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R-SEMI-GENERALIZED FUZZY COMPACTNESS

CHUN-KEE PARK* AND WON KEUN MIN

ABSTRACT. In this paper, we introduce several types of r-semi-
generalized fuzzy compactness and fuzzy r-compactness in fuzzy
topological spaces and investigate the relations between these com-
pactness.

1. Introduction

R. Badard [1] introduced the concept of the fuzzy topological space
which is an extension of Chang’s fuzzy topological space [4]. Many
mathematical structures in fuzzy topological spaces were introduced
and studied. In particular, M. Demirci [6] studied several types of
compactness in fuzzy topological spaces. K. C. Chattopadhyay and S.
K. Samanta [5] and S. J. Lee and E. P. Lee [7] introduced the concepts
of fuzzy r-closure and fuzzy r-interior in fuzzy topological spaces and
obtained their properties. S. J. Lee and E. P. Lee [7] also introduced the
concepts of fuzzy r-semi-open sets and fuzzy r-semi-continuous maps
in fuzzy topological spaces which are generalizations of fuzzy semi-
open sets and fuzzy semi-continuous maps in Chang’s fuzzy topological
space and obtained their properties. P. Bhattacharya and B. K. Lahiri
[3] introduced the concepts of semi-generalized open sets and semi-
generalized closed sets in fuzzy topological spaces. In [9] we introduced
the concepts of r-semi-generalized fuzzy open sets, r-semi-generalized
fuzzy closed sets and r-semi-generalized fuzzy continuous maps in fuzzy
topological spaces and obtained their properties.
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In this paper, we introduce several types of r-semi-generalized fuzzy
compactness and fuzzy r-compactness in fuzzy topological spaces and
investigate the relations between these compactness.

2. Preliminaries

Throughout this paper, let X be a nonempty set, I = [0,1] and
Iy = (0, 1]. The family of all fuzzy sets of X will be denoted by IX. By
0 and 1 we denote the characteristic functions of ¢ and X, respectively.
For any p € IX, u¢ denotes the complement of y, i.e., u¢ =1 — p.

A fuzzy topology [1, 10], which is also called a smooth topology, on
X is a map 7 : IX — I satisfying the following conditions:

(01) 7(0) = 7(1) = 1;

(02) Y, po € T, 7(p1 A p2) > 7(p1) A T(p2);

(03) for every subfamily {j; : i € T} C IX, 7(User is) > Aier 7(1i)-

The pair (X, 7) is called a fuzzy topological space (for short, fts)
which is also called a smooth topological space.

DEFINITION 2.1[5, 7]. Let (X,7) be a fts. For u € IX and r € Iy,
the fuzzy r-closure of p is defined by

c(p,r) =Np e IX| p < p, 7(p°) =1}

and the fuzzy r-interior of p is defined by

int(p,r) = V{p e I*| p>p, 7(p) > r}.

For r € Iy, we call p a fuzzy r-open set of X if 7(u) > r and u a
fuzzy r-closed set of X if T(uc) > r.

DEFINITION 2.2[7]. Let (X,7) and (Y, 0) be fts’s and r € Iy. Then
amap f:(X,7) — (Y,0) is called

(1) a fuzzy r-continuous map if f~1(u) is a fuzzy r-open set of X
for each fuzzy r-open set p of Y, or equivalently, f=1(u) is a
fuzzy r-closed set of X for each fuzzy r-closed set u of Y.

(2) a fuzzy r-open map if f(u) is a fuzzy r-open set of Y for each
fuzzy r-open set p of X.

(3) a fuzzy r-closed map if f(u) is a fuzzy r-closed set of Y for each
fuzzy r-closed set p of X.
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DEFINITION 2.3[7]. Let (X, 7) be a fts, u € I and r € I.

(1) A fuzzy set u is called fuzzy r-semi-open if there is a fuzzy
r-open set p of X such that p < pu < cl(p,r).

(2) A fuzzy set p is called fuzzy r-semi-closed if there is a fuzzy
r-closed set p of X such that int(p,r) < p < p.

DEFINITION 2.4[7]. Let (X,7) be a fts. For y € I* andr € Iy, the
fuzzy r-semi-closure of p is defined by

scl(p,m) = N{p € I*| u < p, p is fuzzy r-semi-closed}.
and the fuzzy r-semi-interior of p is defined by

sint(p,m) = V{p € I*| n > p, p is fuzzy r-semi-open}.

DEFINITION 2.5[7]. Let (X,7) and (Y, 0) be fts’s and r € Iy. Then
amap f:(X,7) — (Y,0) is called

(1) a fuzzy r-semi-continuous map if f~1(u) is a fuzzy r-semi-open
set of X for each fuzzy r-open set u of Y, or equivalently, f=1 (1)
is a fuzzy r-semi-closed set of X for each fuzzy r-closed set u of
Y.

(2) a fuzzy r-semi-open map if f(u) is a fuzzy r-semi-open set of Y’
for each fuzzy r-open set u of X.

(3) a fuzzy r-semi-closed map if f(u) is a fuzzy r-semi-closed set of
Y for each fuzzy r-closed set p of X.

DEFINITION 2.6[9]. Let (X, 7) be a fts, u,p € IX and r € I.

(1) A fuzzy set u is called r-semi-generalized fuzzy closed (for short,
r-sgfc) if scl(p, ) < p whenever p < p and p is r-semi-open.

(2) A fuzzy set p is called r-semi-generalized fuzzy open (for short,
r-sgfo) if p is r-sgfe.

DEFINITION 2.7[9]. Let (X,7) be a fts. For u € I and r € Iy, the
r-semi-generalized fuzzy closure of p is defined by

sgel(p,r) = Mp € I < p, p is r-sgfc}.
and the r-semi-generalized fuzzy interior of u is defined by

sgint(p,r) = V{p € I’| n > p, pis r-sgfo}.
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THEOREM 2.8[9]. Let (X,7) be a fts. Then for u,A\ € I* and
r,s € I,

(1) sgcl(0,7) =0,

(2) p < sgel(p,r),

(3) sgcl(p,r) < sgcl(p,s) ifr <s,

(4) sgcl(p,r) < sgcl(A,r) if p < A,

(5) sgcl(p Vv A, r) > sgcl(u,r) V sgel(A, ),

(6) sgcl(sgcl(p,r),r) = sgcl(u,r).

THEOREM 2.9[9]. Let (X,7) be a fts. Then for u,A\ € I* and
r,s € o,

(1) sgint(1,7) =1,

(2) sgint(p,r) < p,

(3) sgint(u,r) > sgint(u,s) if r <s,

(4) sgint(u,r) < sgint(\,r) if p < A,

(5) sgint(u AN, r) < sgint(u,r) A sgint(\, 1),
(6) Sgint(sgint(u, r),r) = sgint(u,r).

DEFINITION 2.10[9]. Let (X,7) and (Y,0) be fts’s and r € Iy and
let f:(X,7) — (Y,0) be a map.

(1) f is called r-semi-generalized fuzzy continuous (for short, r-
semi-gf-continuous) if f~1(u) is a r-sgfc set of X for each fuzzy
r-closed set p of Y.

(2) fiscalled strongly r-semi-generalized fuzzy continuous (for short,
strongly r-semi-gf-continuous) if f~!(u) is a fuzzy r-closed set
of X for each r-sgfc set p of Y.

(3) f is called r-semi-generalized fuzzy irresolute (for short, r-semi-
gf-irresolute) if f~!(p) is a r-sgfc set of X for each r-sgfc set u
of Y.

(4) f is called r-semi-generalized fuzzy open (for short, r-semi-gf-
open) if f(u) is a r-sgfo set of Y for each fuzzy r-open set p of
X.

(5) f is called strongly r-semi-generalized fuzzy open (for short,
strongly r-semi-gf-open) if f(u) is a r-sgfo set of Y for each
r-sgfo set p of X.

THEOREM 2.11[9]. Let (X, 7) and (Y, 0) be fts’s and r € Iy and let
f:(X,7) — (Y,0) be a map. Then the following are equivalent:
(1) f is r-semi-gf-continuous.
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(2) f~Y(w) is a r-sgfo set of X for each fuzzy r-open set u of Y.

THEOREM 2.12[9]. Let (X,7) and (Y,0) be fts’s and r € Iy. If
f:(X,7) = (Y,0) is a r-semi-gf-continuous map, then f(sgcl(p,r)) <
cl(f(u),r) for each u € IX.

THEOREM 2.13[9]. Let (X, 7) and (Y,0) be fts’s and r € Iy. Then
f:(X,7) — (Y,0) is a r-semi-gf-irresolute map if and only if f=1(u)
is a r-sgfo set of X for each r-sgfo set i of Y.

THEOREM 2.14[9]. Let (X,7) and (Y,0) be fts’s and r € Iy. If
f:(X,7) — (Y,0) is a r-semi-gf-irresolute map, then

(1) f(sgel(p,r)) < sgel(f(p),r) for each pu € I,
(2) sgel(f (1)) < £~ (sgel(p, ) for each € IV,
(3) f~Y(sgint(u,r)) < sgint(f~t(u),r) for each pu € IY.

THEOREM 2.15[9]. Let (X, 7) and (Y, o) be fts’s and r € Iy. If f :
(X,7) — (Y, 0) is a strongly r-semi-gf-open map, then f(sgint(u,r)) <
sgint(f(u),r) for each u € IX.

3. Results

A collection {y;| ¢ € T'} of fuzzy r-open sets of X is called a fuzzy
r-open cover of X if V;eru; = 1.

A collection {p;| i € I'} of r-sgfo sets of X is called a r-sgfo cover of
X if Vierp; = 1.

DEFINITION 3.1. Let (X, 7) be a fts and r € I.

(1) (X, 7) is called fuzzy r-compact if for every fuzzy r-open cover
{pi| i € T'} of X, there exists a finite subset Iy of I" such that
Vieropi = 1.

(2) (X, 7) is called nearly fuzzy r-compact if for every fuzzy r-open
cover {u;| i € I'} of X, there exists a finite subset I'y of I" such
that Vier,int(cl(ui,r),r) = 1.

(3) (X, 7) is called almost fuzzy r-compact if for every fuzzy r-open
cover {u;| i € T'} of X, there exists a finite subset I'g of " such
that Vier,cl(pi,r) = 1.
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DEFINITION 3.2. Let (X, 7) be a fts and r € I.

(1) (X,7) is called r-semi-generalized fuzzy compact (for short, r-
semi-gf-compact) if for every r-sgfo cover {u;| i € T'} of X,
there exists a finite subset I'g of I' such that V;cpr,pi = 1.

(2) (X,7) is called nearly r-semi-generalized fuzzy compact (for
short, nearly r-semi-gf-compact) if for every r-sgfo cover {u;| i €
I'} of X, there exists a finite subset Ty of T such that

Vierysgint(sgcl(ui,r),r) = 1.

(3) (X,7) is called almost r-semi-generalized fuzzy compact (for
short, almost r-semi-gf-compact) if for every r-sgfo cover { ;| i €
I'} of X, there exists a finite subset I'g of I' such that

Vierysgcel(pi,r) = 1.

(4) (X,7) is called r-semi-generalized fuzzy regular (for short, r-

semi-gf-regular) if each r-sgfo set p of X can be written as

p=V{p € I*|p is r-sgfo, sgcl(p, r) < p}.

THEOREM 3.3. Let (X,7) be a fts and r € Iy. Then (X,T) is
r-semi-gf-compact = (X, 7) is nearly r-semi-gf-compact = (X,7) is
almost r-semi-gf-compact.

Proof. Let (X, 7) be r-semi-gf-compact. Then for every r-sgfo cover
{pi| i € '} of X, there exists a finite subset I'g of I" such that V;ep, ;i =
1. Since p; = sgint(p;, r) for each i € T,

wi = sgint(u;,r) < sgint(sgcl(w;,r),r) for each ¢ € T'.

Hence 1 = Vier, i < Vier,sgint(sgel(pi,r),7), i-e., Vier, sgint(sgcl
(pi,r),7) = 1. Thus (X, 7) is nearly r-semi-gf-compact.

Now let (X, 7) be nearly r-semi-gf-compact. Then for every r-sgfo
cover {u;| i € I'} of X, there exists a finite subset I'g of I' such that
Vier,sgint(sgel (ug,7),7) = 1. Since sgint(sgcl(u;,r),7) < sgel(uq, )
for each i € T', 1 = Vier,sgint(sgcl (s, 7),7) < Vier,sgel(pi,r), i.e.,
Vierysgel(us,r) = 1. Hence (X, 7) is almost r-semi-gf-compact.

0]

THEOREM 3.4. Let (X,7) be a fts and r € Iy. If (X,7) is al-
most r-semi-gf-compact and r-semi-gf-regular, then (X, 1) is r-semi-gf-
compact.
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Poof. Let {u;| i € T'} be a r-sgfo cover of X. Since (X, 7) is r-semi-
gh-regular, pu; = Vj,es,{pj € I*| pj, is r-sgfo, sgcl(pj,,r) < p;} for
each i € I'. Since Vierpi = Vier(Vj,es,p;,) = 1 and (X, 7) is almost -
semi-gf-compact, there exists a finite subfamily {p; € IX| p; is r-sgfo, j €
J} such that Ve ssgel(pj,r) = 1. Since for each j € J there exists i € T
such that sgcl(p;,r) < p;, we have Vier,p; = 1, where I'y is a finite
subset of I'. Hence (X, 7) is r-semi-gf-compact.

O

THEOREM 3.5. Let (X,7) and (Y,0) be fts’s and r € Iy and let
f:(X,7) — (Y,0) be a surjective r-semi-gf-continuous map.If (X, 1)
is r-semi-gf-compact, then (Y, o) is fuzzy r-compact.

Proof. Let {u;| i € T'} be a fuzzy r-open cover of Y. Since f is
r-semi-gf-continuous, by Theorem 2.11 {f~(u;)| i € T'} is a r-sgfo
cover of X. Since (X,7) is r-semi-gf-compact, there exists a finite
subset T'g of T' such that Vier, f~' (1) = 1x. Since f is surjective,
ly = f(lx) = f(Viero/ ' (1i)) = Viero f(f 7' (1)) = Vieromi ie.,
Vieroii = ly. Hence (Y, 0) is fuzzy r-compact.

]

THEOREM 3.6. Let (X,7) and (Y,0) be fts’s and r € Iy and let
f:(X,7) — (Y,0) be a surjective r-semi-gf-continuous map. If (X, 1)
is almost r-semi-gf-compact, then (Y, o) is almost fuzzy r-compact.

Proof. Let {u;| i € T} be a fuzzy r-open cover of Y. Since f
is r-semi-gf-continuous, by Theorem 2.11 {f~1(u;)| i € T'} is a 1-
sgfo cover of X. Since (X,7) is almost r-semi-gf-compact, there ex-
ists a finite subset Ty of T' such that Ver,sgel(f~ (ui),r) = 1x.
Since f is surjective, 1y = f(1x) = f(Vier, sgcl(f~'(uw),r)) =
Vier, f(sgel(f=1(u;),r)). Since f is r-semi-gf-continuous, by Theo-
rem 2.12 f(sgd(fil(,ui)ﬂd)) < Cl(f(fil(,ui))ar)' Hence iY = Vier,
fsgel(f=H(pi),r)) < Viergd(f(f 7' (1)),7) = Vier,cl(ps,r). Thus
Vier, cl(pi,r) = 1y. Hence (Y, 0) is almost fuzzy r-compact.

0

THEOREM 3.7. Let (X,7) and (Y,0) be fts’s and r € Iy and let
f:(X,7) — (Y,0) be a surjective r-semi-gf-irresolute map. Then

(1) If (X, 1) is r-semi-gf-compact, then (Y, o) is r-semi-gf-compact.
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(2) If (X,7) is almost r-semi-gf-compact, then (Y, o) is almost r-
semi-gf-compact.

Proof. (1) Let {u;| i € I'} be a r-sgfo cover of Y. Since f is r-semi-
gf-irresolute, by Theorem 2.13 {f~1(u;)| i € '} is a r-sgfo cover of X.
Since (X, 7) is r-semi-gf-compact, there exists a finite subset Iy of T’
such that Viep, f~'(u;) = 1x. Since f is surjective, 1y = f(1x) =
F(Viero f M (1i)) = Viery f(f 71 (1)) = Vierotsi, ie., Viergpi = ly.
Hence (Y, 0) is r-semi-gf-compact.

(2) Let {u;] i € T'} be a r-sgfo cover of Y. Since f is r-semi-gf-
irresolute, by Theorem 2.13 {f~1(u;)| i € T'} is a r-sgfo cover of X.
Since (X, 7) is almost r-semi-gf-compact, there exists a finite subset
Ty of T such that Vier,sgcl(f~'(u;),r) = 1x. Since f is surjective,
Ty = F(ix) = F(Viery sgel (F7 (1)) = Vier, £(s9el(f(1:), ).
Since f is r-semi-gf-irresolute, by Theorem 2.14 f(sgcl(f~1(u;), 7)) <
sgel(f(f = (ui)), 7). Hence 1y = Vier, f(sgel(f~" (i), 7)) < Vier,sgel
(F(f~Y (1)), ) = Vier,s9cl(us, ) and so Vier, sgel(pi,r) = 1y . Hence
(Y, o) is almost r-semi-gf-compact.

O

THEOREM 3.8. Let (X,7) and (Y,0) be fts’s and r € Iy and let
f: (X,7) — (Y,0) be a surjective, r-semi-gf-irresolute and strongly
r-semi-gf-open map. If (X, T) is nearly r-semi-gf-compact, then (Y, o)
is nearly r-semi-gf-compact.

Proof. Let {u;| i € I'} be a r-sgfo cover of Y. Since f is r-semi-
gf-irresolute, by Theorem 2.13 {f~1(u;)| i € T'} is a r-sgfo cover of
X. Since (X, 7) is nearly r-semi-gf-compact, there exists a finite sub-
set Ty of T' such that Vier,sgint(sgcel(f~'(wi), r),r) = 1x. Since
f is sutjective, 1y = f(1x) = f(Vierosgint(sgel(f~" (1), r),r)) =
Vier, f(sgint(sgel (f = (ui),7), 7).

Since f is strongly r-semi-gf-open, by Theorem 2.15 f(sgint(sgcl
(f~Y(ws),7), 7)) < sgint(f(sgel(f~(u;),r)),r) for each i € T

Since f is r-semi-gf-irresolute, by Theorem 2.14 f(sgcl(f=1 (i), 7)) <
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sgel(f(f~1(us)),r). Hence we have

ly = Vier, f(sgint(sgel(f~*

(ki
< Vier,sgint(f(sgel(f =" (i),
< Vier,sgint(sgel(f(f(
= Vier,sgint(sgcl(wi,r),r).

Thus Vier,sgint(sgcl(pi,r),r) = 1y. Therefore (Y, o) is nearly r-semi-
gf-compact.
0
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