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LINDELOFICATION OF BIFRAMES
MEE KyuNG KHANG

ABSTRACT. We introduce countably strong inclusions < = (<, <2)
on a biframe L = (Lg, L, Ls) and i-strongly regular o-ideals (i =
1,2) and then using them, we construct biframe Lindelofication of
L. Furthermore, we obtain a sufficient condition for which L has a
unique countably strong inclusion.

1. Introduction and preliminaries

This section is a collection of basic definitions and results on frames.
For general notions and facts concerning frames, we refer to Johnstone[9]
and Khang[10], and for compactifications to [1], [2], [3], [5].

1.1. Frames.

DEFINITION 1.1. (1) A frame is a complete lattice L in which bi-
nary meet distributes over arbitrary join, that is, x A'\/ S =
V{z A s € S} for any x in L and any subset S of L.

(2) A frame homomorphism is a map h : L. — M between frames L
and M preserving all finitary meets and binary joins.

We will denote the bottom element of a frame L by 0 or 0y and the
top element by e or ey.

For any element a of a frame L, the map a A _ : L — L preserves
arbitraty joins; hence it has a right adjont, which will be denoted by
a — _: L — L. In particular, a — 0 exists for any a in L and we write
a — 0 = a*, called the pseudocomplement of a.
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DEFINITION 1.2. (1) Let L be a frame and a, b in L. We say that
a is rather below b if there exists ¢ in L such that a A ¢ = 0 and
bV c = e, equivalently, a* V b = e. In this case, we write a < b.

(2) A frame L is said to be regular if for any a in L, a = \/{b € L|b <

a}.
We note that u < v in Q(X) means u C v, for a topological space
(X, (X)) and it is clear that a topological space (X, (X)) is regular if
and only if Q(X) is a regular frame.

DEFINITION 1.3. ([7],[11]) Let L be a complete lattice and a, b in L.
We say that a is way below (countably way below, resp.) b and write
a < b (a<.b, resp.) if for any subset S of L, b <\/ S implies a <\/ C
for some finite (countable, resp.) subset C of S.

EXAMPLE 1.4. (1) Let A and B be subsets of a set X. Then A <.
B in the frame p(X) of the power set of X if and only if there is
a countable subset C of X with A C C C B.

(2) In Q(X) of a topological space (X,Q(X)), u <. v if there is a
Lindelof subset w of X with u C w C v. If X is locally Lindelof,
then the converse also holds.

PrRoPOSITION 1.5. Let L be a frame and a, b, x, y in L. Then
(1) 0 <. a.

(2) a <. b implies a < b.

(3) Ifr <a <. b<y, then x <, y.
(4

(

) Ifa, <. b foralln € N, then \/ a, <.b.
neN
5) If a < b, then a <, b.

DEFINITION 1.6. ([11]) A complete lattice L is said to be countably
approximating if for any x in L, v = \/{a € L | a <. x}.

The following definition is a natural generalization of compact frames.

DEFINITION 1.7. A frame L is said to be a Lindelof frame if for any

subset S of L with \/ S = e, there is a countable subset C of S with
VC=e.

A 1-1 frame homomorphism is clearly codense and therefore the fol-
lowing is immedate :

ProrosiTION 1.8. If h : L — M is a 1-1 frame homomorphism and
M is a Lindelof frame, then L is a Lindelof frame.
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DEFINITION 1.9. ([6]) A frame L is said to be a D(X;) frame if for

any a in L and any sequence (by)nen in L, aV (N by) = A (aVby,).
neN neN

PropPOSITION 1.10. If z, <y for alln in N in a D(X;) frame L, then
V z, <y in L.
neN
1.2. Lindelofication of a Frame.

Using a concept of countably strong inclusions, we have obtained a
Lindelofication of a frame L, i.e. a dense, onto frame homomorphism
h : L — M such that M is a Lindel6f regular frame.([10])

DEFINITION 1.11. A binary relation < on a frame L is said to be a
countably strong inclusion, if it satisfies :

(1) ifx <a<b<y, then v <y.

(2) <« is closed under finite meets and countable joins.

(3) a<b implies a < b.

(4) < interpolates.

(5) a<b implies b* < a*.

(6) a=\/{x € L|x<a} for any a in L.

PRrROPOSITION 1.12. ([10]) If L is a Lindelof regular D(R;) frame, then
< is a countably strong inclusion.

DEFINITION 1.13. A subset I of a frame L is said to be a o-ideal if
it is a countably directed lower set, equivalently, it is a lower set and
closed under countable joins.

Let oldL denote the set of all o-ideals in L. Then oldL is clearly
closed under arbitrary intersections in the power set lattice p(L) of L
and therefore it is a complete lattice.

Using the fact that for (Iy)aea € oldL, \/ Ix ={ V x| (zx)ren is a
AEA kEN

sequence in | J I} in oIdL, one has :
AEA

PrRoOPOSITION 1.14. o¢IdL is a Lindelof frame.
DEFINITION 1.15. Let < be a countably strong inclusion on a frame

L. Then a o-ideal 1 is said to be a < -o-ideal if for any a in I, there is b
in I such that a <b.

Let S(<) denote the subframe of ¢IdL determined by < -o-ideals, then
the join map jy : S(<) — L is indeed a Lindeldfication of L ([10]).
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2. Lindelofication of Biframes

In order to set up a frame version for bitopological spaces, a concept
of biframes was introduced ([4]).

In this chapter, we deal with Lindelofications of biframes.

DEFINITION 2.1. (1) A biframe is a triple L = (Lo, Ly, Ly) where
L, and L, are subframes of a frame Ly such that Ly is generated
by L1 U LQ.

(2) Let L = (Lo, Ly, Ly) and M = (My, My, My) be biframes. A map
h : L — M is said to be a biframe homomorphism, if h : Ly — M
is a frame homomorphism and satisfies h(L;) C M; for i =1, 2.

EXAMPLE 2.2. (1) Let Ly = Q2(R) the open set lattice of the real
line R, Ly all open downsets and Lo all open upsets in R. Then
L = (Lg, L1, Ly) is a biframe.

(2) If we let Ly = Ly = Ly = L for a frame L, then L = (L, Ly, L) is
a biframe.

DEFINITION 2.3. Let L = (Lo, L1, Ly) be a biframe.

(1) L is said to be a Lindelof biframe if Ly is a Lindeldf frame.
(2) Leti,k =1,2 and i # k,
a) x <; y if x,y € L; and there is ¢ in Ly with x A ¢ = 0 and
yVe=e.
b) L is said to be regular if for any z in L;, x = \/{y|y <; x}.
c) For any x € L; (i =1,2), let z* = \/{z € Lg|]z A x = 0}.
(3) L is said to be D(Xy) if Ly is a D(X;) frame.

In the above example (1), v <; v if and only if u C v such that one
of the following holds :

i) u# v,
i) u=v=0,
ili) u =v = R.

REMARK. Let L be a biframe and a,b € Ly. For any 1 =1, 2,
(1) a <; b implies a < b.
(2) a <; bif and only if a®* Vb = e.

DEFINITION 2.4. A biframe homomorphism h : L — M is said to be :
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(1) dense if h : Ly — M, is dense.
(2) onto if h|, and hl|y, are both onto.

DEFINITION 2.5. A Lindelbfication of a biframe L is a dense, onto
biframe homomorphism h : M — L such that M is a Lindelof regular
biframe.

We now introduce a concept of countably strong inclusion on a biframe.

DEFINITION 2.6. Let L = (Ly, L1, Ly) be a biframe and <; C L; x L,
fori =1,2. Then < = (<4, <) is said to be a countably strong inclusion
on L if < satisfies the following, where i,k = 1,2 and i # k.

1) If x <a<;b<y, then x <, y.

2) <; is closed under finite meets and countable joins.

3) If a <; b, then a <; b.

4) <; interpolates.

5) If a<; b, then there are u,v in Ly, such that u<\xv , a Av =0 and
bVu=e.

6) For any a € L;, a = \/{z € L;|x <; a}.

REMARK. (1) The condition 5) in the above definition may be
replaced by the following : a <; b implies b* <, a®.
Indeed, suppose a <; b, then there are u, v in Ly such that u <1, v,
aAv =0and bVu = e. Thusv < a® and b* = b*Ae = b*A(bVu) =
b* Au ; hence b* < u. Therefore b* < u <y v < a®, so that b® < a®.
Conversely, suppose a <; b then by 4), there is x in L; such that
a <; x <; b. Thus z°® < a®, so that x* < a®, a A a® = 0. Moreover
x* Vb =e, for x <; b implies x <; b.

(2) By the exactly same arguments as those in Proposition 1.12, <=
(<1,<2) in a Lindeldf regular D(X;) biframe L is a countably
strong inclusion on L.

Proof for the following lemma is straightforward and hence we omit
it.

LEmMA 2.7. Let h : N — L be an onto biframe homomorphism. If
2 2
< = (<1, <) is a countably strong inclusion on N, then < = (h(<11), (<))

is a countably strong inclusion on L.
We now have the following by the above Lemma and Remark.

COROLLARY 2.8. If a biframe L has a D(X;) Lindeléfication, then it
has a countably strong inclusion.
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For a biframe L = (Lo, Ly, Ls), let j; : L — Lo be the inclusion
homomorphism and let 7; : 6IdL; — o¢IdLg be the frame homomorphism
induced by j; between the frames of o-ideals of L; and Lg respectively
(i = 1,2). Then for any J € oldL;, j;(J) =| J. Moreover, j;(c1dL;) = {|
J|J € oldLy;} is a subframe of oldLg, which will be denoted by old,L;.

DEFINITION 2.9. Let < = (<13, <l3) be a countably strong inclusion
on a biframe L = (Lo, Ly, Ly) and i = 1,2. A o-ideal J on Ly is said to
be i-strongly regular if J € old,L; and for any x in JN L;, there is y in
JN L; with x <; y.

Let R; denote the set of all i-strongly regular o-ideals in a biframe
L = (Lo, L1, Le) (1 =1,2).

Using these notions, we now have the following immediately :
PROPOSITION 2.10. R; is a subframe of oldLy.

Now let Ry be the subframe of oldLy generated by R; U Ry, then
R = (Ro, Ry, RN2) is a biframe.

Since oldLy is a Lindelof frame, so is y. Thus R is a Lindelof biframe.

Since j : oldLy — Lo defined by j(J) = \/ J is dense, the restriction
jo : o — Lo of j to Ry is also dense, so that the biframe homomorphism
jo : R — L is dense.

Consider 7; : L; — R; defined by vi(a) =] {x € L;|r <, a}. Then
~vi is well-defined, because {z € L;|x <; a} is a <;-o-ideal in L by the
definition of countably strong inclutions. Furthermore, for any a in L;,
a =\ i(a) = jo(vi(a)) ; therefore j, is onto.

LEMMA 2.11. If a<; b, then v;(a) <; v(b) (i =1,2).

Proof. Since <; interpolates, there is ¢ in L; such that a<; ¢<; b. Since
a <; ¢ there are u,v in Lg such that v <4 u, a Au = 0 and c Vv = e.
For any z in 7;(a) A vi(u) = vi(a) N yk(u), 2z <; a and z <, v and hence
z <aAu=0.Thus v;(a) Ay(u) = {0}. Since cVv = e € v;(b) Ny (u),
%i(b) A vk(u) = Lo. So yia) <i 7i(b). O

LEMMA 2.12. For any Jin ®R;, J= \/ ~(a), fori=1,2.
aGJﬂLi
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Proof. Since J € old,L;, J =] (J N L;) and therefore x € J if and
only if there are a,b in J N L;, such that + < a <; b. Thus we have
J= "V la). O

aEJﬂLi

PROPOSITION 2.13. R is regular.

Proof. For any J in ®; and any a in J N L;, there is b in J N L; with
a<; b, so that v;(a) < vi(b) <J. Hence J = '\ 7;(a) < V{I € ®|I <,

(ZGJQLZ'

J} <J. Thus J = V{I € ®|I <; J}. O
Collecting the above results, we have :

THEOREM 2.14. If < is a countably strong inclusion on a biframe L,
then jo : ® — L is a Lindelofication of L.

Let CSy(L) be the set of all countably strong inclusions on a biframe
L. Then (CS,(L), Q) is a poset.

DEFINITION 2.15. Let f: M — L and g : N — L be Lindelofications
of a biframe L. If there is a biframe homomorphism h : M — N with
goh = f, then we say that f is smaller than g and write f < g.

Clearly, < is a preoder on the class of Lindelofications of a biframe
L and the relation < N <°P is an equivalence relation on the class and
let Lind,(L) be the set of all equivalence classes of Lindeléfications of a
biframe L. Then (Lindy(L), <) is a poset, where [f] < [¢g] in Lind,(L)
means f < g.

2 2

Define ¢ : Lind*(L) — CSy(L) by ¢(h : M — L) = (h(=<1), h(<2))
and ¢ : CSy(L) — Lind(L) by #(<) = (jo : ® — L), where Lind"(L)
denotes the set of all D(X;) Lindel6fications of a biframe L. Then ¢ and
1 are isotones. Using the exactly same arguments as those in section 2
in [10], we have the following :

THEOREM 2.16. 1) Suppose that < is a countably strong inclusion
on a biframe L such that R is D(Xy). Then p(1(<)) = <.

2) For a D(Xy) Lindeldfication h : M — L of a biframe L, ¢(p(h)) =
M.

We will introduce stably countably approximating frames and we will
then find smallest countably strong inclusion.
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DEFINITION 2.17. A frame M is said to be stably countably approx-
imating if M is countably approximating and <. is closed under finite
meets in M.

ExampLE 2.18. (1) If M is Lindelof regular D(X,), then M is sta-
bly countably approximating, since <. and < are same in a Lin-
delof regular D(Xy) frame.([10])

(2) It is known that I <. J in olIdL if and only if I C| a C J, for
some a in L ([11]). Thus olIdL is stably countably approximating.

LEMMA 2.19. Let L = (Ly, Ly, Ly) be a regular D(X;) biframe. Then
each L; is stably countably approximating and < .; satisfies the condition
5) in Definition 2.6 of countably strong inclusion if and only if (<1, <)
is a countably strong inclusion on L.

Proof. (<) By the condition 2), 5) and 6) of countably strong in-
clusion, it is trivial.
(=)

1) It follows from (3) in Proposition 1.5.

2) Since each L; is stably countably approximating, each <. is
closed under finite meets and by (4) in Proposition 1.5, each <;
is closed under countably joins.

3) Since L is regular D(X;),  <,; y implies x <; y.

4) Since each L; is countably approximating, each <; interpolates.

5) It is trivial by the assumption.

6) If follows from the fact that each L; is countably approximating.

O

PROPOSITION 2.20. If L is a regular D(X;) biframe such that each
L; is stably countably approximating and <.; satisfies the condition 5)
in Definition 2.6 of countably strong inclusion, then (K1, <) is the
smallest countably strong inclusion on L.

Proof. Let (<1,<32) be any countably strong inclusion on L. If = <; v,
then z <, v = \/{z € L;|z <; y}. Thus there is a countable subset
{zn|n € N} of L; such that for any n € N, z, <;y and =z < \/ z, and

neN
hence v < \/ 2, <y, so x < y. In all, (K, <) C (<p, <), O
neN

LEMMA 2.21. Let L be a regular D(X,) biframe in which each L;
is countably approximating and a <; b implies that a <. b whenever
a < e. Then (<1, <) is a countably strong inclusion on L.
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Proof. Conditions 1), 2), 3) are trivial.

4) We note that for a < e, a <; b if and only if a <; b since L is
regular D(N;). Since L; is countably approximating, there is z in
L; such that a <. 2z < b and hence a <; z <; b. For a = e,
there is nothing to prove.

5) Suppose that a <; b. Then by 4), there is ¢ in L; such that
a <; ¢ <; b. So there are s, t in L, such that a As =0, cV s =e,
cNt=0and bVit=e ThusaAs=0,t<,sandbVt=e.

6) It follows from the regularity of L;.

]

THEOREM 2.22. Let L be a regular D(X;) biframe in which each L;
is countably approximating and a <; b implies that a <. b whenever
a < e. Then L has a unique countably strong inclusion.

Proof. By Lemma 2.21, (<1, <3) is a countably strong inclusion on
L. Let (<, <g) be any countably strong inclusion on L. Then (<, <) C
(<1, <2) by the condition 3) of countably strong inclusion. Note that
for a < e, a <; bif and only if a <. b. Thus by Proposition 2.20,
(K1, Ke2) is the smallest countably strong inclusion, that is, (<1, <s2)
is the smallest countably strong inclusion. Hence (<, <) = (<1, <2). O
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