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INJECTIVE AND PROJECTIVE PROPERTIES OF
REPRESENTATIONS OF QUIVERS WITH n EDGES

SANGWON PARK

ABSTRACT. We define injective and projective representations of
quivers with two vertices with n arrows. In the representation of
quivers we denote n edges between two vertices as = and n maps as
fi~fo,and E®GE®---® E (n times) as &, E. We show that if E
is an injective left R-module, then

@nE P1~Pn E

is an injective representation of () = e = e where p;(a1, a2, ,a,) =
ai, i € {1,2,---,n}. Dually we show that if p, fl:Nf’;MQ is an
injective representation of a quiver () = e= e then M; and M, are
injective left R-modules. We also show that if P is a projective left
R-module, then
P 11~y @np

is a projective representation of () = e = e where i; is the kth in-
jection. And if pp g; M, is an projective representation of a

quiver () = o= e then M; and M, are projective left R-modules.

1. Introduction

A quiver is just a directed graph with vertices and edges (arrows) ([1]).
We may consider many different types of quivers. We allow multiple
edges and multiple arrows, and edges going from a vertex back to the
same vertex. Originally a representation of quiver assigned a vector
space to each vertex - and a linear map to each edge (or arrow) - with
the linear map going from the vector space assigned to the initial vertex
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to the one assigned to the terminal vertex. For example, a representation

of the quiver ) = e — o is 1} S, Va5, Vi and V, are vector spaces and
f is a linear map (morphism). Then we can define a morphism of two
representations of the same quiver i.e., given a quiver () = e — o, we

can define two representations V; S, Vo and Wy -2 W,

Now we can define a morphism between these two representations.
A morphism of V; S, Vy to Wy -1 Wy is given by a commutative
diagram

——4
Wi g W,

with s, s9 linear maps.

In ([3]) a homotopy of quiver was developed and in ([2]) cyclic quiver
ring was studies. Recently, the theory of projective representations was
developed in ([4]) and the theory of injective representation was studied

in ([5]).

DEFINITION 1.1. ([7]) A left R-module E is said to be injective if given
any injective linear map o : M’ — M and any linear map h: M’ — E ,
there is a linear map g : M — E such that g o 0 = h. That is

g

0 M "= M

h
L

E

can always be completed to a commutative diagram.

DEFINITION 1.2. ([7]) A left R-module P is said to be projective
if given any surjective linear map o : M’ — M and any linear map
h: P — M , there is a linear map ¢g : P — M’ such that cog = h. That
is

P

h
P
o

M M 0
can always be completed to a commutative diagram.
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Let G=G; x Gy x -+ xG; x -+ x G, be a direct product of groups.
The projection map 7; : G — G; where m;(g1, 92, ,Gi, " ,Gn) = gi IS a
homomorphism for each ¢ = 1,2,--- ,n. This follows immediately from
the fact that the binary operation of G coincides in the ith component
with the binary operation in G;. Let ¢; : G; — G1xGax---xG; %+ -xG,,
be given by ¢;(g;) = (e1,e2, - ,gi, -+ ,€,) where g; € G, and e; is
the identity of G;. This is an injection map. Let F' = {X;|i € I}
be an indexed family of left R-modules X; and denote P = HZ.G ;X
the cartesian product of F'. Define an element of P as a function f :
I — U,c; Xi such that f(i) € X; for every i € I. Define (P,+) by
(f +9)(@) = f(i) + g(i) € X; for every i € I, and 0(i) = 0 € X,
and (—f)(i) = —[f(7)]. Then easily (P,+) is an abelian group. Define
p:Rx P — Pby (rf)(i) = r[f(i)] for every i € I. Then easily P is a
left R-module. We say P as the direct product of F' over R. Consider S
the subset of P such that f(i) = 0 except only finite i € I. Then easily
S is a submodule of P. We say S as direct sum of F' and is denoted by

S - ®i61 Xz
REMARK 1. pj|s : @,.; Xi — Xj is called the natural projection of
S = eBieI X;.

So we have morphisms

d; 7 Pk
Xj——=>@ic; Xi ——[Lies Xi —— Xy
proiod;: X; — Xy is trivial if j # k, and is identity if j = k.
REMARK 2. The natural injection d; : X; — @,.; X; is a monomor-
phism and the natural projection p; : [[,.; Xi — Xj is an epimorphism.

Notation : In the representation of quivers we denote n arrows be-
tween two vertices as = and n maps as fiy ~ f,and EG E®--- D F (n
times) as @, F.

2. Injective representation of a quiver () = ¢ = e with n edges

We define injective representation of a quiver with two vertices and
multiple arrows. And consider their various injective representations as
left R-modules.
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DEFINITION 2.1. A representation M, Q’; M, of a quiver () = e =

e is called an injective representation if for any representation p, 229 7,

with a subrepresentation

5919118y NSQI_qnlsTSV
2

S1

and morphisms
51 —_— SQ
My 222

there exist H € Hompg(Ny, My) and K € Hompg(Ns, M) such that the
following diagram

Nl gi1~gn N2
HL LK
fl"“fn

My, == M,

commutes and H|g, = h Klg, = k.
In other words, every diagram of representations

(0=—=0) — (8§, == 55) — (N} == N,)
(My 225 2y
can be completed to a commutative diagram as follows :
(0—=—=0) —— (S —= ) —— (N == N,)
L "LK
L SYAE

THEOREM 2.2. If E' is an injective left R-module, then
E—0

is an injective representation of () = e=e.
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Proof. Let My, M, be left R-modules, S; be a submodule of My, S
be a submodule of M, and g : S; — E be an R-linear map. Consider
the following diagram

(0 =—=0) — (5} == ) — (M; == M)

|

(F=———=0)
Then since FE is an injective left R-module, we can complete the following

commutative diagram by h.

0 Si M,

p
L h
5

E

Then 0(h(m)) = 0 = 0(g1(m)), 0(h(m)) = 0 = 0(g2(m)), - - -, 0(h(m)) =
0 = 0(gn(m)). Thus, we can complete the following diagram

gi1~gn
Ml _ M2

(FE=——=0)
as a commutative diagram by 0 : My — 0.

Therefore, we can complete the diagram

(0=—=0) —— (S == 8,) — (M, === M,)

i

(EE=—=10)"
as a commutative diagram. Hence, p — () is an injective representa-
tion. O
THEOREM 2.3. If E is an injective left R-module, then

p1~pn

is an injective representation of ) = e = e where p;(a, as, - ,a,) = a;,
ie{l,2,--- n}.
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Proof. Let My, My be a left R-module, S; be a submodule of My, S
be a submodule of M, and g : Sy — E be an R-linear map. Consider
the following diagram

lefn

(0=——=0) —— (S ——=955) —— (M} =—= M>)

(Bp B =25 F)

Then since E is an injective left R-module, we can consider the following
commutative diagram

0 S M,

g
L T h
¥

E

by h. Define H : M, — @&, E by H(m) = (h(fi(m)), h(fa(m)), -, h(f.(m))).
Then p;(H(m)) = h(fi(m)),i=1,2,--- ,n and we can complete the fol-
lowing diagram
M1 fi~fn M2
H h
(@ == E)

as a commutative diagram. Hence, we can complete the diagram

fi~fn

(8 == 5) — (M, — My)

(@, F il E)”

(0=—=0)

as a commutative diagram. Therefore g p 2= p is an injective rep-

resentation. ]

THEOREM 24. If pp fivfn M, 1s an injective representation of a

quiver () = e=e then M; and M, are injective left R-modules.
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Proof. First we show that M; is an injective left R-module. Let S be
a submodule of N and g : S — M, be an R-linear map and we consider
the following diagram

Then since pz, Qg M, 1s an injective representation, there exist h :

N — M, which completes the following

0=—=0)——>0=—=5)——=(0=—=N)

A
as a commutative diagram. Thus, h : N — My completes the above
diagram as a commutative diagram. Therefore, M, is an injective left
R-module.

Let g : S — M; be an R-linear map and we consider the following
diagram

0 S N

)

M,

Consider the following diagram

11 ~in J1~jn

0=—0) —— (S——=3,5) —— (N =——=,N)

(M; 22 )

where G((s1, 82, ,8n)) = Y r_y f(9(sk)), and i(s) is the kth injec-
tion.
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Then since pr, fi~dn M, 18 an injective representation, there exist h :
N — M, and o : ®,F — M, such that the following diagram

J1~jn

as a commutative diagram.
Thus, h : N — M; completes the following diagram

0 S N
gl
T h
;
M,y
as a commutative diagram. Therefore, M; is an injective left R-module.

]

3. Projective representation of a quiver () = ¢ = e with n
edges

DEFINITION 3.1. A representation p, fivtn P, of a quiver ) = e = @

is called a projective representation if every diagram of representations

(Pl fi~fn PQ)

]

(M 222 M) —— (N 220 ) ——— (0 —— 0)

can be completed to a commutative diagram as follows :

(A % )

-

(M 220 a2 (N 22 Ny o (0 =——=0)
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THEOREM 3.2. If P is a projective left R-module, then
0=—P
is a projective representation of () = e=e.

Proof. Let My, My, Ny, Ny be left R-modules, and k£ : P — Ny be an
R-linear map. Consider the following diagram

(0 =———=P)

L

(M 2225 M) —— (N 220 ) ——— (0 ——0)

Then since P is a projective left R-module, we can complete the following
commutative diagram by h.

P

M, Ny 0

Then 0 : 0 — M, completes the following diagram
(0=—=Pr)
(My 220 Ay S (N 222 Ny e (0 ——0)

as a commutative diagram. Hence, ) — p is a projective representa-
tion. ]

THEOREM 3.3. If P is a projective left R-module, then
i~

is a projective representation of () = e = e where 7, is the kth injection.
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Proof. Let My, My, N1, Ny be left R-modules and ¢g: P — N; be a
R-linear map. Consider the following diagram

11 ~in

(P— @,P)
(M 22 0y o (N =——= Ny) ——— (0 =——0)

Since P is a projective left R-module we can complete the following
diagram by h.
e Jg
ok
P

M1 Nl 0
Define H((a1, a2, ,a,)) = fi(h(ar))+ fa(h(az))+- - -—i—fn(h(an)).. Then

fi(h(a)) = H(ix(a)), fo(h(a)) = H(ix(a)),- - fa(h(a)) = H(in(a)).
Thus we can complete the following diagram
(P2 9,P)
O 2 0 < (N —— N (0 ——0)

as a commutative diagram. Hence, p 2= ®,, P is a projective repre-

sentation. O

THEOREM 3.4. If jp fivds M, 1s an projective representation of a
quiver () = e=e then M; and M, are projective left R-modules.
Proof. First we show that M; is a projective left R-module. Let S

and N be left R-modules and g : M; — S be an R-linear map and we
consider the following diagram
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Then since M, g’; M, 1s a projective representation, there exist A :
My, — N which completes the following

1an

f
. (M, = M)

hl L

(N%O)A—>(S:>O)—>(O:>O)

Therefore, M; is a projective left R-module. Let g : My — S be an
R-linear map and we consider the following diagram

Define G : My} — @7 S; where p(G(m)) = g(fx(m)), for k = 1,...,n

and G(m) = (g(f1(m)), g(f2(m)), -, g(fa(m))) , and p((ay, az,- -, an)) =
ay, and consider the following diagram

(M, 22 )

|

(&7 N; s N) —— (0,8 =22 §) —— (0 ——0)

Then since pr, Qg M, 1s a projective representation, there exist h :
My — @&, N and o : My — N such that the following diagram

Ml fi~fn M2

(@nN 2225 N)
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as a commutative diagram.Thus, o : My — N completes the following
diagram
M,

g
L

N S 0
Therefore, M, is a projective left R-module. O]

References

[1] R. Diestel, Graph Theory, G.T.M. No.88, Springer-Verlag, New York (1997).

[2] E. Enochs, I. Herzog, S. Park, Cyclic quiver rings and polycyclic-by-finite group
rings, Houston J. Math. (1), 25 (1999) 1-13.

[3] E. Enochs, I. Herzog, A homotopy of quiver morphism with applications to rep-
resentations, Canad J. Math. (2), 51 (1999), 294-308.

[4] S. Park, Projective representations of quivers, IJMMS(2), 31 (2002), 97-101.

[5] S.Park, D. Shin, Injective representation of quiver, Commun. Korean Math. Soc.
(1), 21 (2006), 37-43.

[6] R. S. Pierce, Associative Algebras, G.T.M. No.173, Springer-Verlag, New York
(1982).

[7] J. Rotman, An Introduction to Homological Algebra, Academic Press Inc., New
York (1979).

Department of Mathematics,
Dong-A University,

Pusan, Korea 604-714

E-mail: swpark@donga.ac.kr



