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ABSTRACT. Duggal-Jeon-Kubrusly([2]) introduced Hilbert space operator T satisfying prop-
erty |T |2 ≤ |T 2|, where |T | = (T ∗T )1/2. In this paper we extend this property to general
version, namely property B(n). In addition, we construct examples which distinguish the
classes of operators with property B(n) for each n ∈ N.

1. INTRODUCTION

Let H be a separable, infinite dimensional, complex Hilbert space, and let L(H) be the al-
gebra of all bounded linear operators onH. An operator T in L(H) is said to be p-hyponormal
if (T ∗T )p − (TT ∗)p ≥ 0, p ∈ (0,∞). If p = 1, then T is hyponormal. The Löwner-
Heinz inequality([3]) implies that every p-hyponormal operator is a q-hyponormal operator for
0 < q ≤ p. In particular, T is said to be ∞-hyponormal if T is p-hyponormal for every p > 0
([7]). An operator T ∈ L(H) is said to be an A(p)-operator if (T ∗ |T |2p T )1/(p+1) ≥ |T |2
(0 < p < ∞) where |T | = (T ∗T )1/2. It is well known that every p-hyponormal is A(p)-
operator([3]).

In [2], Duggal-Jeon-Kubrusly studied operators T on H satisfying property

|T |2 ≤ |T 2|. (1)

In this paper we extend this property to a general version, namely property B(n) whose defini-
tion will be introduced in Section 3. The operator satisfying (1) will be equivalent to property
B(2). It follows from (1) that an operator T in L(H) has property B(2) if and only if T is
A(1)-operator. Because only a few examples for property (1) have been known, it is worth-
while to find such examples.

In this paper, we construct examples which distinguish property B(n) of an operator in
L(H) for each n ≥ 2. Also, we see the relationships between property B(n) for each n ≥ 2
and hyponormality of an operator T on H from some simple examples. In addition, we show
mutually disjoint ranges of property B(n) for n ≥ 2 of operator in the 2-dimensional space.
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2. PROPERTY B(n)

For n ≥ 2, an operator T ∈ L(H) has the property B(n) if |Tn| ≥ |T |n. If T is a p-
hyponormal operator for p > 0, then T ∗nTn ≥ (T ∗T )n for all positive integer n < p([8]).
Hence we have the following proposition.

Proposition 2.1. If T is ∞-hyponormal, then T has property B(n) for all n ≥ 2.

Proof. Since T is∞-hyponormal, T is (n+1)-hyponormal for all n ∈ N. By the above known
result, we have that T ∗nTn ≥ (T ∗T )n, which implies that |Tn|2 ≥ |T |2n. By Löwner-Heinz
inequality([3]), |Tn| ≥ |T |n. Thus, T has property B(n). ¤

Theorem 2.2. Let Wα be a weighted shift with weight sequence α = {αk}∞k=0. Then Wα has
property B(n) if and only if

|αk+1| · |αk+2| · · · |αk+n−1| ≥ |αk|n−1

for all k = 0, 1, · · · .

Proof. If Wα has property B(n), then we have |Wα
n| ≥ |Wα|n. Hence by simple computation,

we have

|Wα
n|2 = (W ∗

α)nWa
n = Diag{|α0α1 · · ·αn−1|2, |α1α2 · · ·αn|2, |α2α3 · · ·αn+1|2, ...}

and
|Wα|2n = (W ∗

αWα)n = Diag{|α0|2n, |α1|2n, |α2|2n, ...}.
Thus Wα has property B(n), which is equivalent to |αkαk+1 · · ·αk+n−1| ≥ |αk|n (k ≥ 0),
i.e.,

|αk+1| · |αk+2| · · · |αk+n−1| ≥ |αk|n−1 (k ≥ 0).
This completes the proof. ¤

Corollary 2.3. Let Wα be a weighted shift with weight sequence α. Then we have the following
statements.
(i) Wα has property B(2) if and only if Wα is hyponormal.
(ii) If Wα is hyponormal, then Wα has property B(n) for all n ≥ 2.

Proof. (i) By the Theorem 2.2 and the fact in [1], we may have that

Wα has property B(2) ⇐⇒ α0 ≤ α1 ≤ α2 ≤ · · ·
⇐⇒ Wα is hyponormal.

(ii) Using the above fact (i), we can easily obtain that

|αk+1| · |αk+2| · · · |αk+n−1| ≥ |αk|n−1 (k ≥ 0).

By Theorem 2.2, Wα has property B(n) for each n ≥ 2. ¤
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Theorem 2.4. Let Wα be a weighted shift with weight sequence

α : x ≡ α0, y ≡ α1, α2 ≤ α3 ≤ α4 ≤ · · · ≤ αn ≤ · · ·
for x, y ≥ 0 and α2 > 0. For all n ≥ 2, if we set

Bn := {(x, y) : Wα has property B(n)} ,

then we have
(i) Bn =

{
(x, y) : 0 ≤ x ≤ (α2α3 · · ·αn−1y)

1
n−1 , 0 ≤ y ≤ (α2α3 · · ·αn)

1
n−1

}
,

(ii) Bm ( Bn for 2 ≤ m < n,
(iii)

⋂∞
n=2 Bn = {(x, y) : 0 ≤ x ≤ y ≤ α2}.

Proof. (i) By Theorem 2.2 and the condition of 0 < αk ≤ αk+1 for all k ≥ 2, we have that Wα

has property B(n), which is equivalent to α1α2 · · ·αn−1 ≥ αn−1
0 and α2α3 · · ·αn ≥ αn−1

1 ,
and that is

α2 · · ·αn−1y ≥ xn−1 and 0 ≤ y ≤ (α2α3 · · ·αn)
1

n−1

for each n ≥ 2.
(ii) Put f(n, x) := xn−1

α2α3···αn−1
for all n ≥ 2 and x > 0. Then

∂f(n, x)
∂x

=
(n− 1)xn−2

α2α3 · · ·αn−1
> 0 and

∂2f(n, x)
∂x2

=
(n− 1)(n− 2)xn−3

α2α3 · · ·αn−1
≥ 0

for all n ≥ 2 and x > 0. So the function f(n, x) is strictly increasing function about x > 0
and for all n ≥ 2.
Suppose 2 ≤ m < n. For 0 < x < (αmαm+1 · · ·αn−1)

1
n−m , we have

f(n, x)− f(m,x) =
xm−1

α2 · · ·αm−1

(
xn−m

αmαm+1 · · ·αn−1
− 1

)
< 0.

i.e. f(m,x) > f(n, x) for 2 ≤ m < n and x ∈ (0, (αmαm+1 · · ·αn−1)
1

n−m ).
Let we set an := (α2α3 · · ·αn)

1
n−1 for each n ≥ 2. Then, using the assumption 0 < αk ≤

αk+1 for all k ≥ 2, we obtain that

an+1 − an = (α2α3 · · ·αn+1)
1
n − (α2α3 · · ·αn)

1
n−1

= (α2 · · ·αn)
1
n [α

1
n
n+1 − (α2 · · ·αn)

1
n(n−1) ]

≥ (α2 · · ·αn)
1
n [α

1
n
n+1 − α

1
n
n ] ≥ 0.

Therefore the sequence {(α2α3 · · ·αn)
1

n−1 : n = 2, 3, ...} is an increasing sequence. Since
Bn = {(x, y) : 0 ≤ f(n, x) ≤ y, 0 ≤ y ≤ an} for each n ≥ 2, we completes the proof of (ii).

(iii) From the facts (i) and (ii), the assertion (iii) is obvious. ¤
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Remark 2.5. For the weighted shift Wα in Theorem 2.4, we note the following facts:

Wα is ∞-hyponormal ⇐⇒ Wα is hyponormal
⇐⇒ 0 ≤ x ≤ y and 0 ≤ y ≤ α2

⇐⇒ Wα has the property B(n) for all n ≥ 2.

In general, but the converse of Proposition 2.1 is not true (see Example 3.3).

3. EXAMPLES

The following example explains that for a weighted shift Wα with weight sequence α, there
is no relation with the property B(n) and B(m) for m, n > 2 with m 6= n.
Example 3.1. Consider a positive bounded sequence α = {αn}∞n=0,

α0 =
2
3
, α1 =

40
81

, α2 =
9
10

, α3 =
16000
59049

, α4 =
4782969
1600000

, αn+1 = αn +
1
n2

(n ≥ 4).

Let Wα be the weighted shift with the above weight sequence α. Then Wα has property B(3)
but not property B(4). In fact, from simple calculations, we have α2

k = αk+1αk+2 (k = 0, 1, 2)
and α2

k ≤ αk+1αk+2 for all k ≥ 3. So Wα satisfies property B(3). But α3
0 = 8

27 > α1α2α3 =
64000
531441 . Therefore Wα does not satisfy property B(4).

For the distinction of property B(n), we introduce the following example which classify
them clearly for each n ≥ 2.
Example 3.2. Let Wα be the Bergman shift with weight sequence

α :
√

x,
√

y,

√
3
4
,

√
4
5
,

√
5
6
, ...,

√
k + 1
k + 2

, ... (k ≥ 2).

Then by Theorem 2.2 we may obtain the following assertion:

Wα has property B(n) ⇔ 0 ≤ x ≤
(

3y

n + 1

) 1
n−1

and 0 ≤ y ≤
(

3
n + 2

) 1
n−1

for each n ≥ 2. Hence

Bn =
{

(x, y)| 0 ≤ x ≤ (
3y

n + 1
)

1
n−1 , 0 ≤ y ≤ (

3
n + 2

)
1

n−1

}
.

Now, we claim that Bm ( Bn for 2 ≤ m < n. First, we write f(n, x) := n+1
3 xn−1 for

all n ≥ 2 and x > 0. By the derivative of f(n, x) about x, we can see that the function
f(n, x) is strictly increasing function about x for all n ≥ 2. Suppose 2 ≤ m < n. For
0 < x < (m+1

n+1 )
1

n−m , we have

f(n, x)− f(m,x) =
1
3
xm−1

(
xn−m(n + 1)− (m + 1)

)
< 0,

which is that, for 2 ≤ m < n, f(m,x) > f(n, x) on (0, (m+1
n+1 )

1
n−m ).
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Also, by simple calculations, we have that the sequence {( 3
n+2)

1
n−1 : n = 2, 3, ...} is an

increasing sequence and converges to 1. Therefore we have Bm ( Bn. In fact, we can easily
show the disjoint ranges of properties B(n) for each n ≥ 2 of Wα by usual way.

For each integer n ≥ 2, we consider the following block matrix of operators in [6] and [5].
Example 3.3. Let C = (cij) be an m × m matrix with cij = 1/m (1 ≤ i, j ≤ m) and
let D ≡ D(x1, x2, ..., xm) := Diag{x1, x2, ..., xm} with xi ≥ 0, i = 1, ..., m. We define an
operator T (x1, x2, ..., xm) on H ≡ Cm ⊗ `2(Z) by

T := T (x1, x2, ..., xm) =




. . .

. . . O
C O

C O
D O

D O
. . . . . .




,

where · denotes the center of the two sided infinite matrix. We note that Cp = C for every
p > 0. By simple calculations, we have that

(CDkC)
1
2 =

√
xk

1 + xk
2 + ... + xk

m

m
C

and

(CDkC)
1
2 − C ≥ 0 ⇔ xk

1 + xk
2 + ... + xk

m ≥ m,

for xi ≥ 0 (i = 1, 2, ..., m) and k ≥ 1. Hence T has property B(n)⇔ (Tn∗Tn)
1
2 ≥ (T ∗T )

n
2 ,

which is equivalent to

(CD2C)
1
2 ≥ C, (CD4C)

1
2 ≥ C, ..., (CD2(n−1)C)

1
2 ≥ C.

For an integer n ≥ 2, we denote

En = {(x1, x2, ..., xm) : T has property B(n) for xi ≥ 0}.

If xi satisfy xi ≥ m
1

2(l−1) for some i, then x
2(l−1)
1 + x

2(l−1)
2 + ... + x

2(l−1)
m ≥ m. So we have

that x
2(n−1)
1 + x

2(n−1)
2 + ... + x

2(n−1)
m ≥ m for 2 ≤ l < n. Suppose 0 < xi < m

1
2(n−1) for all

i = 1, 2, ..., m− 1 for all n ≥ 2. Then we obtain that the function

φm(n, x1, x2, ..., xm−1) := (m− x
2(n−1)
1 − x

2(n−1)
2 − · · · − x

2(n−1)
m−1 )

1
2(n−1)
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is strictly decreasing with respect to all n ≥ 2 on (0,m
1

2(n−1) )×· · ·× (0,m
1

2(n−1) ) (see [6] and
[5] for the detail methods). Therefore we have

En = {(x1, ..., xm) : (CD2(j−1)C)
1
2 ≥ C, 2 ≤ j ≤ n, xi ≥ 0, 1 ≤ i ≤ m}

=
⋂

2≤j≤n

{(x1, ..., xm) : x
2(j−1)
1 + x

2(j−1)
2 + ... + x2(j−1)

m ≥ m, xi ≥ 0, 1 ≤ i ≤ m}

= E2.

Moreover, we have that

E2 = {(x1, ..., xm) : x2
1 + x2

2 + ... + x2
m ≥ m, xi ≥ 0, 1 ≤ i ≤ m}

= {(x1, ..., xm) : T is A(1)-operator}
and T is ∞-hyponormal (see [5]). Therefore we have this implication: T is ∞-hyponormal ⇒
T is hyponormal ⇒ T has property B(2), and the converse is not true.
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