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EXISTENCE OF SIX SOLUTIONS OF THE NONLINEAR
SUSPENSION BRIDGE EQUATION WITH
NONLINEARITY CROSSING THREE EIGENVALUES

TACKSUN JUNG AND Q-HEUNG CHOI*

ABSTRACT. Let Lu = uy + Uzzze and E be the complete normed
space spanned by the eigenfunctions of L. We reveal the existence
of six nontrivial solutions of a nonlinear suspension bridge equation
Lu + but = 1+ eh(x,t) in E when the nonlinearity crosses three
eigenvalues. It is shown by the critical point theory induced from
the limit relative category of the torus with three holes and finite
dimensional reduction method.

1. Introduction and main result

In this paper we investigate the multiplicity of the nonlinear suspen-
sion bridge equation with Dirichlet boundary condition
T m

Ut + Uggza + but =1 + 6h<l’,t) in [_57 E] X R7 (11)
U(E 1) = u(£5,8) = 0, (1.2)
u is m — periodic in ¢ and even in = and ¢, (1.3)

where u™ = max{0,u}. The suspension bridge equation is considered
as a model of the nonlinear oscillations in differential equation. We
consider a one-dimensional beam of length 7 suspended by cables. When
the cables are stretched, there is a restoring force which is assumed to
be proportional to the amount of the stretching. But when the beam
moves in the opposite direction, then there is no restoring force exerted
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on it. If u(x,t) denotes the displacement in the downward direction at
position x and time ¢, then a simplified model is given by the equations
(1.1) with (1.2) and (1.3). McKenna and Walter [11] proved that if
3 < b < 15, then (1.1) with (1.2) and (1.3) has at least two solutions by
degree theory. Choi and Jung [4] also proved that if 3 < b < 15, then
(1.1) with (1.2) and (1.3) has at least three solutions by the variational
reduction method, with replacing the condition for u(¢,z) in (1.3) by

u is m — periodic in ¢ and even in x. (1.4)

Micheletti and Saccon [13] proved that there exists a number 05 > 0 such
that for any b with A, —d, < —b < A, and A, < A7 (1.1) with free-ends
boundary conditions, and replacing the right hand side of (1.1) by ¢ > 0
has at least four nontrivial solutions via the critical point theory on the
manifold with boundary induced from the limit relative category of the
Torus with one hole. In this paper we improve these results: We prove
that when the nonlinear part b crosses three eigenvalues, (1.1) with (1.2)
and (1.3) has at least six nontrivial solutions.

To state main result explicitly we need the following notations:

The eigenvalue problem

with (1.2) and (1.3) has infinitely many eigenvalues
A = (2n + 1)* — 4m? (m,n=0,1,2,...) (1.6)

and corresponding normalized eigenfunctions ¢,,, (m,n > 0) given by

2
bon = £ cos(2n+ 1)z for n >0, (1.7)
7T

2
Gmn = — cos2mtcos(2n + 1)x for m > 0,n > 0. (1.8)
7r

It is convenient for the following to rearrange the eigenvalues A,,, by
increasing magnitude: from now on we denote by (A, );>; the sequence

of the negative eigenvalues of (1.5) with (1.2) and (1.3), by (A );>1 the
sequence of the positive ones, so that

SN <L S SN AT SN <L <N <L (1.9)

We note that each eigenvalue has a finite multiplicity and that A\, —
—00, A\ — 400 as i — oo.
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THEOREM 1.1. For any b with \j < —b < A3, there exists ¢ > 0
depending on h and b such that if |e| < €, problem (1.1) with (1.2) and
(1.3) has at least six nontrivial solutions.

We are looking for weak solutions of (1.1) with (1.2) and (1.3), that is,
we are looking for critical points of a suitable functional J € C! on the
Hilbert space E. We prove our main result as follows: We first show that
the functional J satisfies Three holes Torus-Sphere variational linking
inequality and the limit relative category of Torus with three holes is 4,
so by the critical point theory induced from the limit relative category
of the torus with three holes, we show that the functional J has at least
four nontrivial mountain pass type critical points. We also find two
nontrivial critical points by the finite dimensional reduction method, so
we obtain at least six nontrivial critical points of I. In section 5, we
recall the critical point theory induced from the limit relative category.

2. Variational approach

Let @ be the square [—7, 7] x [~F, ] and Ej the Hilbert space defined
by
Ey = {u € L*(Q)| uis even in z} (2.1).
The set of functions {¢,,,} is an orthonormal base in Ey. We define a
subspace E of Ej as follows

E={u€B|lu=> hmubmn: Y | Amnllhiy, <00}  (22)

with a norm
2 1
lll = 1 Pnl Pin) 2. (2.3)
Then this normed space E is complete. We consider an orthonormal
system of eigenfunctions {e; ,e;", i > 1} associated with the eigenvalues
{\;, A, i > 1} instead of the system {@,,, m,n > 0} Let us set

)

E" = closure of span{eigenfunctions with eigenvalue >0},  (2.4)

E~ = closure of span{eigenfunctions with eigenvalue < 0}.  (2.5)
We define the linear projections P~ : E — E~, P* : E — E*. Then
the norm in F is given by

[l = 127wl + [Pl (2.6)
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Let us define the functional on E corresponding to (1.1)
1
I(u) = / [5(_|Ut|2 + |uze]?) + g|u+|2 —u — eh(z, t)uldtde.  (2.7)
Q

By the following Proposition 2.3, I(u) € C' and the weak solutions of
(1.1) coincide with the critical points of I(u). We have some propositions
which are proved in [4].

PROPOSITION 2.1. (i) uy + Uyzer € E implies u € E.

(i) |lu|| > ||u||z2, where ||u||zz denotes the L* norm of u.
(iii) ||u|| = O iff |Ju||2z = 0.

PROPOSITION 2.2. Let w(x,t) € Ey and § not an eigenvalue of (1.5)
with (1.2) and (1.3). Then all solution in Eqy of

Ugt + Uggze + U™ = w(z,t) in Ey (2.8)
belong to F.

PROPOSITION 2.3. The functional I(u) is continuous and Fréchet dif-
ferentiable at each u in E/ with

DI(u)v:/62(utt+uzmx)v+b/Qu+-v—/@(l—i—eh(x,t))v. (2.9)

Moreover DI € C'. That is I € C".

By the following Lemma 2.1 and Lemma 2.2, (1.1) with (1.2) and
(1.3) has a positive (trivial) solution wuy.

LEmMA 2.1. For b > —1, the boundary value problem

) T 7 s
y D +byt =1in(—5,5),  ylE5)=y"(£5)=0 (2.10)
22 2 2
has a unique solution y, which is even and positive and satisfies
y'(—g) > 0 and y'(g) <0. (2.11)

For the proof see [11]. From Lemma 2.1 we can obtain the following
lemma.

LEMMA 2.2. Let b > —1, with b not an eigenvalue of (1.5) with (1.2)
and (1.2). Let h € E, with ||h|| = 1, be given. Then there exists ey > 0
(depending on b and h) such that if |e| < € (1.1) with (1.2) and (1.3)

has a positive solution uy.



Existence of six solutions of the nonlinear suspension bridge equation 5

Proof. From Lemma 2.1 the problem

T m T ™

—_ :|:_ — ! j:— — 0

has a unique positive solution yy. We note that if b is not an eigenvalue
of (1.5) with (1.2) and (1.3), then the following linear partial differential

equation

y@ + byt =1in (-

Ugt + Uggpze + bu = €h(x,t) in F (2.12)
has a unique solution u.. We can choose sufficiently small ¢y > 0 (de-

pending on b and h) such that if |e|] < €y then u. + yo > 0, which is a
solution of (1.1) with (1.2) and (1.3). O

Since (1.1) with (1.2) and (1.3) has a positive (trivial) solution, it is
convenient to look for solutions in the form u = ug + z, so that z is a
critical point for the functional J(w) = I(up + w) — I(ug), where

1
J(z):—/[—|zt|2+|zm|2]dtdx+é/ |z|2dtda;—9/ (o + =)~ [2dtda.
Q 2 Jq 2 Jq

2
(2.13)
Moreover
VJ(z)w = / (21t — Zgwze + 02 + b(up + 2) 7 )wdtdz. (2.14)
Q

Thus it is suffices to estimate the number of critical points of the
strongly indefinite functional J. To find the critical points of the func-
tional J we will describe the behaviour of J depending on the position
of —b with respect to the negative eigenvalues A, .

3. Existence of four critical points

In this section we will show that the functional J(z) has at least four
nontrivial critical points of mountain pass type via the critical point
theory induced from the limit relative category of the torus with three
holes. We assume that b is any number with A\, < —b < A;. Let us set

Xo = ET = closure of span{eigenfunctions with eigenvalue A > 0},
X = closure of span{eigenfunctions with eigenvalue A = A7 },
X, = closure of span{eigenfunctions with eigenvalue A = \; },
X3 = closure of span{eigenfunctions with eigenvalue A = \; '},

X4 = closure of span{eigenfunctions with eigenvalue A < A\ }.
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Then FE is the topological direct sum of the subspaces Xy, X, Xa, X3
and Xy, where X, X, and X3 are one dimensional subspaces. Let w;
be fixed elements of X;, ¢+ =1,2,3, and let p; > 0, Ry > 0 and R > Ry,
1 =1,2,3. We also set

Si(pi) ={z € Xil |zl = pi}, i=1,2,3.
Sz(ﬂz) — W; = {Z — wll z € Sz(pz)}y 9, = 1,2,3.

AL (S1(p1) — w1, Sa(pa) — wa, S3(ps) — ws, Xa)

={z=(z1 —w1) + (22 —ws) + (23 —w3) + 24| 2z € X;, i1 =1,2,3,
p1< |z —wi]| £ R, p2 < ||ze —ws|| £ R, p3 < |23 —ws|| <R,
[24]] < Ry, [I2]| < R},

SR(S1(p1) — wi, Sa(pa) — wa, S3(ps) — ws, Xa)
={z=(n—w)+ (20 —w2) + (23 —w3) + 24| z € X, 1 =1,2,3,
[2a]] < R, (|21 = will = p1, [lz2 — wall = p2, [lz5 — ws]| = ps,
Izl = R}
MNz=z1+20+23+2] 2 € X;, 1 =1,2,3,4,
lzall = Ri,  pr < lzn—wi|| SR, 2] = R w1 € Xu}
Mz=z1+20+23+24] z€X;, ,i=1,2,3,4,

[zall = Ry, po < lzo —wa| < R, ||z]] = R, ws € Xo}
Mz=z21+20+23+24] 2 € X, 1 =1,2,3,4, |z4]] = Ry,

p3 < |23 —wsl| < R |[2]| = R ws € X5}

We have the following Three holes Torus-Sphere variational linking in-

equality of J.

LEMMA 3.1. Let b be any number with \;, < —b < A\;. Then there
existr >0, p; >0,1=1,2,3, Ry >0, R > R; such that R > r and

sup I(z) <0< inf I(2),
2€X3 (S1(p1)—w1,92(p2) —w2,53(p3)—ws,X4) 2€5: (Xo®X1©X20X3)
(3.1)
inf I(z) > —o0 (3.2)
2€B-(Xo®X10X20X3)
and
sup [(Z) < Q. (33)

z€A%,(S1(p1)—w1,52(p2)—w2,53(p3)—ws,X4)
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Proof. First we will show that there exists » > 0 such that if z €
Sp(Xo® X1 @ Xo @ X3), then I(2) > 0. Let 2 = 29+ 21 + 20 + 23 €
Xo® X1 ® Xo® X3. Then P~ z5 =0 and P (z; + 25 + 23) = 0. We can
choose 1 > 0 such that if ||z|| < ry, then ug + P~ (21 + 22 + 23) > 0. let
us choose r > 0 with r < ;. Then we have, for z € Xy ® X; & Xy ® X3
with ||| <,

1 b
1) = g [+ s+ 5 [ (e

b
—-/ (o + =)~ [2dtda
2 Jq
1 1 b b
— —||P+z||2——||P_z||2—|——/ |z|2dtd:p——/|(u0—|—z)_|2dtdx
2 2 2 J, 2 J,
1 1 b
— —HPJFZ()H2——HP(21+ZQ+Z3)H2+—/’P+20’2dtd.ﬁ[
2 2 2 J,

b
+§/ |P_(Zl + 29 + 23)’2dtdl‘
Q

b
—3 / [(uo + Ptz + P~ (21 + 22 + 23)) " |*dida
Q

1 b 1 b
> = P+ 2 _/ P+ 2 WP~ 2 -1 7
> SIPtal g [ 1P+ SIP P14
1 b 1 b
S IP 2 (-1 + =) + S IIP 2l (-1 + =)
2 A7 2 pey
b
—-/ (Pr20) ]2 > 0
2Jo
since —1 + I/\Ib|>0’ -1+ |/\2,b‘>0, -1+ P\Ebl>0‘ Moreover we have that
b
inf I(z) > ——/ |(PT20)7|? > —o0.
2€ By (Xo®X16X28X3) 2 /g
Now we will show that
sup I(z) <O.

ze¥3 (51(p1)—w1,52(p2) —w2,53(p3)—ws3,X4)

Let z = (21 —w1) + (20 —w2) + (23 — w3) + 24 € X%(S1(p1) — wy, Sa(p2) —
U}2,53<p3)—1U3,X4), Z; € Sz(pz)7 1 =1.2.3. Since Xl@XQEBXg@X4 C E_,
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Pt((z1 —wy) + (22 — wa) + (23 — w3) + z4) = 0. Then we have
1 1 b b
I L e e S AL AT
1
= —SlIP7 (21 —w1) + (22 — wa) + (25 —ws) + z) |

/|P (z1 —wi) + (22 — w2) + (23 — w3)+z4)|

——/\uo—Pz |

1 b 1 b
< L 14— )P+ = (=14 —)p2
1 b
S(=1+ =) [[P7z4?
2 [Ad
< 0

smce—l—l—l/\‘>0 —1+m>0 —1+m>0 —1+m<0

—2 fQ ug — P~2)7|> < 0 and py, pa, p3 is a small number, there exists
R > 0 with R > r such that if z € Z%(Sl(pl) — w1, SQ(ﬂQ) — Wa, 83(p3) —
ws, Xy4), then J(z) < 0. Therefore

sup J(z) < 0.
2€5%(S1(p1)—w1,52(p2) —w2,S3(p3) —ws,X4)

Moreover if z € A%L(S1(p1) — wi, Sa(p2) — wa, S3(p3) — ws, X4), then
J(z) < i(-1+ W)HP_@HQ < 0. O

Let (E,), be a sequence of closed finite dimensional subspace of E
with the following assumptions: E, = E. & Ef where EX C E*, E. C
E~ foralln (Ef and E;, are subspaces of E), dim E,, < +o00, E,, C E,1,
Upen Fy is dense in E.

LEMMA 3.2. Let A, < b < A;. Then the functional J satisfies the
(P.S.)} condition with respect to (E,),, for any v € R.

Proof. Let (ky,), and (2,), be two sequences such that k, — 400 and
2y € Ey,, ¥Yn, J(z,) — v and VJ(z,) — 0. We claim that (z,), is

bounded. By contradiction, we suppose that ||z,| — oo. If w, = ENE
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we can suppose that w, — wy weakly for some wy € E. We have

Pr, VJ(z, 2J(zy, U
<Ekn—(),wn>: ( 2)+b/PEkn( 0 + wy) " Wy
[ 2n| [ Q [z
Uo _, U
b/PE (10 4w (-1 4w (3.4)
o "zl [
Passing to the limit to (3.4) we get
i b | e, (7220 + wn) "+ (2220 ) (20 )
m o) Wy) Wy Wn, Wnp,
n—oo Jo o IIZnH [z [
:b/ Pg, [wgwo + wy wg ] :b/ Pg, wywy = 0. (3.5)
Q Q
Thus wy = 0. Moreover we consider

( , Prw, — P w,) = ||PEknP+wnu2 + ”PEknP_wnH2

Iz

wy)” (PTw, — P~ w,).
(3.6)

Q Zn,

Going to the limit we get
1P *wol* + | P~ wol|* = 0. (3.7)

Hence w,, converges to 0 strongly, which is a contradiction. Thus (z,),
is bounded. We can suppose that z, — 2y weakly in E, for some zy in
E. We claim that z, converges to zy strongly. We have

(Pg, VJzp, Ptz — P~ 2,) = ||Pg, P z,||” + || Pp, P~ 2

+b/ PEkn[|P+zn|2+|P_zn|2]+b/ Pg, (uo+2,) (PT2, — P 2,) — 0.
Q Q
(3.8)

Thus we have

|[P*2|” + | P~ 20> — _b/ (1P 2> + | P~ 20|
Q

b /Q (o + 20)~(P*20 — P~20). (3.9)
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Thus || Pg, P 2z,||*+||Pg,, P~ znl|* = || Pg,, 2n||* converges. Thus z, con-
verges strongly(passing to a subsequence), hence Pg, z, — z strongly.
Therefore we have

VJ(z)=VJ(lim Pg, z,)= lim Pg, VJ(z,) = 0. (3.10)
Thus z is the critical point of J. m

LEMMA 3.3. Let b be any number with A, < —b < Aj. If z is a
critical point for J|x,ex,, then J(z) = 0 and there is no critical point
z € Xog @ X4 such that

0< inf J(z) < J(u) < sup J(2).

2€8- (XoDX1DX2PX3) 2€A3,(S1 (p1)—w1,S2(p2)—w2,S3(p3)—w3, X4)

(3.11)

Proof. We note that from Lemma 3.1, for fixed zy € X, the functional
zy — J(z0 + 24) is strictly concave in Xy, while, for fixed z, € Xy, the
functional zy +— (29 + 24) is weakly convex in X,. Moreover 0 is the
critical point in Xo & X4 with J(0) = 0. So if z = 2y + 24 is another
critical point for J|x,ex,, then we have

So we have J(u) = J(0) = 0, and the last statement of the lemma
follows. O

Now we will show that J has at least four nontrivial critical points of
mountain pass type in the subspace X; & Xy @ X3 of F.
Let Px,ex,ax, be the orthogonal projection from E onto X; & Xo ® X3
and
C = {z € B | Prioxsonazll 2 1}. (3.13)
Then C'is the smooth manifold with boundary. Let C,, = C N E,,. Let
us define a functional ¥ : E'\ {X, @ X4} — F by

Px,ex.0x57 1
U(z) = 2= 22 = Py oy, 2+ (1— P J2
( ) HPX1€9XQEBX32H Mot ( HleeaXQ@X3ZH) X10X20Xs
(3.14)
We have
1
VU (2)(w) =w — 5 (P, x20x, W
|| XIEBXQ@X::,ZH
PXlEBXzEBng PX1€BX2@X3Z (3 15)

- ||PX1®X2@X32H7 ||PX1®X2@X3ZH '
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Let us define the functional J : C' — R by
J=JoU. (3.16)
Then J € C!. We note that if 7 is the critical point of J and lies in the

loc*

interior of C, then z = W(Z2) is the critical point of J. We also note that

lgradzJ ()| > || Pxoex, VI (¥(2))]] Vz e oC. (3.17)
Let us set .
S, =V (S (Xo® X1 ® Xo® X3)),
B, =0 Y(B(Xo® X1 ® X2 ® X3)),
5% = TN EH(S1(p1) — wi, Salpz) — wa, S3(ps) — ws, X)),
A?z’% = ( ?é( 1(p1) — w1, Sa(p2) — wo, S3(p3) — ws, Xu)).

We note that Sr, B,, 23}’% and A% have the same topological structure as
S,, B, 3% and A% respectively.

LEMMA 3.4. Let b be any number with A\ < —b < \;. Then J
satisfies the (P.S.)% condition with respect to (Cy,),, for every real number
¢ such that

0< inf J(2) <é<
2€0—1(S(XoD X180 X28X3))
sup J(2), (3.18)

2eU—1(A%(S1(p1)—w1,52(p2)—w2,53(p3) —ws,X4))
where p1, p2, p3, r and R are introduced in Lemma 3.1.

Proof. Let (k,), be a sequence such that k, — 400, (Z,), be a se-
quence in C' such that 2, € Cy,, Vn, J(2,) — ¢ and gmdéﬂEkn (z,) — 0.
Set z, = ¥(2,) (and hence z, € Ey,) and J(z,) — ¢ We first consider
the case in which z, ¢ X, ® Xy, Vn. Since for n large Pg, o Px,ox,0x5 =
Pxiex,0%; © Pp, = Pxiex,ex;, we have

P, VJ(z) = Pg,, V' (2)(VJ(2n)) = V(%) (Pg,, VJ (2n)) — 0.

(3.19)
By (3.14) and (3.15),

Pg, VJz, — 0 or (3.20)

PXOEBX4PEanJ(zn) —0 and PX1€BX2@X3'ZTL — 0. (321)

In the first case the claim follows from the limit Palais-Smale condition
for J. In the second case Px,ax,Pr,, VJ(2,) — 0. We claim that (z,)n
is bounded. By contradiction, we suppose that ||z,|| — +oo and set
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Up to a subsequence w,, — wy weakly for some wy € Xoq® Xy4.

w. —
" HZ N
By the asymptotically linearity of V.J(z,) we have
VJ(z, VJ(z,
< ||Z( || )7wn> - <PX0€BX4PEkn || (H ) w >
VJ(z,
<—(2)’ X1€BX2€BX3ZN> — 0.
[0l
We have

V(2 2 (2
( <Z),wn>: (22)+b/( +wnwn+b/] )|
|2l |2l o llzll |2l

where z, = ((z,)1,- ., (2n)2n). Passing to the limit we get

lim b/( all +wn)wn+b/ I( all +wn)_|2:b/w0_war:0.
n=oe - Jq |zl o =l Q

Thus wy = 0. On the other hand we have

VJ(zn _
<PX0€BX4PEkn H ( H ) P*wn - P wn)

= || Px, PTwall* + || Px, P~ wall* + bPxoex, Pry, /(\P+wn\2 + [P w,|?)
Q

Uo

+bPX0@X4PEkn /( + wn) (PJr’wn — Pf’wn) — 0.

Q llznll

Since w, converges to 0 weakly, ||Px, PTw,|* + || Px, P~ w,|* — 0.
Since || Px,ex,0xsWnll> — 0, w, converges to 0 strongly, which is a
contradiction. Hence (z,), is bounded. Up to a subsequence, we can
suppose that z, converges to zy for some zg € Xg ® Xy. We claim that
z, converges to zy strongly. We have

<PX0@X4PEknvjzn;P+Zn — P72n>

= |1 Px, P, Pzl + | Px, P, P~ 2a®

bPxyox, Pr,. / (1P 2af? + 1P 2a?)
Q

+bPyyex, P, / (o + 2)~ (P2 — P~ 2).
Q
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Thus we have

HPXOPE'knPJran + \\PXLLPE;VHP*ZnHQ
— _PX0®X4[b/ (1P*20]* + | P~ 20[*) + b/ (uo + 20)~ (P20 — P~ 20)].
Q Q

That is, ||Px,Pg, P*zn||* + || Px,PE,, P~ zn||* converges.
Since ||Px,ex,ex:20]> — 0, ||2n]|* converges, so z, converges to z
strongly. Therefore we have

gradgJ(2) = grad;J(z) = lim Pg, gradcJ(z,)
= lim PEk"gradaj(in) = 0.

So we proved the first case. We consider the case Px,gx,ax,2n = 0, 1.€.,
zn € Xo® Xy. Then 7, € 0C, Vn. In this case z, = V(Z,) € Xo ® X4
and Px,ex,VJ(2,) — 0. Thus by the same argument as the first case
we obtain the conclusion. So we prove the lemma. Il

THEOREM 3.1. Let b be any number with \y < —b < A;. Then
there exist at least four nontrivial critical points z;, 1 = 1,2,3,4, in
X1 ® X5 & X3 of mountain pass type of the functional J such that
0< inf J(z) < J(z) < sup J(2),
265 (X0D X190 X280 X3) 2€A3,(S1(p1)—w1,S2(p2) —w2,S3 (p3) —w3, X 1)
(3.22)
where py, p2, ps, r and R are introduced in Lemma 3.1.

Proof. It suffices to show that J has at least four nontrivial critical
points of mountain pass type. By Lemma 3.1, J satisfies the Torus-
Sphere variational linking inequality, i. e., there exist pi, po, p3, 7 > 0
and R > 0 such that » < R and

sup J(2) = sup J(z) <
zexd 2€X%(S1(p1)—w1,52(p2) —w2,S3(p3) —ws, X4)
0 < inf J(z) = inf j(,%),
2€Sr(XoDX1DX20X3) z€Sy
sup J(%) = sup J(z) < o0
zend, z€A%(S1(p1)—w1,52(p2)—w2,S3(p3)—w3,X4)
and
inf J(2) = inf J(z) > —o0.

3€B, 2€Br(Xo®dX1BX20X3)
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By Lemma 3.4, J satisfies the (P.S.)% condition with respect to (C)y
for every real number ¢ such that

0 < inf J(2) < &< sup J(3). (3.23)
Let
Y3 = %51 (p1) — wi, Sapa) — wy, S3(p3) — ws, Xy4) N E,,
A = AR(S1(p1) — wi, S2(p2) — wa, S3(ps) — ws, X4) N By,
83 =33NE, Al=ALNE,.

We claim that

cat g, v (A3) = 4. (3.24)
In fact, we consider a continuous deformation 7 : S,\ X x [0, 1] — S,\ X
such that }
o r(z,0) =z, Vxe S.\Xo,
or(z,t)=x, Yo €5, N(X;®X,® X3), Vtelo,1],
oer(z,1) €S, N (X1 8 X, @ X;3), Vo e S\X,.
Now we can define, if © = xg + 2123 + 14 € Xo @ (X1 ® Xo & X3) & Xy,
t€10,1],

T123 + Ty
123 + 24|
Using rq, it is easy to construct, for all n, a continuous deformation
N 2 Cp x [0,1] — C,, such that
o N, (x,0) =2, Ve,

o nu(x,t) =z, Yoe A3 Vtelol1]
e nu(z,1) € A3, Vi eC,,
o nu(x,t) € C,\S,, VxeC,\S,, VYtel01].

The existence of 7, implies that
cat e, sy (A%) = cat 5 5 (A7) (3.26)

We note that the pair (A3,3) is homeomorphic to the pair (A3, %3)
and the pair (A3,33) is homeomorphic to the pair (BP™ x {(S©~! —
wy) U (ST —wy) U (8B —w3)}, P x {(ST1 —wy) U (S22 —wy) U
(8571 —w3)}), where p =dim X, NE,, ¢ =dmX, NE, =1, ¢ =
dmX, NE, =1, g3 = dmX3NE, =1 and B", 8" denote the r-
dimensional ball, the r-dimensional sphere, respectively. Thus the pair
(A3.%33) is homeomorphic to the pair (B! x {(ST~1 —w;) U (§=~! —
wo) U (8B —w3)}, 8P x {(S! —w) U (827! —wy) U (8B —w3)}).

ri(x,t) = xo + ||w123 + za|r( t). (3.25)
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This fact and the facts that ¢; = 1, ¢ = 1,2,3 and (b) of (3.7) in [7]
imply that
Cat(cn,ig)(A%) =4.

Thus we have

cat’(kai%)(AgR) =4. (3.27)
Let us set
A ={AcCC| Catzc,i%)(A) >1}, Ay ={ACC(] cat’(kc’i%)(A) > 2},
(3.28)

As ={ACC| catzai%)(A) >3}, Ay={AcCC(] cat’{c’z%)(A) >4}

Since catsz’Z%)(A?;z) =4, A% € A;,i=1,2,3. Let us set

5 = inf sup J(2), & = inf supJ(Z .
¢ = jnf SEEEJ(Z)’ G XgAQEEEJ(Z)’ (3.29)

= inf supJ(3), G = inf supJ(3)
= ). 6= ol s
We first claim that ¢; < oo, 1 = 1,2,3,4. In fact, from the facts that

sup J(z) < o0
z€A%(S1(p1)—w1,52(p2)—wa,S3(p3)—w3,X4)

in Lemma 3.1 and A?j% e A;,i=1,2,3,4, we have that

é = inf sup J(2)

A€A; cA
< sup J(2) = sup J(z) < 00
26&;’? z€A3,(S1(p1)—w1,S2(p2) —w2,53(p3)—ws3,X4)

for i = 1,2,3,4. We also claim that sup__ J(2) < &, i=1,2,3,4. In
~ R
fact, for any A € A; with X% C A, i =1,2,3,4,

sup J(2) < sup J(2), (3.30)
zexs, zed
and hence
sup J(2) < inf supJ(2) =&, i =1,2,3,4. (3.31)
= A€A; zeA

ey
zZeXy

By Lemma 3.4, J satisfies the (P.S.)% condition with respect to (Cy)n
for any real number ¢ with 0 < inf; g J(2) < ¢ < sup,_, s J(2). Thus,
T z R
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by Theorem 5.1, there exist four nontrivial critical points 21, 22, 23, 2
of mountain pass type of the functional J such that

G=Jz), G=J%), é&=J%), &=Jz). (3.32)
We claim that

inf J(2) <@ <é <é<é < sup J(2). (3.33)
ZESy EE&%
Since ccuf’("qi?})3 )(A%) =4, AE? € A, and hence
¢, = inf sup J(2) < sup J(2), VA € A, (3.34)
A€A4 3¢ ,%EA?%

For the proof of ¢, > inf. g J(%), we construct a deformation 7, :
Cn\Sr x [0,1] — C’n\Sr, for all n, such that
e 1) (2,0) =z, Vo€ C,\S,,
o1 (z,t) =z, VreX3, Vtel01l]
o 7 (z, 1)62?3 Vo e C,.
Actually 7/, can be defined by taking the retraction of 7, on C, \S
followed by a retraction of A3\S, to ¥3. The existence of 7/, for
all n, implies that any A € A; must intersect S,. So sup.J(A) >
inf, ¢ J(2) VA € A;. Sowe have ¢ = inf g4, supscq J(2) > 1nf~€S J(2).
Therefore there exist at least four nontrivial critical points 21, 25, 23, 24
for the functional J such that

inf J(2) < J(4) < J(%) < J(%) < J(Z) < sup J(3). (3.35)

ZE5, zend,
Setting z; = V(Z;), ¢ = 1,2,3,4, we have

0 < inf J(z) = inf J(2) < J(z1) < J(2,)

ZE T EGST‘

< J(z3) < J(z4) < sup J(Z) = sup J(2). (3.36)
zens, z€AL
We claim that Z; ¢ 0C, that is z; ¢ X, @ X4, which implies that z;
are the critical points for J in X; @& X, @ X3. For this we assume by
contradiction that z; € Xy @ Xy. From (3.17), Px,ex,VJ(zi) = 0,
namely, z;, ¢ = 1,2,3,4, are the critical points for J|y,sx,. By Lemma
3.3, J(z;) = 0, which is a contradiction for the fact that
0< inf J(z) < J(z) <

2€8r(XoDX1DX20X3)
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sup J(2), i=1,2,3,4. (3.37)
z€A%,(S1(p1)—w1,52(p2)—w2,53(p3) —w3,X1)
By Lemma 3.3 there is no critical point z € Xy & X4 such that
0< inf J(z) < J(z)
2€SH( XoDX10X2DX3)
< sup J(z).
2€A% (S1(p1)—w1,592(p2)—w2,53(p3)—ws,X4)

Hence z; ¢ Xo @ Xy, i = 1,2,3,4. This proves Theorem 3.1. [

4. Proof of Theorem 1.1

In this section we will use finite dimensional reduction method to show
that J has the fifth and the sixth critical points and prove Theorem 1.1.
Let V = X; & Xy & X5 and W be the orthogonal complement of V' in
E. Let P : E — V denote the orthogonal projection of E onto V' and
I — P : E— W denote that of F onto W and z =v+w,veV,weW.

LEMMA 4.1. Let b be any number with A}, < —b < \; and v € V be
given. Then we have:
(i) There exists a unique solution w € W of the equation

Wit + Wagaew + (I — P)[b(v +w) 4+ b(ug +v+w)"] =0 in W. (4.1)

If we put w = 0(v), then 6 is continuous on V' and we have

VJ(v+0(v))(w)=0 for all we W. (4.2)
In particular, 6 satisfies a uniform Lipschitz condition in v with respect
to the L? norm (also the norm || - ||).

(i) If F :V — R is defined by F(v) = J(v + 6(v)), then F has a
continuous Fr‘echet derivative VI with respect to V and

VE()(h) = VJ(v+0(w)(h)  foral heV. (4.3)

If vy is a critical point of F, then vy + 6(vy) is a critical point of J and
conversely every critical point of J is of this form.

(iii) If vo+ O(vp) is a critical point of mountain pass type of J, then vy
is a critical point of mountain pass type of F.

Proof. The reader is referred to Lemma 2.2 of [4] for the proofs of
part (i) and part (ii).
(iii) Suppose that vy is not of mountain pass type of F. Let M be an
open neighborhood of vy in V' such that either F~!(—o0, F(vg)) N M is
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empty or path connected. If F~!(—o0, F(vy)) N M is empty, by part
(i) we see that {v +w| v € M, w € W} N F'(—o0,J(vg + 6(vg)))
is also empty. Thus vy + 6(vg) is not of mountain pass type for J.
On the other hand if FF~*(—oo, F(vg)) N M is path connected, letting
N ={v+w|lv e M, |Jlw—-0(w)|]| < 1} and using (i) we have that
NNJ (=00, J(vg+0(1g))) is also path connected. This proves (iii). [

LEMMA 4.2. Let b be any number with \; < —b < A;. Then F(v) —
—00 as ||v|| — oo, so F' is bounded above and satisfies the Palais-Smale
condition: Any sequence {v,} C V for which F(v,) is bounded and
VF(v,) — 0 possesses a convergent subsequence.

Proof. For the proof refer to Lemma 2.4 and Lemma 2.7 in [4]. O

LEMMA 4.3. Let b be any number with A\; < —b < A;. Then there
exists a small open neighborhood B of 0 in V' such that in B, v = 0 with
value F'(0) = 0 is neither a minimum nor degenerate critical point of F.

Proof. Let v € V be given and 6(v) the unique solution of (4.1). Then
we have

Flv) = J(v+0(v)):/

Q
b b
+5lv+0()[* = Sl(uo + v+ 0(v))"[’ldtdz

1 2 2
= [ Iyl + o)

Loy / [~ - 00)e + a - O(0) 0 + b - 6(0)dbda
Q

5 (e B + s + 60l

2

(GO + 100 )+ 500

1 b
- / L1l + o) + Le?ldide + C.
Q2 2

where
1 2 2 b 2
C = /62[5(—|6’(v)t| 10(0)aal?) + S0(0)?]dtdr

Since 6 is a continuous function, there exists a small neighborhood B of 0
in V such that if v,€ B, — 0, then 6(v) — 6(0) = 0, so ||8(v)|| = o(]|v]|-
Thus we have

C = o([[v]*)-
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Thus we obtain
Aa b AT b
%Hvlliz + §HUH%2 +o([[v]*) < F(v) < 71!!?1\!%2 + §HvHiz +o(][v]l*)

as |[v|| — 0 in B. Therefore 0 with F'(0) = 0 is neither a minimum nor
degenerate critical point. Thus the lemma is proved. O

LEMMA 4.4. (Deformation Lemma) Let X be a real Banach space
and I € C*(X, R). Suppose I satisfies the Palais-Smale condition. Let
N be a given neighborhood of the set K. of the critical points of I at
a given level c. Then there exists ¢ > 0, as small as we want, and a
deformation n : [0,1] x X — X such that, denoting by A, the set
{reX: I(zx) <b}:

(i) n(0,z)==z Vo € X,
(i) n(t,z) =z Vo€ AcocU(X\Acia), vt € 0,1],
(iii) (1, )(Aere\N) C Ac—e.

The proof of Lemma 4.4 can be found in [14].
PROOF OF THEOREM 1.1

By Lemma 4.3, 0 with value F(0) = 0 is neither a minimum nor
degenerate critical point of F'. Let B be a small open neighborhood
of 0. In section 3 we show that the functional J(z) has at least four
nontrivial critical points z;, i = 1,2, 3,4 of mountain pass type. Since
zi € X1 ® Xy ® X3 =V, these points are of the form z; = v; + 6(v;),
0(v;) = 0. By (iii) of Lemma 4.1, v;, 1 = 1,2, 3,4, are also critical points
of mountain pass type of F' with 0 < F'(v1) < F(v2) < F(v3) < F(vy).
Let C;, i = 1,2, 3,4, be the open neighborhoods of v;, 1 =1,2,3,4,in V
respectively such that BN C; N Cy N C3NCy = 0. Since F € CY(V, R)
is bounded from above, satisfies the Palais-Smale condition and F'(v) —
—o0 as ||v]] — oo (Lemma 4.2), max,cy F'(v) exists and is a critical
value of F'. Hence there exists a critical point vs of F' such that

F(vs) = max F(v). (4.4)
Let C5 be an open neighborhood of vs in V' such that BN C; N Cy N
Cs3NCyNCs = (). Since F(v) — —o0 as |[v|| — oo, we can choose
vo € V\(BUC,UCy,UC3UCyUCS5) such that F(vg) < F(vy). Let T' be
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the set of all paths in V' joining vy and v;. We write

c= Hg sgp F(v). (4.5)
Let " ={yeT: yNC5 =0} and

' = inf F(v). 4.

¢ = Inf sup (v) (4.6)

The Mountain Pass Theorem in [14] imply that

c= ;rellf; sgp F(v)

is a critical value of F. First we will prove that if F(vs) = ¢, then
there exists a critical point vg of F' at level ¢ such that v # vs (of
course vg # 0 since ¢ # 0 (this follows from the fact that 0 with value
F(0) = 0 is neither a minimum nor degenerate critical point of F' by
Lemma 4.3 and ¢ = max,cy F'(v) > 0)). We claim that if F(vs) = c,
then ¢ = ¢. In fact, since IV C I', ¢ < ¢/. On the other hand, ¢ < ¢ since
¢ is the maximum value of F. Hence ¢ = ¢/. Suppose by contradiction
K. = {vs}, By the above claim ¢ = ¢’. Let us fix ¢, n as in Lemma 4.4
with X =V, I =F, c=¢, N = Cs and taking € < 3(c— F(v1)). Taking
v € I such that sup., F' < c. From Lemma 4.4, n(1,-) oy € I' and

sup F(n(1,-) o) <c—e€<cg, (4.7)

which is a contradiction. Therefore there exists a critical point vg of F
at level ¢ such that vg # vs, v1, Vs, U3, ¢4, 0, which means that F'(v) has
at least six nontrivial critical points.
Second, we claim that if ¢ = F'(v;) < F(vs) for some i, i = 1,2, 3,4, then
there exists a critical point vg of F' at level ¢ such that vg # 0, vs, v;,
i=1,234 Let IV ={yeT: yNnC; =0, for some i, i = 1,2,3,4}.
Suppose by contradiction K. = {v;} for some i, i = 1,2,3,4. Let us fix
€, n as in Lemma 4.4 with X =V, [ =F, c=¢, N =C;, v; € C;, and
taking € < 5(c — F(v;)). Taking v € I'" such that sup., F(v) < c+e. By
Deformation Lemma 4.4, n(1,-) oy € Gamma and

sup F'(n(1,-)oy) <c—e<c,
which is a contradiction. Therefore, there exists a critical point vg of F
at level ¢ such that vg # 0, vs, v;, i = 1,2,3,4. which means that F'(v)
has at least six nontrivial critical points. Finally, if ¢ # F(v;) < F(vs)

for all ¢, then there exists a critical point vg of F' at level ¢ such that
ve # 0, vy, v; for all 4, i = 1,2,3,4 since 0 < F(v;) < ¢ < F(vs) and
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¢ # F(v;) for all i. Therefore F(v) has at least six nontrivial critical
points. Thus we prove Theorem 1.1.

5. Critical point theory on the manifold induced from the
limit relative category

Now, we consider the critical point theory on the manifold with
boundary induced from the limit relative category. Let E be a Hilbert
space and M be the closure of an open subset of E such that M can be en-
dowed with the structure of C? manifold with boundary. Let f : W — R
be a C!! functional, where W is an open set containing M. For apply-
ing the usual topological methods of critical points theory we need a
suitable notion of critical point for f on M. We recall the following no-
tions: lower gradient of f on M, (P.S.)* condition and the limit relative
category (see [7]).

DEFINITION 5.1. If u € M, the lower gradient of f on M at u is
defined by

- [ Vf(u) if u € int(M),
grady, f(u) = { Vi) +[< Vf(u),v(u) > v(u) ifuedM,

where we denote by v(u) the unit normal vector to OM at the point
u, pointing outwards. We say that u is a lower critical for f on M, if
grady, f(u) = 0.

Since the functional I(u) is strongly indefinite, the notion of the (P.S.)%
condition and limit relative category is a very useful tool for the proof
of the main theorems.

Let M,, = M NE,, for any n, be the closure of an open subset of E,, and
has the structure of a C? manifold with boundary in E,. We assume
that for any n there exists a retraction r,, : M — M,. For given B C F,
we will write B,, = BN E,,.

DEFINITION 5.2. Let ¢ € R. We say that f satisfies the (P.S.):
condition with respect to (M,,),, on the manifold with boundary M, if
for any sequence (k,), in N and any sequence (u,), in M such that
k, — o0, u, € My,, Vn, f(u,) — c, grad]T/[knf(un) — 0, there exists
a subsequence of (u,), which converges to a point u € M such that
grady, f(u) = 0.

Let Y be a closed subspace of M.
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DEFINITION 5.3. Let B be a closed subset of M with' Y C B. We
define the relative category catyy (B) of B in (M,Y), as the least integer
h such that there exist h + 1 closed subsets Uy, Uy,..., U, with the
following properties:

BCU()UUlUUUh,

Uy, ..., U, are contractible in M;

Y C Uy and there exists a continuous map F : Uy x [0,1] — M such
that

F(z,0) = z Va € Uy,
F(x,t) € Y VrxeY, Vtel01],
F([L’, 1) e Y Vz € U,.
If such an h does not exist, we say that caty;y(B) = +oc.
DEFINITION 5.4. Let (X,Y) be a topological pair and (X,), be a

sequence of subsets of X. For any subset B of X we define the limit
relative category of B in (X,Y"), with respect to (X,)n, by

cat’("X,Y)(B) = lim :Ego cat(x, v,)(Bn). (5.1)

Let Y be a fixed subset of M. We set
B; = {B C M| cat’(‘M’Y)(B) > i}, (5.2)
¢ = BlglfSi Sup f(z). (5.3)

We have the following multiplicity theorem.

THEOREM 5.1. Let ¢ € N and assume that
(1) & < +o0,
(2) sup,ey f(2) < ¢,
(3) the (P.S.);, condition with respect to (M,), holds.
Then there exists a lower critical point x such that f(z) = ¢;. If
Ci =Ci+1 = ... = Cjtk—1 = C, (54)

then

caty({x € M|f(x) = ¢, grady f(z) =0}) > k. (5.5)

Proof. Let ¢ = ¢;; using the (P.S.)’ condition, with respect to (M,),,
one can prove that, for any neighborhood N of

K.={z| f(z) =¢, grady f(z) =0}, (5.6)



Existence of six solutions of the nonlinear suspension bridge equation 23

there exist ng in N and § > 0 such that ||grady,| > § for all n > ny
and all z € E,\N with ¢ — 0 < f(z) < ¢+ 6. Moreover it is not difficult
to see that, for all n, the function f, : E, — RU {+00} defined by
fo=f(2),if x € My, fu(z) = +00, otherwise, is ¢-convex of order two,
according to the definitions of [6]. Then the conclusion follows using
the same arguments of [1, 7] and the nonsmooth version of the classical
Deformation Lemma. ]
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