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LINDELÖFICATION OF BIFRAMES

Mee Kyung Khang

Abstract. We introduce countably strong inclusions / = (/1, /2)
on a biframe L = (L0, L1, L2) and i-strongly regular σ-ideals (i =
1, 2) and then using them, we construct biframe Lindelöfication of
L. Furthermore, we obtain a sufficient condition for which L has a
unique countably strong inclusion.

1. Introduction and preliminaries

This section is a collection of basic definitions and results on frames.
For general notions and facts concerning frames, we refer to Johnstone[9]
and Khang[10], and for compactifications to [1], [2], [3], [5].

1.1. Frames.

Definition 1.1. (1) A frame is a complete lattice L in which bi-
nary meet distributes over arbitrary join, that is, x ∧ ∨

S =∨{x ∧ s ∈ S} for any x in L and any subset S of L.
(2) A frame homomorphism is a map h : L → M between frames L

and M preserving all finitary meets and binary joins.

We will denote the bottom element of a frame L by 0 or 0L and the
top element by e or eL.

For any element a of a frame L, the map a ∧ : L → L preserves
arbitraty joins; hence it has a right adjont, which will be denoted by
a → : L → L. In particular, a → 0 exists for any a in L and we write
a → 0 = a∗, called the pseudocomplement of a.
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Definition 1.2. (1) Let L be a frame and a, b in L. We say that
a is rather below b if there exists c in L such that a ∧ c = 0 and
b ∨ c = e, equivalently, a∗ ∨ b = e. In this case, we write a ≺ b.

(2) A frame L is said to be regular if for any a in L, a =
∨{b ∈ L|b ≺

a}.
We note that u ≺ v in Ω(X) means u ⊆ v, for a topological space

(X, Ω(X)) and it is clear that a topological space (X, Ω(X)) is regular if
and only if Ω(X) is a regular frame.

Definition 1.3. ([7], [11]) Let L be a complete lattice and a, b in L.
We say that a is way below (countably way below, resp.) b and write
a ¿ b (a ¿c b, resp.) if for any subset S of L, b ≤ ∨

S implies a ≤ ∨
C

for some finite (countable, resp.) subset C of S.

Example 1.4. (1) Let A and B be subsets of a set X. Then A ¿c

B in the frame ℘(X) of the power set of X if and only if there is
a countable subset C of X with A ⊆ C ⊆ B.

(2) In Ω(X) of a topological space (X, Ω(X)), u ¿c v if there is a
Lindelöf subset w of X with u ⊆ w ⊆ v. If X is locally Lindelöf,
then the converse also holds.

Proposition 1.5. Let L be a frame and a, b, x, y in L. Then

(1) 0 ¿c a.
(2) a ¿c b implies a ≤ b.
(3) If x ≤ a ¿c b ≤ y, then x ¿c y.
(4) If an ¿c b for all n ∈ N , then

∨
n∈N

an ¿c b.

(5) If a ¿ b, then a ¿c b.

Definition 1.6. ([11]) A complete lattice L is said to be countably
approximating if for any x in L, x =

∨{a ∈ L | a ¿c x}.
The following definition is a natural generalization of compact frames.

Definition 1.7. A frame L is said to be a Lindelöf frame if for any
subset S of L with

∨
S = e, there is a countable subset C of S with∨

C = e.

A 1-1 frame homomorphism is clearly codense and therefore the fol-
lowing is immedate :

Proposition 1.8. If h : L → M is a 1-1 frame homomorphism and
M is a Lindelöf frame, then L is a Lindelöf frame.
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Definition 1.9. ([6]) A frame L is said to be a D(ℵ1) frame if for
any a in L and any sequence (bn)n∈N in L, a ∨ (

∧
n∈N

bn) =
∧

n∈N

(a ∨ bn).

Proposition 1.10. If xn ≺ y for all n in N in a D(ℵ1) frame L, then∨
n∈N

xn ≺ y in L.

1.2. Lindelöfication of a Frame.
Using a concept of countably strong inclusions, we have obtained a

Lindelöfication of a frame L, i.e. a dense, onto frame homomorphism
h : L → M such that M is a Lindelöf regular frame.([10])

Definition 1.11. A binary relation / on a frame L is said to be a
countably strong inclusion, if it satisfies :

(1) if x ≤ a / b ≤ y, then x / y.
(2) / is closed under finite meets and countable joins.
(3) a / b implies a ≺ b.
(4) / interpolates.
(5) a / b implies b∗ / a∗.
(6) a =

∨{x ∈ L | x / a} for any a in L.

Proposition 1.12. ([10]) If L is a Lindelöf regular D(ℵ1) frame, then
≺ is a countably strong inclusion.

Definition 1.13. A subset I of a frame L is said to be a σ-ideal if
it is a countably directed lower set, equivalently, it is a lower set and
closed under countable joins.

Let σIdL denote the set of all σ-ideals in L. Then σIdL is clearly
closed under arbitrary intersections in the power set lattice ℘(L) of L
and therefore it is a complete lattice.

Using the fact that for (Iλ)λ∈Λ ⊆ σIdL,
∨

λ∈Λ

Iλ = { ∨
k∈N

xk | (xk)k∈N is a

sequence in
⋃

λ∈Λ

Iλ} in σIdL, one has :

Proposition 1.14. σIdL is a Lindelöf frame.

Definition 1.15. Let / be a countably strong inclusion on a frame
L. Then a σ-ideal I is said to be a / -σ-ideal if for any a in I, there is b
in I such that a / b.

Let S(/) denote the subframe of σIdL determined by / -σ-ideals, then
the join map j0 : S(/) → L is indeed a Lindelöfication of L ([10]).
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2. Lindelöfication of Biframes

In order to set up a frame version for bitopological spaces, a concept
of biframes was introduced ([4]).

In this chapter, we deal with Lindelöfications of biframes.

Definition 2.1. (1) A biframe is a triple L = (L0, L1, L2) where
L1 and L2 are subframes of a frame L0 such that L0 is generated
by L1 ∪ L2.

(2) Let L = (L0, L1, L2) and M = (M0, M1, M2) be biframes. A map
h : L → M is said to be a biframe homomorphism, if h : L0 → M0

is a frame homomorphism and satisfies h(Li) ⊆ Mi for i = 1, 2.

Example 2.2. (1) Let L0 = Ω(R) the open set lattice of the real
line R, L1 all open downsets and L2 all open upsets in R. Then
L = (L0, L1, L2) is a biframe.

(2) If we let L0 = L1 = L2 = L for a frame L, then L = (L0, L1, L2) is
a biframe.

Definition 2.3. Let L = (L0, L1, L2) be a biframe.

(1) L is said to be a Lindelöf biframe if L0 is a Lindelöf frame.
(2) Let i, k = 1, 2 and i 6= k,

a) x ≺i y if x, y ∈ Li and there is c in Lk with x ∧ c = 0 and
y ∨ c = e.

b) L is said to be regular if for any x in Li, x =
∨{y|y ≺i x}.

c) For any x ∈ Li (i = 1, 2), let x• =
∨{z ∈ Lk|z ∧ x = 0}.

(3) L is said to be D(ℵ1) if L0 is a D(ℵ1) frame.

In the above example (1), u ≺i v if and only if u ⊆ v such that one
of the following holds :

i) u 6= v,
ii) u = v = ∅,
iii) u = v = R.

Remark. Let L be a biframe and a, b ∈ L0. For any i = 1, 2,

(1) a ≺i b implies a ≤ b.
(2) a ≺i b if and only if a• ∨ b = e.

Definition 2.4. A biframe homomorphism h : L → M is said to be :
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(1) dense if h : L0 → M0 is dense.
(2) onto if h|L1 and h|L2 are both onto.

Definition 2.5. A Lindelöfication of a biframe L is a dense, onto
biframe homomorphism h : M → L such that M is a Lindelöf regular
biframe.

We now introduce a concept of countably strong inclusion on a biframe.

Definition 2.6. Let L = (L0, L1, L2) be a biframe and Ci ⊆ Li × Li,
for i = 1, 2. Then C = (C1,C2) is said to be a countably strong inclusion
on L if C satisfies the following, where i, k = 1, 2 and i 6= k.

1) If x ≤ a Ci b ≤ y, then x Ci y.
2) Ci is closed under finite meets and countable joins.
3) If a Ci b, then a ≺i b.
4) Ci interpolates.
5) If aCi b, then there are u, v in Lk such that uCk v , a∧ v = 0 and

b ∨ u = e.
6) For any a ∈ Li, a =

∨{x ∈ Li|x Ci a}.
Remark. (1) The condition 5) in the above definition may be

replaced by the following : a Ci b implies b• Ck a•.
Indeed, suppose a Ci b, then there are u, v in Lk such that u Ck v,
a∧v = 0 and b∨u = e. Thus v ≤ a• and b• = b•∧e = b•∧(b∨u) =
b•∧u ; hence b• ≤ u. Therefore b• ≤ uCk v ≤ a•, so that b•Ck a•.
Conversely, suppose a Ci b then by 4), there is x in Li such that
a Ci x Ci b. Thus x• Ck a•, so that x• Ck a•, a∧ a• = 0. Moreover
x• ∨ b = e, for x Ci b implies x ≺i b.

(2) By the exactly same arguments as those in Proposition 1.12, ≺=
(≺1,≺2) in a Lindelöf regular D(ℵ1) biframe L is a countably
strong inclusion on L.

Proof for the following lemma is straightforward and hence we omit
it.

Lemma 2.7. Let h : N → L be an onto biframe homomorphism. If

C = (C1,C2) is a countably strong inclusion on N, then Ĉ = (
2

h(C1),
2

h(C2))
is a countably strong inclusion on L.

We now have the following by the above Lemma and Remark.

Corollary 2.8. If a biframe L has a D(ℵ1) Lindelöfication, then it
has a countably strong inclusion.
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For a biframe L = (L0, L1, L2), let ji : Li → L0 be the inclusion
homomorphism and let j̃i : σIdLi → σIdL0 be the frame homomorphism
induced by ji between the frames of σ-ideals of Li and L0 respectively
(i = 1, 2). Then for any J ∈ σIdLi, j̃i(J) =↓ J. Moreover, j̃i(σIdLi) = {↓
J|J ∈ σIdLi} is a subframe of σIdL0, which will be denoted by σIdbLi.

Definition 2.9. Let C = (C1,C2) be a countably strong inclusion
on a biframe L = (L0, L1, L2) and i = 1, 2. A σ-ideal J on L0 is said to
be i-strongly regular if J ∈ σIdbLi and for any x in J ∩ Li, there is y in
J ∩ Li with x /i y.

Let <i denote the set of all i-strongly regular σ-ideals in a biframe
L = (L0, L1, L2) (i = 1, 2).

Using these notions, we now have the following immediately :

Proposition 2.10. <i is a subframe of σIdL0.

Now let <0 be the subframe of σIdL0 generated by <1 ∪ <2, then
< = (<0,<1,<2) is a biframe.

Since σIdL0 is a Lindelöf frame, so is <0. Thus < is a Lindelöf biframe.

Since j : σIdL0 → L0 defined by j(J) =
∨

J is dense, the restriction
j0 : <0 → L0 of j to <0 is also dense, so that the biframe homomorphism
j0 : < → L is dense.

Consider γi : Li → <i defined by γi(a) =↓ {x ∈ Li|x /i a}. Then
γi is well-defined, because {x ∈ Li|x /i a} is a /i-σ-ideal in L by the
definition of countably strong inclutions. Furthermore, for any a in Li,
a =

∨
γi(a) = j0(γi(a)) ; therefore j0 is onto.

Lemma 2.11. If a /i b, then γi(a) ≺i γi(b) (i = 1, 2).

Proof. Since /i interpolates, there is c in Li such that a /i c /i b. Since
a /i c there are u,v in Lk such that v /k u, a ∧ u = 0 and c ∨ v = e.
For any z in γi(a) ∧ γk(u) = γi(a) ∩ γk(u), z /i a and z /k u and hence
z ≤ a∧u = 0. Thus γi(a)∧ γk(u) = {0}. Since c∨ v = e ∈ γi(b)∩ γk(u),
γi(b) ∧ γk(u) = L0. So γi(a) ≺i γi(b).

Lemma 2.12. For any J in <i, J =
∨

a∈J∩Li

γi(a), for i = 1, 2.
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Proof. Since J ∈ σIdbLi, J =↓ (J ∩ Li) and therefore x ∈ J if and
only if there are a,b in J ∩ Li, such that x ≤ a /i b. Thus we have
J =

∨
a∈J∩Li

γi(a).

Proposition 2.13. < is regular.

Proof. For any J in <i and any a in J ∩ Li, there is b in J ∩ Li with
a /i b, so that γi(a) ≺ γi(b) ≤ J. Hence J =

∨
a∈J∩Li

γi(a) ≤ ∨{I ∈ <i|I ≺i

J} ≤ J. Thus J =
∨{I ∈ <i|I ≺i J}.

Collecting the above results, we have :

Theorem 2.14. If / is a countably strong inclusion on a biframe L,
then j0 : < → L is a Lindelöfication of L.

Let CSb(L) be the set of all countably strong inclusions on a biframe
L. Then (CSb(L),⊆) is a poset.

Definition 2.15. Let f : M → L and g : N → L be Lindelöfications
of a biframe L. If there is a biframe homomorphism h : M → N with
g ◦ h = f , then we say that f is smaller than g and write f ≤ g.

Clearly, ≤ is a preoder on the class of Lindelöfications of a biframe
L and the relation ≤ ∩ ≤op is an equivalence relation on the class and
let Lindb(L) be the set of all equivalence classes of Lindelöfications of a
biframe L. Then (Lindb(L),≤) is a poset, where [f ] ≤ [g] in Lindb(L)
means f ≤ g.

Define ϕ : Lind∗(L) → CSb(L) by ϕ(h : M → L) = (
2

h(≺1),
2

h(≺2))
and ψ : CSb(L) → Lind(L) by ψ(/) = (j0 : < → L), where Lind∗(L)
denotes the set of all D(ℵ1) Lindelöfications of a biframe L. Then ϕ and
ψ are isotones. Using the exactly same arguments as those in section 2
in [10], we have the following :

Theorem 2.16. 1) Suppose that / is a countably strong inclusion
on a biframe L such that < is D(ℵ1). Then ϕ(ψ(/)) = /.

2) For a D(ℵ1) Lindelöfication h : M → L of a biframe L, ψ(ϕ(h)) ∼=
M.

We will introduce stably countably approximating frames and we will
then find smallest countably strong inclusion.
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Definition 2.17. A frame M is said to be stably countably approx-
imating if M is countably approximating and ¿c is closed under finite
meets in M.

Example 2.18. (1) If M is Lindelöf regular D(ℵ1), then M is sta-
bly countably approximating, since ¿c and ≺ are same in a Lin-
delöf regular D(ℵ1) frame.([10])

(2) It is known that I ¿c J in σIdL if and only if I ⊆↓ a ⊆ J, for
some a in L ([11]). Thus σIdL is stably countably approximating.

Lemma 2.19. Let L = (L0, L1, L2) be a regular D(ℵ1) biframe. Then
each Li is stably countably approximating and¿ci satisfies the condition
5) in Definition 2.6 of countably strong inclusion if and only if (¿c1,¿c2)
is a countably strong inclusion on L.

Proof. (⇐) By the condition 2), 5) and 6) of countably strong in-
clusion, it is trivial.

(⇒)

1) It follows from (3) in Proposition 1.5.
2) Since each Li is stably countably approximating, each ¿ci is

closed under finite meets and by (4) in Proposition 1.5, each ¿ci

is closed under countably joins.
3) Since L is regular D(ℵ1), x ¿ci y implies x ≺i y.
4) Since each Li is countably approximating, each ¿ci interpolates.
5) It is trivial by the assumption.
6) If follows from the fact that each Li is countably approximating.

Proposition 2.20. If L is a regular D(ℵ1) biframe such that each
Li is stably countably approximating and ¿ci satisfies the condition 5)
in Definition 2.6 of countably strong inclusion, then (¿c1,¿c2) is the
smallest countably strong inclusion on L.

Proof. Let (/1, /2) be any countably strong inclusion on L. If x ¿ci y,
then x ¿ci y =

∨{z ∈ Li|z /i y}. Thus there is a countable subset
{zn|n ∈ N} of Li such that for any n ∈ N , zn /i y and x ≤ ∨

n∈N

zn and

hence x ≤ ∨
n∈N

zn /i y, so x /i y. In all, (¿c1,¿c2) ⊆ (/1, /2).

Lemma 2.21. Let L be a regular D(ℵ1) biframe in which each Li

is countably approximating and a ≺i b implies that a ¿ci b whenever
a < e. Then (≺1,≺2) is a countably strong inclusion on L.
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Proof. Conditions 1), 2), 3) are trivial.

4) We note that for a < e, a ≺i b if and only if a ¿ci b since L is
regular D(ℵ1). Since Li is countably approximating, there is z in
Li such that a ¿ci z ¿ci b and hence a ≺i z ≺i b. For a = e,
there is nothing to prove.

5) Suppose that a ≺i b. Then by 4), there is c in Li such that
a ≺i c ≺i b. So there are s, t in Lk such that a ∧ s = 0, c ∨ s = e,
c ∧ t = 0 and b ∨ t = e. Thus a ∧ s = 0, t ≺k s and b ∨ t = e.

6) It follows from the regularity of Li.

Theorem 2.22. Let L be a regular D(ℵ1) biframe in which each Li

is countably approximating and a ≺i b implies that a ¿ci b whenever
a < e. Then L has a unique countably strong inclusion.

Proof. By Lemma 2.21, (≺1,≺2) is a countably strong inclusion on
L. Let (/1, /2) be any countably strong inclusion on L. Then (/1, /2) ⊆
(≺1,≺2) by the condition 3) of countably strong inclusion. Note that
for a < e, a ≺i b if and only if a ¿ci b. Thus by Proposition 2.20,
(¿c1,¿c2) is the smallest countably strong inclusion, that is, (≺1,≺2)
is the smallest countably strong inclusion. Hence (/1, /2) = (≺1,≺2).
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