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ABSTRACT. Let I € C"! be a strongly indefinite functional defined on a Hilbert space H.
We investigate the number of the critical points of I when I satisfies two pairs of Torus-Sphere
variational linking inequalities and when [ satisfies m (m > 2) pairs of Torus-Sphere vari-
ational linking inequalities. We show that I has at least four critical points when I satisfies
two pairs of Torus-Sphere variational linking inequality with (P.S.)} condition. Moreover we
show that [ has at least 2m critical points when I satisfies m (m > 2) pairs of Torus-Sphere
variational linking inequalities with (P.S.)% condition. We prove these results by Theorem 2.2
(Theorem 1.1 in [1]) and the critical point theory on the manifold with boundary.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let I € C'!! be a strongly indefinite functional defined on a Hilbert Space H. In this paper,
we investigate the number of the critical points of I when I satisfies m (m > 2) pairs of
Torus-Sphere variational linking inequalities and (P.S.)’ condition, m € N. We show that I
has at least two critical points each when [ satisfies each one pair of Torus-Sphere variational
linking inequality and (P.S.)* condition. We prove these results by use of Theorem 2.2 and the
critical point theory on the manifold with boundary. In the case that I is not strongly indefinite
functional Marino, A., Micheletti, A.M., Pistoia, Schechter, M., Tintarev. K., and Rabinowitz,
P., proved in Theorem (3.4) of [4], [7] and [8] a theorem of existence of two solutions when 1
satisfies one pair of Sphere-Torus variational linking inequality by the mountain pass theorem
and degree theory. Marino, A., Micheletti, A. M. and Pistoia, A. proved in Theorem (8.4) of [5]
a theorem of existence of three solutions when [ satisfies two pairs of Sphere-Torus variational
linking inequalities and (P.S.). condition by the mountain pass theorem and degree theory. In
this paper we obtain the following results for the strongly indefinite functional case:
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Theorem 1.1. (Two pairs of Torus-Sphere variational links) Let H be a Hilbert space with
a norm || - ||, which is topological direct sum of the four subspaces Xy, X1, X2 and X3. Let
I € OV (H, R) be a strongly indefinite functional. Assume that

(1) dmX,; <oo, i =1,2;
(2) There exist a small number p > 0, rD > 0and RY such that
rM < RM and sup 1< inf 1,
2 pa) (51(p),Xo0) 5,(1) (X189 X28X3)
where S1(p) = {u € Xi| [lul| = p};
(3) There exist a small number p > 0, 2 > 0and R® > 0 such that

r® < R® and sup I< inf 1,
2 1 (2) (S2(p), Xo®X1) 5,(2) (X2®X5)
where
S 5 (Xo ® X3) = {u € Xo @ X3/ |Jul| =@},
Yre (S2(p), Xo® X1) = {u=wup+u1+uz|uz € Sa(p),uo € Xo,u1 € Xy, [|uzl| = p,

1 < |luo 4+ u1r + ue|| = R(Q)}
U{u = ug + w1 + uz| ug € Sa(p), ug € Xo,u1 € Xy,
ug|| = p,1 < [lug +uy|| < RPY;

@ R® < RO = A% (8,(p), Xo & X1) C S (S1(p), Xo);

(5) ) = sup I < 400, where
A L1y (51(p),Xo0)

Arm (S1(p); Xo) = {u=wuo+ui|u1 € Si(p),uo € Xo,
Jutll = p, 1 < Jlug + u1]] < RV}
(6) (P.S.)% condition holds for any ¢ € [V, 31V], where

ot = inf I
S (2)(X20X3)

(7) There exists one critical point e in Xo ® X3 with I(e) < a®,

Then there exist at least four distinct critical points except e, u} 7 =12 in Xy, u?
j=1,2in Xy, of I with

o = inf I< I(ujz) < sup I
5,(2) (X20X3) A L 2) (S2(p), Xo®X1)

< sup I< inf T
21 (S1(p), Xo) S (1) (X1®8X2®X3)

I(ujl) < sup I=p3Y < 4o0.
ALy (S1(p),Xo)

IN



THE STRONGLY INDEFINITE FUNCTIONAL 241

Theorem 1.2. (m pairs of Torus-Sphere variational links) Let H be a Hilbert space with a
norm || - ||, which is a topological direct sum of the m + 2 subspaces Xo, X1, , Xy, and
X1 Let I € CYY(H, R) be a strongly indefinite functional. Assume that

(1) dim(X;) < oo, i=1,---,my

(2) There exist a small number p > 0, r®) > 0 and R*® > 0 such that

r®) < R®) and sup I< inf 1,
k) (Sk(p), Xo® - ®Xp—1) S,() (K@ ©Xm1)
k=1,---m;
(3) R®) < Rk =

AR(k) (Sk(p), Xo® - ® Xp_1) C ER(k—l)(Sk_l(p), Xo® - Xp_o),
k=1, ,m
4) pm = sup I < +o0;
A ) (S1(p),Xo0)
(5) (P.S.): condition holds for any ¢ € [o(™, 30™)], where
al™ = inf I;
S (m) (Xm®Xm41)
(6) There exists one critical points e in Xo ® X1 with I(e) < o™,

Then there exist at least 2m distinct critical points except e, u;“ 1=12in X, 1 <k <m,
of I with

am = inf I<I(u) < sup I
S (m) (Xm®Xm41) A L) (Sm(p), Xo® @ Xm—1)
< sup I< inf I
ER(m—l)(Smfl(P)vXO@'“@XWHQ) Sr(m_l)(mel@Xm@Xerl)
< 1)) < sup ISees s
A L m—1) (Sm-1(p): Xo® G Xm—2) S k) (Sk(p). Xo® S Xk—1)
< inf I< I(ugf) < sup I
S (k) (Xp® - ®Xm1) A L) (Sk(p), Xo® - ®Xj—1)
< sup I < I(uffl) < sup I
2 pk—1) (Sk—1(p), Xo® - ®Xj—_2) A pe=1) (Sk=1(p), Xo® & Xm—2)
< < inf I<I(uj) < sup I=pm.
S (1) (X18®Xm+1) A L) (S1(p),Xo0)

For the proofs of the main results we use Theorem 2.2 and the critical point theory on the
manifold with boundary. Since the functional [ is strongly indefinite functional, it is convenient
to use the notion of the limit relative category instead of the relative category and the (P.S.)*
condition which is a suitable version of the Palais-Smale condition. We restrict the functional 1
to the manifold C' with boundary, where CY, is introduced in section 4. We study the geometry
and topology of the sub-levels of I and I;, and investigate the limit relative category of the

I
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sub-level sets of I, and (P.S.)* condition in Cj. By Theorem 2.2 and the the critical point
theory on the manifold with boundary, we obtain at least two distinct critical points of I}, in
each linked subspace X, k = 1,--- ,m. So we obtain at least two distinct critical points of I,
in each linked subspace X, k=1, --- ,m.

2. CRITICAL POINT THEORY ON THE MANIFOLD WITH BOUNDARY

Now, we consider the critical point theory on the manifold with boundary. Let H be a
Hilbert space and M be the closure of an open subset of H such that M can be endowed with
the structure of C2 manifold with boundary. Let f : W — R be a C'"! functional, where W is
an open set containing M. For applying the usual topological methods of critical points theory
we need a suitable notion of critical point for f on M. Since the functional I(u) is strongly
indefinite, the notion of the (P.S.)} condition and the limit relative category (see [2]) is a useful
tool for the proof of the main theorems.

Definition 2.1. If u € M, the lower gradient of f on M at u is defined by

- [ V() if u € int(M),
grady f(u) = { Vi(u) + [< Vi), v(u) > v(u) ifuedM, (2.1)

where we denote by v(u) the unit normal vector to M at the point u, pointing outwards. We
say that u is a lower critical for f on M, if grad,, f(u) = 0.

Let (H, ), be a sequence of closed finite dimensional subspace of H with dim H,, < +o0,
H, C Hyy1, UnenHy is dense in H.

Let M, = M N H,, for any n, be the closure of an open subset of [, and has the structure
of a C? manifold with boundary in H,,. We assume that for any n there exists a retraction
rn : M — M,,. For given B C H, we will write B,, = B N H,,.

Definition 2.2. Let ¢ € R. We say that f satisfies the (P.S.)} condition with respect to (M, )y,
on the manifold with boundary M, if for any sequence (k, ), in /N and any sequence (uy, )y,
in M such that k,, — oo, u, € My, , Vn, f(u,) — ¢, gmd&knf(un) — 0, there exists a

subsequence of (uy ), which converges to a point u € M such that grad,, f(u) = 0.
Let Y be a closed subspace of M.
Definition 2.3. Let B be a closed subset of M with Y C B. We define the relative category
catpry (B) of B in (M,Y), as the least integer A such that there exist & + 1 closed subsets U,
Ui, ..., Uy, with the following properties:
BcUyUULU...UUy;
Ui, ..., Uy are contractible in M;
Y C Uy and there exists a continuous map F' : Uy x [0, 1] — M such that

F(x,0) = =z Va € Uy,
F(z,t) € Y VYxeVY, Vte|0,1],
F(z,1) € Y Vo € Up.

If such an h does not exist, we say that catysy (B) = +00.
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Definition 2.4. Let (X, Y") be a topological pair and (X, ),, be a sequence of subsets of X. For
any subset B of X we define the limit relative category of B in (X, Y"), with respect to (X}, ),
by

cat(y yy(B) = lim sup cal(x, v,)(Bn)-

n—oo

Let Y be a fixed subset of M. We set

i = inf :
T g )

We have the following multiplicity theorem, which was proved in [6].

Theorem 2.1. Let i € N and assume that

(1) ¢; < 400,

(2) sup, ey (@) < i

(3) the (P.S.)?. condition with respect to (M), holds.

Then there exists a lower critical point x such that f(z) = ¢;. If

C =Ci41 = ... = Citk—1 = C,
then
catpr({x € M| f(x) = ¢, grad,, f(z) =0}) > k.

Jung and Choi [1] prove the following theorem which will be used to prove the main results:

Theorem 2.2. (One pair of Torus-Sphere variational link) Let H be a Hilbert space with
a norm || - ||, which is topological direct sum of the three subspaces Xo, X1 and Xo. Let
I € CYL(H, R) be a strongly indefinite functional. Assume that

(1) dim X7 < +o0;

(2) There exist a small number p > 0, r > 0 and R > 0 such that r < R and

sup I< inf 1,

Er(S1(p),X0) Sr(X1©X2)
where
Si(p) = {u € Xa| [Ju] = p},
Sr(X1 @ Xo) ={u e X1 ® Xo| |Jul] =1},
B (X1® Xy) ={ue X1 ®Xo||lul| <r},
Sr(S1(p), Xo) = {u=1u1+ua|u € Si(p),uz € Xo, |lua]| = p,
1< lur +u2|| = R} U{u = w1 + uz| ur € Si(p),
Jurll = p, 1 < JJug|| < R},
Ar(Si(p), Xo) = {u=w +uzlus € S1(p),u2 € Xo, lur]| = p,1 < [lur + ua|| < RY;
(3) 8= sup I < +oo;

Ar(S1(p),Xo)
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(4) (P.S.)} condition holds for any c € [« 5] where

a= inf I
Sr(X16X2)
(5) There exists one critical point e in Xo @ Xo with I(e) < a.
Then there exist at least two distinct critical points except e, u;, © = 1,2, in X1, of I
with
inf I <I(uy)< sup 1.

Sr(X1®X2) AR(S1(p),Xo)

3. PROOF OF THEOREM 1.1

We will apply Theorem 2.2 to the case when H is the topological direct sum of Xy & X7,
X and X3 and to the case when H is the topological direct sum of X, X7 and X9 @ X3. By
the conditions (1), (2), (3), (4), we have that

RO inf  I< s I<  oswp I
S (2) (X2 Xmt1) A (2) (S2(p), Xo®X1) Er) (51(p),X0)
inf I< sup I. (3.1)
S 1) (X1@®Xm41) A1?,(1)(51(;1)7?(0)

The condition (6) implies that I satisfies (P.S.)} condition for any ¢ with

inf I<c< sup I. (3.2)
S, (X1©-@&Xmt1) A ) (S1(p),Xo0)

and I also satisfies (P.S.)7 condition for any y with

inf I<~< sup I (3.3)
5,2 (X2®OXm 1) Ap2)(S2(p), Xo®X1)
By the condition (5),
sup I =p< +o0. (3.4)

A ) (S1(p),Xo0)
Now, we apply Theorem 2.2 to the case when H is the topological direct sum of Xy, X; and
X9 @ X3. In this case we set the smooth manifold

C(l) = {u € H’ HPXluH > 1}7
p) : H\(Xo @ (X2 ® X3)) — H by
Px,u 1
_ _ — P 1—-— | P
[Pryul] — XoeXeeXatF ( Hleu!> a

and [} = I - 9™ e ¢21(CD, H). Then by Theorem 2.2 with the conditions (1), (2), (4), (5),

loc

(7) and (3.2), I has at least two critical points u!, 7 = 1,2, in X1, except e, with

¥ (u) = u

inf I<I(u})< sup I (3.5)
S () (X18-®Xm 1) T A (51(0).X0)
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Next we apply Theorem 2.2 once more to the case when H is the topological direct sum of
Xo @ X1, Xo and X3. In this case we set the smooth manifold

C(Q) = {u € H’ HPXQUH > 1}7
@ H\((Xo ® X1) ® X3) — H by

PX2U < 1 )
————= _ =P u+|1—— | Px,u
[Pyuf — ~ (Fo@X0®Xs [Pxyul ) 2

and .fg =1 ¢(2) € C’llo’i (0(2), H). Then by Theorem 2.2 with the conditions (1), (3), (7), (3.3)
and (3.4), I has at least two critical points, u? 7 =1,2,in X, except e, with

¥ () =u

inf I< I(u?) < sup I. (3.6)
S (2)(X2®+®X 1) A 2) (S2(p), Xo®X1)

Using the condition (4), we can combine (3.5) with (3.6). Then we have

o = inf I< I(ujz) < sup I< sup I
5,2 (X280 @ Xmi1) A2 (S2(p).X0®X1) B ) (S1(p),X0)
< inf I< I(ujl) < sup I1=p0,
S (1) (X1®+®Xmi1) A L) (S1(p),Xo0)

Thus I has at least four nontrivial distinct critical points except e. So we prove the theorem.

4. PROOF OF THEOREM 1.2

We will apply Theorem 2.2 m times to the case when H is the topological direct sum of
Xod X168 ® Xg—1, Xi, Xpgy1 @ -+ B Xopy1, foreach 1 < k < m. The conditions (1),
(2) and (3) implies that

am = inf 1< sup I
S’r(m) (Xm®Xm+l) AR(m)(Sm(p)7X0€B@Xm—1)
< sup I<
T pm—1) (Sm—1(p), X0® B Xm—2)
< inf 1
S (k) (Xp®®Xmi1)
< sup 1< sup 1
AL k) (Sk(p), Xo® @ Xp—1) 1) (Se—1(p), Xo® X —2)
< inf 1<
S (k—1) (Xk—18EXm+1)
< sup I< inf I
) (51(p),Xo) 5,(1) (X1®®Xm11)
< sup 1=p0m. (4.1)

A ) (51(p),X0)
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The condition (5) implies that I satisfies (P.S ):( x) condition for any c®) with

inf I<c® < sup I, k=1,--- m. (4.2)
S,(k) (Xk@ - ®Xm1) A () (Sk(p), X0 @ ©X k1)
By the condition (4),
sup I=p3Mm < 400, (4.3)

A L1y (51(p),X0)
We apply Theorem 2.2 to the case when H is the topological direct sum of Xo & X1 & --- B
X1, Xy Xgr1 D - & Xpng1, K =1,--- ,m. In this case we set

C® ={ue H|||Pxu|>1}, k=1,---,m.
E H\{(Xo@ X1 @ Xp1) ® (Xps1 -+ ® Xyna1)} — H by

PX u 1
w(k)(u) =u——F— =P o.ox, )BXk1 ® & Xpi1)ut <1 — ) Px, u,
[Pxul] — oS " [Pxull)
k=1,---,m,and
Li=T-y®ecctlc® H), k=1,---,m.
Then by Theorem 2.2 with the conditions (1), (2), (3), (5), (6), (4.2) and (4.3), I has at least
two critical points uf, j=1,2,in Xg,excepte k =1,--- ,m with
inf I < I(uf) < sup I
S (k) (Xp®®Xmi1) A o) (Sk(p), Xo® @ Xg_1)
< sup I< inf I. (4.4)
ER(kfl) (Sk—l(p)7XO@“'EBXk—2) S,,‘(kfl) (Xk—1®"'€9Xm+1)
Using the condition (3), we can combine (4.4) forall k = 1,--- ,m. So we have
o™ = inf I <I(u") < sup I
S (m) (Xm@Xm+1) A (m) (Sm(p), Xo® & Xm—1)
< sup I<
T pm—1) (Sm—1(p), X0® - ®Xm—2)
< inf I< I(uf)
S (k) (Xp® - BXma1)
< sup I< sup I
AL k) (Sk(p), Xo® @ Xp—1) Zhte—1) (Sk—1(p), Xo® - ®Xp—2)
< inf I<I(uf™) <
Sr(k—l) (Xp—1B-BXm41)
< sup I< inf 1
Spm (S1(p),Xo) S (X1® O Xmi1)

< Iw)<  sup  T=pm.
A L) (S1(p),Xo0)

Thus I has at least 2m distinct critical points except e. Thus we prove the theorem.
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