
notation and relevant finite element spaces. In Section 3, the mixed finite volume method for the
Signorini problem is constructed and analyzed. The close relationship to the nonconforming
finite element method is established together with the existence and uniqueness of a solution.
Finally, in Section 4, we derive some error estimates for both the scalar and vector variables
under the usual regularity assumptions.

2. PRELIMINARIES

To discretize the problem (6)—(9), we construct a regular triangulation 73, over the domain
Q consisting of triangles and/or quadrilaterals such that every nonempty intersection of two
elements is either a vertex or a complete edge. The mesh size is defined by

h = max hr, hp = diam(T).
We shall assume throughout the paper that every quadrilateral element of 7, is a h2-perturbation
of a parallelogram: the distance between the midpoints of the two diagonals of 7" is O(h%).
This assumption is satisfied, e.g., if 7}, is obtained through successive refinement of an initial
mesh by connecting the midpoints of opposite edges.

Let &, and &, be the collection of all edges and all interior edges of 7y, respectively. The
sets of boundary edges are denoted by £p, En and £¢, according to whether the edge belongs
to 'p, 'y or ['c. It is assumed that the triangulation 7}, respects the boundary conditions, i.e.,
there is no change of boundary conditions within an edge of 7;,. We also use the notation Er
to denote the set of all edges of an element 7.

Now we define the finite element spaces for the scalar and vector variables. For the scalar
approximation we choose the first-order nonconforming finite element which is defined locally
on a generic element 7" by

NCy(T) = Py(T)  if T is a triangle,
1 B RQq(T) if T is a quadrilateral,

where Py (T') is the space of all polynomials on 7" of degree at most k, and RQ;(T) is the
Rannacher-Turek space

RQy(T) := {00 Fr' : 0 = a+bi +cj +d(#* — §%), a,b,c,d € R},

with Fr being the invertible bilinear transformation from 7' = [0,1]? onto T It is known
that the integral averages over the edges of 1" can be used as degrees of freedom for the space

NCy(T). For each E € £r, we denote by ¢§E.T) € NCy(T) the local basis function satisfying

/ ¢g) ds = 5E,E’|E| VE' € ér,
E/

where | D| is the measure of a set D.
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The global nonconforming finite element space on a quadrangular mesh 7, is defined by
(see [8] for triangular meshes and [13] for quadrilateral meshes)

NCy, = {vh € L*(Q) : vyl € NC(T) VT € Ty, and /[[vh]] ds=0 VE € SQ},
E

NCup = {Uh e NCy, : / vpds =0 VEESD},
E

where [v]| is the jump of v across the edge E. The global basis function ¢ associated with

the edge ££ = 077 N 9715 can be obtained by patching the local functions gf)gi) together.
For the vector approximation we adopt the lowest order Raviart—Thomas space (cf. [4])

RTo(T) = { (Po(T))? & (2,y)Po(T) if T is a triangle,

(Po(T))? @ (aPo(T),yPo(T))  if T is a rectangle.

On a general quadrilateral 7', this space is built via the Piola transformation
RTo(T) := {(det DFy) ' DFp# : # € RTo(T)},
where D Fp is the Jacobian matrix of Fp : T — T. The global space is then defined to be
RTyp ={r € H(div,Q) : 7|pr € RTo(T) VT € Tp,}.

It is well known that 7 € R7T, has continuous and constant normal components on the edges
of T which can be used as degrees of freedom.

3. MIXED FINITE VOLUME METHOD

In this section we define a mixed finite volume method for the Signorini problem (6)—(9)
and establish its close relationship to the nonconforming finite element method for (1)—(4).

The discretization is simply accomplished by integrating the strong form of the Signorini
problem (6)—(9) (multiplied by some test functions for the first equation of (6)) locally over
each element T" € 7;, and each edge £ € £p U En U Ec. We seek the approximate variables in
the pair R7}, x N'C}, defined in the previous section, leading to the following discrete system:
find (o, up) € RT, x NCp, such that for all v, € NCy(7T),

/(ah—AVuh)-Vvhdw:O, /(V-Uh+f)da::0 VT € Ty, (10)
T T
/ upds =0 VE € &p, (1
E

1
crh~n|E—E gds =0 VE € &y, (12)
E

/uhdszo, on-nlp >0, /uh(ah'n)d.s:o VE € &c. (13)
E E

It is worthwhile to mention that, unlike standard finite element methods, all boundary condi-
tions (7)—(9) are handled in strong ways.
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Now we show that the discrete problem (10)—(13) can be reduced to the following standard
nonconforming finite element method: find u € K, such that for all vy, € ICp,

ap(up, vp — un) > L(vp, — up), (14)

where K}, is the closed convex subset of N'C h,D given by

lCh:{vh ENChVD:/UhdmZO VEEgc},
E

and

ap(u,v) = Z /AVU-Vvdac, L(v):/fvd:c—i—/ guds.
T Q I'n

TeT),

Here f and g represent the piecewise integral averages taken over 7;, and £y, respectively,

defined by
/| - /fd q| _1/ d
T=4etDFr J, 7 BT g [0

Note that f|7 is not a constant unless 7' is a parallelogram and that the second equation of (10)
can be written as V - o, + f = 0.

Theorem 3.1. Let (o, up) € RT, x NCy, be a solution of the mixed finite volume method
(10)—(13). Then uy, is a solution of (14), and we have for all T € T, and E € Ep

1 _

o nrlp = (/ AVuy, - VoI da — / Foll dcc), (15)
B\ Jr T

where nvp is the unit normal outward to T'.

Proof. By the first equation of (10), it follows that for vy, € KCp,
an(up, vp —up) = Y / o - V(v — up) de.
TeT), T

Now, integrating by parts and using the continuity properties of R7 j, and N'Cj,, we obtain

an (up, vp — up) = > {/E)Tah.nT(vh—uh)ds—/Tv.ah(vh—uh)dm}

TeT),
=) / o - n(vy — up) ds + L(vy, — up),
Eecéc E

where we used the boundary conditions (11)—(12) in the last equality. On the other hand, it
follows directly from the discrete contact condition (13) that

Z /ah-n(vh—uh)ds: Z /a’h-nvhdSZO,
E E

Eeéc Ee&c

which shows that uy, is a solution of (14).
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The second result (15) is easily derived from (10) as follows:
orT T

- / AV, - Vo da — / Foll) da.
T T

This completes the proof. ([l

To prove the converse result of Theorem 3.1, we need the following well-known lemma (see
pp- 58 of [10]).

Lemma 3.2. u, € K}, is a solution of (14) if and only if
ap(up,vp) > L(vy) Yo, €K, and  ap(up,up) = L(uy).
Now we are ready to state the following theorem.

Theorem 3.3. Let uj, € K, be a solution of the variational inequality (14) and let op|r €
RTo(T') be defined by (15) for all T € T;,. Then (oh,up) is a solution of the mixed finite
volume method (10)—(13).

Proof. We need to verify (10), (12) and the latter two conditions of (13). By summing (15)
over £ € &r and using the fact that Y Jp o ¢>SET) = 1, it follows that

/8T0'h-an:c: Z (/TAVuh.vqjg)dx_/Tﬁbg)dw):_/dew’

Eecér
which yields the second equation of (10). By (15) we also obtain for all £ € &p
/ on- Vel dx —/ ah-ansg)ds—/ V-ondl) dx
T T T
= |E’0’h . nT|E +/ fqbg) dx
T
- / AVuy, - Vil da,
T
implying that for all v, € NC1 (7)),
/ (o — AVuy,) - Vop de = 0.
K
This proves (10).
Now let us derive the Neumann condition (12). Since both ¢ and —¢ belong to Xj, for

E € &y, it follows by taking vy, = ¢g (with E C 9T) in Lemma 3.2 that

/ AV, - Vo da = / Foll da + / g\ ds,
T T E
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which gives by (15)

1 _ (1) _ 1 /

On the other hand, taking v, = ¢ for B € Eo N Ep in Lemma 3.2 leads to

1 _
o-h-n|E:|E|</TAVuh-V¢g)dw—/Tf¢g)dm> > 0.

Finally, substituting in Lemma 3.2

1
up= Y oappp,  ap= ’E’/Euhds,

Ee&r\ép
we obtain
S Y e (/Awh-wg)dm—/qug)dm) — 0.
TET;, ECEoNEr T T

This immediately results in

Z ap ’E‘O’h . n\E = 0.
Eeée
Since all terms in this summation are nonnegative, they should vanish, i.e.,

ag|E|lop-n|lp=0 or /uh(oh'n)ds:o
E

for all E € £c. This proves the contact conditions (13). O

As a corollary of the two theorems established above, we can deduce the existence and
uniqueness of a solution of our mixed finite volume method.

Corollary 3.4. The mixed finite volume method (10)—(13) has a unique solution (o, up,).

Proof. It is known that the nonconforming finite element method (14) has a unique solution
up, (cf. [11]). Hence uniqueness of a solution (op, up,) follows from Theorem 3.1, and its
existence from Theorem 3.3. O

Remark 3.5. On a triangular element T it is easy to show that oy, can be also computed by
the Marini formula (cf. [7, 12])

onlr = AVuy, — g(a) —x7),

where T = (x,yr) is the mass center of T. On a rectangular element T with size hy X hy,
one can obtain

onlr = AVuy, — (hy(x — 1), hx(y — yr))

hae + hy

in the case of a piecewise constant scalar-valued A. We refer to [6] for more details.
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4. A PRIORI ERROR ESTIMATES

In this section we establish some error estimates for the solution of the mixed finite volume
method (10)—(13). Since wy, is the solution of the nonconforming finite element method (14),
we may follow the analysis of [11] which, however, seems to apply to triangular meshes only.
We give an alternative proof here which treats quadrilateral meshes as well.

To begin with, let us define the broken H' norm

1/2
ol = ( T |v\iT)

TeT,

and the interpolation operator Iy, : H}(2) — NCp, p by

/Ihvds:/vds VE € &,.
E E

v = Ihvlin < CRfJollso - (3/2<s<2).

All subsequent error estimates will be based on the following lemma.

It is well known that

Lemma 4.1. Let v € K and vy, € Ky, be the solutions of (5) and (14), respectively. If
u € H*(Q) for % < s < 2, then there exists a constant C' > 0 independent of the mesh size
such that

1

)

_ ou  Ou B
o=l < v ula +osetrio +| [ (G- 2 -y
C

where osc(f, g) is the data oscillation term defined by

ose(f, ) — ( SRt S hE|g—g|%,E)2

TeTy, Eecén

Proof. We recall the following abstract error estimate due to Falk [9] (see also [11])
1

lu—up|1p <C inf {\u — )2, ap(u,vp — up) — L{vy, — uh)}2.
vRLEKH ’

Using the integration by parts and the weak continuity of A/Cj,, one can obtain

an (o — up) — L(on — up) = /Q (f = F)(on — up) da + / (9 — §)(on — un) ds

I'n
ou  Ou
+ / ( - > (Uh — uh) ds
T;'h OT\I'y on on
ou
— (v, —up) ds
. 8n( h— Up)

=J+ Jo + Js.
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The first term J; are easily bounded, since we have for any constants ¢y and cg

1= 3 [P m—endar 3 [ -9 - er)ds,

TeTy, Eeén

B 1/2
SC(}:h%M—f%j+-§:hﬂw—g%E> fon — wnlin

TET, EeEy
The second term Jo, which arises from the a priori error analysis of the variational equation, is
bounded in the same way, yielding
-1
J2 < CR° 7 ulls.alvn — unli -
The crucial part is to estimate the remaining part .J3. Taking vy, = I u € K}, we obtain

ou ou ou
= e < [ b= [ S

Moreover, the saturation condition results in

u Ou  Ou Ou  Ou _
Fcanuds/rc <8n_8n)UdS/pc <an—an>(u—u)ds.

Now combining all these results together gives the desired result. O

Note that osc(f, g) = o(h) if f|r € L*(T) VT € Tj, and g|p € H2T¢(E) VE € Ey. This
will be assumed throughout the remainder of this paper. Thus it suffices to estimate the term

/pc (gz—g:i)(“_a)dsz Z[E(gz—g:i)(u—a)ds,

EeS)

where S;, C &¢ is the set of edges on which the constraint changes from binding to non-
binding. This is done in the following two theorems which extend the results of [11] to quadri-
lateral cases.

Theorem 4.2. Suppose that the number of points on I'c at which the constraint changes from
binding to non-binding is finite. Then we have for u € H*(Q2) with % <8< ?2

lu — uplip < CR*Hu|ls.0-
and for u € H?(S2)
1
|u — up|i,n < Ch|logh|4||lul2.0.

Proof. For % < s < 2, we have the following imbedding result

lelopre < Cllol,_spe.  p=1/2—3)>2

This yields together with the Holder inequality
d 11 ||d 11 ||d 11
Zo<we |2 < 4“ <Chz v ull, 1 r.
dr 0.E dr 0.p.E dr 0.pTc 27
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where % is the tangential derivative of v along I'. Hence it follows that

/(gZ‘gZ)(u—a)dsschs-S o o
E

on dr
_1
S Chs P ”uHs—%,E”uHs—%,Fc'

Mls—3E ‘ 0.E

Summing over £ € S}, and using the fact that .Sy, is a uniformly finite set, we conclude that

ou Ju 1
- — ) ds < hs 2 < h2(s—1) 2 )
/FC <an an><“ @) ds < OW*v||ull?_y o < CRCVul3g

In the case of s = 2, one can use the imbedding result
1
lolopre < Cp2llollipy,  2<p<oc
to deduce that
ou  Ou g1
= —u)ds < Cp2 , ,
/E <5n 8n>(u u)ds < Cp2h™ #llulls gllulls r,

1
< Ch?[log(h)|2||ulls gul

3T
2t C
by taking p = |log h|. The rest of the proof follows similarly as in the case of % <s<2 U

Remark 4.3. As note in [1, 11], the factor |log h]i can be removed if ur, € WH2(T'¢), as
we have

u = un|in < Ch([Jullz0 + [ull1,corc)-

@
dr

du

1
< h?||—
=ne dr

0,E

)
0,00,F
which leads to

With a stronger regularity condition on u, the optimal O(h) convergence rate can be obtained
even without the assumption that the number of points on ' at which the constraint changes
from binding to non-binding is finite. We refer to [11] for discussion on the P1 nonconforming
finite element method.

Theorem 4.4. If u € W2P(Q) for some p > 2, then we have
[u—unlip < Chllull2p.0-

Proof. We start with the following inequality from the proof of the previous theorem

/<8“—a“>(u—u)d350hé Ou h‘du
E (971 8n %,E

on dr
Following the argument in the proof of Lemma 4.11 of [2], we can prove that for E € S},
du du
d T

0,F

< Ch'w ’

1
< Ch' 7 ||ully 1 g,
T p’

0,E 1-1F
p
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which gives

J, (gu - gu> (u—w)ds < Ch*"2 7
E n n

Now summing over F/ € S}, and invoking the inequality

Sl s <l s g, < Cll3 s, < CllulB e,
Eec Sy

%
on

lullo—1 5 < CthU!@_%,E-

29

we get the desired result. g

Now we are in a position to derive an error estimate for o — o,. For this sake, we define the
Raviart-Thomas projection IIj, : H(div, ) — R7T}, by (cf. [4])

/HhO'-’anS:/O"’I’LTdS VE e &r, T €Ty,
E E

The following lemma implies that the error estimate for || — o1, ||o o can be deduced from that
of |u — Uh|1,h-

Lemma 4.5. Let (o, up) € RT ), X NCy, be the solution of the mixed finite volume method
(10)—(13). Then we have

lo —onlloq < C(lo —Irolog + [u— ualih)-
Proof. By the definition of I, it is easy to see that
V. (Hha') +f:0,

from which it follows that

‘E|HTO'-TLT’E:/ HTO'-nT(b(ET)dS
or

- / ro - V'l dao — / Foll da.
T T
Consequently, we obtain
|E| (Ilro — o) - nr|g = /(HTU —o)- qug) dx + / AV (u — up,) - V¢SET) dx
T T
< (lo = Tza oz + a2V (u = un) o) V65 o7
The scaling argument shows that ||V¢SET) llo,r < C and

2
Mro —onl§r <C > |EP|Mre — o) nr|s|
Ecér

So the proof is completed by using the bound obtained above and summing over 7' € 7;,. [
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Combining this lemma with the approximation result

lo —Txolloe < Ch°7Hols-re  (3/2<s<2)

and Theorems 4.2 and 4.4, we get the following theorem.

Theorem 4.6. If u € W?P(Q) for some p > 2, then we have

lo = onlloo < Ch(llullzp + llol1,0)-

When the number of points on I ¢ at which the constraint changes from binding to non-binding
is finite, we have for u € H*(2) with 3 < s < 2

0.0 < Ch* " (|ullse + llolls-1.0),

o — o

and for u € H?(Q)

(1]
(2]
(3]

(4]
(5]

[6]
7]
[8]
[9]

[10]

(1]

[12]

[13]

[14]

[15]

1
lo = anlloo < Chlloghli([ull2.0 + [loflL0)-
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