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ABSTRACT. Duggal-Jeon-Kubrusly([2]) introduced Hilbert space operator 1" satisfying prop-
erty |T|? < |T?|, where |T| = (T*T)*/2. In this paper we extend this property to general
version, namely property B(n). In addition, we construct examples which distinguish the
classes of operators with property B(n) for each n € N.

1. INTRODUCTION

Let H be a separable, infinite dimensional, complex Hilbert space, and let £(H) be the al-
gebra of all bounded linear operators on H. An operator 7" in L(H) is said to be p-hyponormal
if (T*T)? — (TT*)? > 0,p € (0,00). If p = 1, then T is hyponormal. The Léwner-
Heinz inequality([3]) implies that every p-hyponormal operator is a g-hyponormal operator for
0 < g < p. In particular, T is said to be oco-hyponormal if T' is p-hyponormal for every p > 0
([7]). An operator T € L(H) is said to be an A(p)-operator if (T* |T|** T)Y/#+D) > |T|?
(0 < p < 00) where |T| = (T*T)"/2. 1t is well known that every p-hyponormal is A(p)-
operator([3]).

In [2], Duggal-Jeon-Kubrusly studied operators 7" on H satisfying property

T2 < |T2. (1)

In this paper we extend this property to a general version, namely property B(n) whose defini-
tion will be introduced in Section 3. The operator satisfying (1) will be equivalent to property
B(2). It follows from (1) that an operator 7" in £(H) has property B(2) if and only if T is
A(1)-operator. Because only a few examples for property (1) have been known, it is worth-
while to find such examples.

In this paper, we construct examples which distinguish property B(n) of an operator in
L(H) for each n > 2. Also, we see the relationships between property B(n) for each n > 2
and hyponormality of an operator T' on ‘H from some simple examples. In addition, we show
mutually disjoint ranges of property B(n) for n > 2 of operator in the 2-dimensional space.
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2. PROPERTY B(n)

For n > 2, an operator T € L(H) has the property B(n) if |T"| > |T|*. If T is a p-
hyponormal operator for p > 0, then 7" > (T*T')"™ for all positive integer n < p([8]).
Hence we have the following proposition.

Proposition 2.1. If T is co-hyponormal, then T has property B(n) for all n > 2.

Proof. Since T is co-hyponormal, T"is (n+ 1)-hyponormal for all n € N. By the above known
result, we have that T*"T" > (T*T)", which implies that |T"|?> > |T'|**. By Lowner-Heinz
inequality([3]), |7™| > |T'|". Thus, T" has property B(n). O

Theorem 2.2. Let W, be a weighted shift with weight sequence o = {oy,}72,. Then W, has
property B(n) if and only if

|agt| - lokgal - [appn—t] > Jog[""
forallk =0,1,---.

Proof. 1f W, has property B(n), then we have |IW,"| > |W,|™. Hence by simple computation,
we have
W,"|? = (W)"W,™ = Diag{|apay - - - an_1]?, |a1an - - - anl?, |asasz - apy1 %, .0}
and
[Wa|?" = (WaWa)" = Diag{lao*", a1 [*", [aa]*", ...}
Thus W, has property B(n), which is equivalent to |axogi1 - - - Qgin—1| > |ax|™ (K > 0),
ie.,
|ar1] - kgl - Jarin—1| > |ax["™ (k> 0).
This completes the proof. U

Corollary 2.3. Let W, be a weighted shift with weight sequence o. Then we have the following
statements.

(i) Wy, has property B(2) if and only if W, is hyponormal.

(ii) If W, is hyponormal, then W, has property B(n) for all n > 2.

Proof. (i) By the Theorem 2.2 and the fact in [1], we may have that
W, has property B(2) <= ap < a1 < as < ---
<= W, is hyponormal.
(i1) Using the above fact (i), we can easily obtain that
k1| - lakgal - Jaggn1] > Jax[*™" (k> 0).
By Theorem 2.2, W, has property B(n) for each n > 2. O
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Theorem 2.4. Let W, be a weighted shift with weight sequence
a:r=ap Y=o, oz <ag <<y <
forx, y >0 and as > 0. Foralln > 2, if we set
By, == {(x,y) : Wy has property B(n)},

then we have ) .
(i) By = {(2,9): 0< 2 < (a5 0 1y) 77, 0 <y < (anag-+ )77 |,
(ii) By, © By, for2 <m <mn,

(iii) oz B = {(z,y) : 0 < 2 <y < ag}.

Proof. (i) By Theorem 2.2 and the condition of 0 < ay < a4 forall k£ > 2, we have that W,

has property B(n), which is equivalent to ajag - -+ p—1 > ag_l and agag -y > o/f_l,

and that is
1
as- - an_1y > 2" and 0 <y < (aaz .- ay)nT

for eachn > 2.

(i) Put f(n, ) == - foralln > 2 and = > 0. Then
df(n,x) _ (n— 1)z 2 >0 and 0% f(n,x) _ (n—1)(n —2)z"3 >0
Ox Qi3 -+ - Oy Ox? Qa3 -+ Q1

for all n > 2 and x > 0. So the function f(n, ) is strictly increasing function about z > 0
and for all n > 2. )

Suppose 2 < m < n. For 0 < x < (nQm+1 - p—1)"—™, we have

xm—l Znm
f(n,m)—f(m,a:): ( _1)<0
Qg Q-1 \ OmQm41 - Qp—1
1

ie. f(m,x) > f(n,x)for2 <m <nandz € (0, (mamt1 - @p_1)7m).

1
Let we set a,, := (agas3---ay,)»-1 for each n > 2. Then, using the assumption 0 < «aj <
a1 for all £ > 2, we obtain that

= (a2 o .an)ﬁ[aﬁq_l — (a2 .. an)m]
1

1 1 1

> (ag---ap)*lag,, —ai] > 0.

Therefore the sequence {(aoasg - - -om)ﬁ :n = 2,3,...} is an increasing sequence. Since
B, ={(z,y):0< f(n,z) <y, 0 <y <a,} foreachn > 2, we completes the proof of (ii).
(iii) From the facts (i) and (ii), the assertion (iii) is obvious. ]
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Remark 2.5. For the weighted shift W, in Theorem 2.4, we note the following facts:

W, is co-hyponormal <= W,, is hyponormal
— 0<z<yand 0 <y < an
<= W, has the property B(n) for all n > 2.

In general, but the converse of Proposition 2.1 is not true (see Example 3.3).

3. EXAMPLES

The following example explains that for a weighted shift W, with weight sequence «, there
is no relation with the property B(n) and B(m) for m, n > 2 with m # n.

o0

Example 3.1. Consider a positive bounded sequence o = {cv,, }5° ),

2 40 9 16000 4782969
o Q1 = 57, Qg = —, @3 = ————, 04 = —_————,
3 81 10 59049 1600000
Let W, be the weighted shift with the above weight sequence «. Then W, has property B(3)
but not property B(4). In fact, from simple calculations, we have ai = apr10k42 (K =0,1,2)
and oz% < agiiap4o forall k > 3. So W, satisfies property B(3). But ag = % > qiaoag =

24000 Therefore W, does not satisfy property B(4).

For the distinction of property B(n), we introduce the following example which classify
them clearly for each n > 2.
Example 3.2. Let IV, be the Bergman shift with weight sequence

3 /4 /5 [k+1
: — A=A = ——, .. (k> 2).
« ﬁaﬂa\/Q?\/;a\/ga ) k—|—2’ (k_ )

Then by Theorem 2.2 we may obtain the following assertion:

1
ap = an+1:an+ﬁ(n24).

1

3y \7 1 3 \7T
W, has property B(n) < 0 < z < (n—fl) and0 <y < <n—|—2>

for each n > 2. Hence

B":{(x’y)oﬁfcé( % )rﬁ,ogyﬁ(nig)"ll}.

Now, we claim that B,, C B, for 2 < m < n. First, we write f(n,z) := ”Tﬂx”_l for
alln > 2 and x > 0. By the derivative of f(n,x) about z, we can see that the function
f(n,z) is strictly increasing function about z for all n > 2. Suppose 2 < m < n. For

1
0<z< (’;‘Ll)m, we have

f(n,z) — f(m,x) = %xm_l (ac”_m(n +1)—(m+ 1)) <0,

1

which is that, for 2 < m < n, f(m,z) > f(n,z) on (0, (lerrll)m)




INEQUALITIES OF OPERATOR POWERS 5

Also, by simple calculations, we have that the sequence { (n%rz)ﬁ :n = 2,3,...}is an
increasing sequence and converges to 1. Therefore we have 5,, C B,,. In fact, we can easily
show the disjoint ranges of properties B(n) for each n > 2 of W, by usual way.

For each integer n > 2, we consider the following block matrix of operators in [6] and [5].
Example 3.3. Let C = (¢;;) be an m x m matrix with ¢;; = 1/m (1 < i,j < m) and
let D = D(x1,22,...,Tm) = Diag{z1,x2,...,xn} withz; > 0,7 = 1,...,m. We define an
operator T'(x1,x2, ..., L) on H = C™ ® lo(Z) by

0]

C O

T :=T(x1,22, ..., Try) = C @ ;
D

@)
D O

where | - | denotes the center of the two sided infinite matrix. We note that C? = C for every
p > 0. By simple calculations, we have that

k k k
(CD*C)s = \/xl T T
m

and

(CD*C)2 —C >0 2 +ab+ .+ 2k >m,

forz; > 0(i=1,2,...,m) and k > 1. Hence T has property B(n) < (T”*T”)% > (T*T)z,
which is equivalent to

>C, ..., (CDX Yy > C.

N
I

(CD?C)2 > C, (CD*C)
For an integer n > 2, we denote

En = {(x1, 22, ...,xym) : T has property B(n) for z; > 0}.

1
If x; satisfy x; > m20-1 for some i, then xf(lfl) + zg(lfl) + ...+ x%lil) > m. So we have
1
that xf(nfl) + xg("fl) +...+ x%nfl) > m for 2 <[ < n. Suppose 0 < z; < m2r-1 for all

1=1,2,...,m — 1 forall n > 2. Then we obtain that the function

2(n—1) .ng(n_l) o x?(n;l)

1
dm(n, 1,22, ey T—1) 1= (M — ] )2(n=1)
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1 1
is strictly decreasing with respect to allm > 2 on (0, m2»=1 ) x - - - x (0, m2-1) (see [6] and
[5] for the detail methods). Therefore we have

En = {(x1,0er) - (CD2IVC)2 > C, 2<j<m, 2, >0, 1<i<m}

= m {(z1, .y Tm) : a:?(j_l) —i—a:g(j_l) 4o+ 220D > m 2 >0, 1<i<m}
2<j<n
=&s.
Moreover, we have that
E=A{(x1,..c,m) :x%—i—x%—i—...—i—x%n >m, x; >0, 1 <i<m}
= {(x1,...,xm) : T'is A(1)-operator}

and T is co-hyponormal (see [5]). Therefore we have this implication: 7" is co-hyponormal =
T is hyponormal = T has property B(2), and the converse is not true.
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