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S-DISTAL EXTENSIONS OF FLOWS
YouNG KEY KiM* AND WOO HWAN PARK

ABSTRACT. In this paper, we define the S-distal flow and S-distal
homomorphism which are motivated by the distal flow and the distal
homomorphism respectively and obtain some results and that an S-
distal extension of an S-distal flow is S-distal.

1. Definitions and Preliminaries

DEFINITION 1.1. Let (X, T) be a flow. A subset M of X is invariant
it MT C M. A closed nonempty subset A of X is called a minimal set
if for every x € A, the orbit 2T is a dense subset of A. If X is itself
minimal, we say that it is a minimal flow.

Let (X, T) be any flow with compact Hausdorff phase space X. As is
customary, let X¥ denote the set of all functions from X to X provided
with the topology of pointwise convergence and consider T" as a subset
of X*. The enveloping semigroup E(X) of the flow (X, T) is the closure
of T in X*.Then F(X) is a compact Hausdorff space, and we may con-
sider (E(X),T) as a flow, whose phase space F(X) admits a semigroup
structure. The minimal right ideals I of E(X) is the nonempty subsets
I of E(X) such that IE(X) C I, which contains no proper nonempty
subsets with the same property.

DEFINITION 1.2. Let (X,7) and (Y,T) be flows and ¥ : X — Y
be a function. Then W is called a homomorphism if ¥ is continuous
and U(xt) = V(x)t, (r € X,t € T). If Y is minimal, ¥ is always
onto. If ¥ : X — Y is a homomorphism and onto, we say that ¥ is
an epimorphism. If there is a homomorphism ¥ from X onto Y, we say
that Y is a factor of X, and that X is an extension of Y . Especially, a
homomorphism ¥ from (X, 7') into itself (not necessarily onto) is called
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an endomorphism of (X,T) and if U is bijective, then ¥ is called an
automorphism of (X, T). The set of endomorphisms of (X, T) is denoted
by H(X), and the set of automorphisms of (X, T) is denoted by A(X).

THEOREM 1.3. ([2], Prorosition 3.3 and Proposition 3.8)
Suppose that E(X) is the enveloping semigroup of X.
Then
(1) The maps O, : E(X) — X defined by ©,(p) = xp are homomor-
phisms with
range 7.
(2) Given an epimorphism ¥ : X — Y| there exists a unique epimor-
phism
©:(E(X),T)— (E(Y),T) such that the diagram
)

B(X) —2— B(Y)
(1.1) @wl J/e\ll(z)
X

Y.y

commutes, "z € X .

DEFINITION 1.4. Let T be a topological group and A be a subset of
T. Then A is called syndetic if there exists a compact subset K of T
such that T'= AK.

DEFINITION 1.5. A point z in a flow (X,7T) is said to be almost
periodic if given any neighborhood U of z, the set A ={t € T |zt € U}
is syndetic.

THEOREM 1.6. ([2], Proposition 3.7) Let (X, T') be a flow and = € X.
Let E be its enveloping semigroup and I be a minimal ideal in E. Then
the the following statements are equivalent :

(1) x is an almost peridic point of (X, T).

(2) 2T =2l = {xp | p € I}.

(3) there exists an idempotent u € I such that zu = x.

THEOREM 1.7. ([2],Proposition 6.1) Let ¥ : (X,T) — (Y,T) be an
epimorphism and let y be an almost periodic point of (Y,T). Then there
exists an almost periodic point x of (X,T) such that ¥(z) = y.

DEFINITION 1.8. Let (X,T) be a flow and z,y € X.
(1)  and y are weakly proximal if there exists a net (t,) in 7" such
that
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lim,, zh(t,) = lim, yt,, for some h € H(T).

(2) The set of all weakly proximal pairs in X is called the weakly
proximal relation and is denoted by WP(X,T') or W P.

(3) A flow (X, T) is said to be weakly prozimal if WP(X,T) = X x X

2. S-distal homomorphisms

DEFINITION 2.1. Let (X, T) be aflow and x,y € X. Then (X,T) is S-
distal provided that if there exists a net (¢,) in 7" such that lim,, zh(t,) =
lim, yt,, for some h € H(T), then z = y.

DEFINITION 2.2. A homomorphism V¥ : (X,T) — (Y, T) is S-distal if
U(z) =U(z') and (v,2') € WP(X,T) imply z = 2.

LEMMA 2.3. The flow (X, T) is S-distal if and only if WP(X,T) = A,
where A is the diagonal of X x X.

THEOREM 2.4. Let ¥ : (X,T) — (Y,T) be S-distal and (Y,T) be
pointwise almost periodic. Then (X,T) is pointwise almost periodic.

proof. Let x be any point of (X,T). Then y = W¥(x) is an almost
periodic point since (Y,T) is pointwise almost periodic. Thus there
exists an almost periodic point z of (X,T') with ¥(z) =y by Theorem
1.7. Let I be a minimal right ideal of E(X) of the flow (X,T) and
©:(E(X),T) — (E(Y),T) be a homomorphism. Since z is an almost
periodic point, there exists an idempotent u € I such that zu = z. Since
y=U(z) =VU(zu) = ¥(2)O(u) = yO(u), we have V(zu) = ¥(z)0O(u) =
yO(u) = y.Thus z and xu belong to ¥~1(y) and (z,zu) € WP(X,T).
Since U is S-distal, we have x = xu. Therefore (X,T) is pointwise
almost periodic.

COROLLARY 2.5. The product of an S-distal flow and a pointwise
almost periodic flow is pointwise almost periodic.

proof. Let (X,T) be an S-distal flow and (Y, T') be pointwise almost
periodic. Let I, : (X xY,T) — (Y,T) be the projection. Then Il, is an
epimorphism and I1,, is an S-distal homomorphism. Therefore (X xY,T')
is pointwise almost periodic by Theorem 2.4.

THEOREM 2.6. An S-distal extension of an S-distal flow is S-distal.
proof. Let ¥ : X — Y be an S-distal homomorphism with Y S-
distal. Suppose that if (x1,x2) € WP, then (V(xy), ¥(z2)) € WP. Since
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Y is S-distal, ¥(x1) = V(xs). Since ¥ is S-distal, x1 = x9. Therefore X
is an S-distal flow.

THEOREM 2.7. Let ¥ : (X,T) — (Y,T) be an S-distal homomor-
phism. If (Y,T) is minimal and y € Y, then {zT | z € UV~(y)} is a
partition of X.

proof. Let z be any point of (X, T). ThenV(z) € (Y, T). Since (Y, T)
is minimal, there exists a net (t,) in T such that y = lim, V(z)t,. We
may assume that lim, zt,, exists. Since ¥ (lim, zt,) = lim, ¥(2)t, = v,
we have lim, zt, € U71(y). Now let lim, 2t, = 2. Then z € 2T by
Theorem 2.4. Therefore {xT | z € W~'(y)} is a partition of X.

By Theorem 1.3, we have the following theorem.

THEOREM 2.8. Let ¥ : (X,T) — (Y, T) be an S-distal epimorphism.
Then © : (E(X),T) — (E(Y),T) is also an S-distal epimorphism.
proof. Letp,q € E(X) such that ©(p) = ©(q) and (p,q) € WP(E(X),T).
Then there exists a net (t,) in T such that lim, ph(t,) = lim, qt, for
some h € H(T). Let « be any element of (X,T).
Then ©, is a homomorphism from (E(X),T) into (X,T). Thus
O, (limg ph(ta)) = lim, O, (p)h(ts) = lime(2p)h(ts),
O, (lim, gt,) = lim, ©,(q)t, = lim,(xq)t,.
Therefore we get (zp,xq) € WP(X,T).
Since ¥(xp) = V(2)O(p) = ¥(2)O(q) = V(zq) and ¥ is S-distal, we
obtain xp = xq. Since x is any point of (X,T'), we have p = q. Therefore
O is S-distal.
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