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SOME CRITERIA OF FIBER PRODUCTS

SaNG-CHO CHUNG*

ABSTRACT. The purpose of this paper is to show that we give some
criteria of fiber products.

1. Introduction

In this paper all rings are commutative with identity. The purpose
of this paper is to show that we give some criteria of fiber product.
Fiber product is one of the basic tools constructing Projective modules.
Mandal[1] gave a criterion of fiber products (cf, Lemma 2.1 (2)). we have
an extended criteror of fiber products in Theorem 2.2. We introduce the
definition of the fiber product.

DEFINITION 1.1. ([1], Definition 2.1.1.) Let R be a commutative ring
with identity and let M, My, M and N be R-modules. Let f; : M — N
and fo : My — N be homomorphisms of R-modules. The fiber product
of My and My over N is a triple (M, g1, g2), where g1 : M — M; and
go : M — My are R-linear maps such that fig1 = fogs and the triple
is universal in the sense that given any other triple (M’, ¢}, g5) of this
kind with f1¢] = fogh there is a unique homomorphism h : M’ — M
such that g1h = g} and g2h = g.
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Let fi: My — N and fs : My — N be maps and let p1 : M1 & My —
M and p2 : My & My — M> be natural projections.
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Then we have that

Im(fip1 — fap2) = {f1(m1) — fa(ma) : (m1,m2) € My © Ma}

where (fip1 — fap2)(m1,m2) = (fip1)(ma, ma) — (fap2)(m1, mz) for all
(my,mg2) € My ® My and

Ker(fip1 — fop2) = {(m1,m2) € M1 © Mz : fi(m1) = fa(ma2)}.

2. Main Theorem

In the following Lemma 2.1(2), Mandal shows a criteria of fiber prod-
ucts.

LEMMA 2.1. ([1] Proposition 2.1.1 and Proposition 2.1.2) Let R be
a commutative ring with identity and M, M, N be R-modules. Let
fi: My — N and fs : My — N be R-homomorphisms. Let

M = {(m1,mz) € M1 ® M>: fi(m1) = fa(ma)}.

Then we have the following.

(1) (M,pi|ap,p2|m) is a fiber product of My and My over N.
(2) The diagram

M —— M
g1

bl

M, — 2, N

is a fiber product diagram of M; and My over N if and only if
for each pair of elements my1 € My and mg € My with fi(m1) =
fa(ma) there is a unique element m € M with g1(m) = m; and
g2(m) = mao.

(3) If (M', g1,92) is a fiber product of My and My over N, then we
have
(i) there is a unique isomorphism h : M' — M such that (p1|p)h =

g1 and (p2|p)h = go.

(ii) Ker(g1) N Ker(g2) = {0}.
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Proof. (1), (2) and (3)(i) follow from ([1], Prop. 2.1.1 and Prop.
2.1.2).

(3)(ii) Let m € Ker(g1) N Ker(gz2). Then we have

0 =g1(m) = p1{ar(h(m)) and 0= ga(m) = pa|ar(h(m)).
Therefore
h(m) € Ker(pi|a) N Ker(p2|a)-
Since Ker(pi|ar) N Ker(pz2|ar) = {(0,0)}, we have
h(m) = (0,0)

and then m = 0. O

In the next Theorem 2.2, we have more extended criteria of fiber
products than Mandal’s.

THEOREM 2.2. Let M, M, Ms, N be R-modules. Let g; : M — M;
fori=1,2 and f; : M; — N for i = 1,2 be R-homomorphisms. Let
p; s My @& My — M; fori=1,2
be natural projections. Consider the map
(91,92) : M — My & My
where (g1, 92)(m) = (g1(m), g2(m)) for all m € M and
(fip1 — fapa) : Mh & My — N

where (fip1 — fap2)(m1,ma) = (fip1)(m1, ma) — (fap2)(my, ma) for all
(m1,mg) € M1 @ Ms. Then the following are equivalent.

(1) The following triple (M, g1, g2)

M —— M
g1

is a fiber product diagram of My and My over N.
(2) The following sequence

0 ML

is exact.
(3) For the diagram in (1), we have
(i) (g1,492) is injective.
(i) {(m1,ma) € My & Ma : fr(m1) = fa(m2)} C Im(g1, g2)-

91,92) M, @& M, M Im(f1p1 —f2p2) —— 0
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Proof. (1) = (2) Consider the sequence

0 M (91,92) My & M, fip1—fap2 Im(flpl . fng) - 0.

Clearly fip1 — faps is surjective.

We show that (g1, g2) is injective. Let m € Ker(g1,g2). Then (0,0) =

(91,92)(m) = (g1(m), ga(m)). That is
g1(m) =0 and g2(m) = 0.
Hence m € Ker(gi1) N Ker(g2). By Lemma 2.1(3), we have
m = 0.
. (g1, 92) is injective.
For all m € M, we have
(fip1 = fap2)((91,92)(m)) = (fip1 — fap2)(g1(m), g2(m))
= fi(g1(m)) — fa(g2(m)) = 0,
since f1g1 = fago. Hence we have Im(g1,92) C Ker(fip1 — fap2)-
Let (mi1,me) € Ker(fip1 — fap2). Then we have
0 = (fip1 — fap2)(mi,ma) = fi(m1) — fa(ma).
Therefore
fi(m1) = fa(ma).
By Lemma 2.1, there is an element m € M such that
g1(m) = mq and ga(m) = mao.
Hence
(m1,m2) = (g1(m), g2(m)) = (g1, g2)(m).
We have Ker(fip1 — fap2) C Im(g1, g2).
o Ker(fip1 — fap2) = Im(g1, 92)-

Thus the sequence (x) is exact.
(2) = (1) Suppose that the sequence

(

0 M 91,92) M, & M, M Im(flpl—f2p2) — 0

is exact.
For all m € M, we have

0= (fip1 — fap2) (91, 92)(m) = (fip1 — fap2)(g1(m), g2(m))
= fi(g1(m)) — fa(g2(m)).

Then we have

fi(gi(m)) = fa(g2(m)).

(%)
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o figr = fago.
Next we show that the triple (M, g1, g2) is universal. Let (M’, ¢}, ¢5)
be any triple with fi1g] = fag).

/
[ Y g1

x M,

g: f

Jf2

For each m’ € M’, we have

filgi(m')) = fa(ga(m')).
Hence we have (gy(m'), gh(m')) € Ker(fip1 — fap2) = Im(g1, g2). There
is an element m € M such that
(91, 92)(m) = (g1(m'), go(m)).
That is
g1(m) = g1(m’) and ga(m) = gy(m).
Define a map
h:M — M

by h(m') = m, where m' € M’ and m € M such that

(91(m"), g(m")) = (g1(m), g2(m)).

Since (g1, g2) is injective, h is a well-defined R-homomorphism. Further-
more, for all m’ € M'.

gi(h(m')) = gi(m) = gi(m/) for i = 1,2.

Thus we have

g1h = g1, g2h = gb.

Assume that there is an R-homomorphism A’ : M’ — M such that

gih" = g1, g2h’ = gs.

Then we have, for all m’ € M’
gi(h(m)) = gh(m') = g; (' (m")) for i = 1,2.
Therefore
h(m') — h'(m') € Ker(g1) N Ker(go).
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On the other hand, since (g1, ¢g2) is injective, we have Ker(g1)NKer(g2) =
{0} and then

h(m’) — h'(m') = 0.
Thus we have
h="H.

Therefore (M, g1, g2) is a fiber product of M; and M, over N.

(2) = (3) Clear.

(3) = (2) Since KeT(flpl—fgpg) = {(ml,mg) e M pMs: fl(ml) =
fa(ma)}, it suffices to show that

Im(g1,92) C Ker(fip1 — fap2).

But it follows that the diagram is commutative. O

COROLLARY 2.3. ([1], Example 2.1.3) With the same notation as in
Theorem 2.2, let S be a multiplicative closed subset of R. If

M—>M1

| |

My —— N
is a fiber product diagram of R-modules, then

Mg —— Mg

I

Mag —5. Ng

is a fiber product diagram of Rg-modules.

Proof. By Theorem 2.2, we have the exact sequence

0 M M; ® My —— Im(fip1 — fap2) —— 0.

Then since (My @ Msy)s = Mg @ Msg, we have the following exact
sequence

0 —— Ms —— Mis® Myg —— Im(figp1s — fosp2s) — 0.
Hence the conclusion follows from Theorem 2.2. O

DEFINITION 2.4. Let R, S,T,U be commutative rings with identity.
Let g : R— S, g0: R—T, fi : S —Uand fo : T — U be ring
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homomorphisms. The fiber product of commutative rings

R—— S

g1

lg2 lﬁ
f2

T — U

is defined as in Definition 1.1.
Next we define the fiber product for commutative rings.

THEOREM 2.5. Let R,S,T,U be commutative rings with identity.
Let g1 : R— S,90: R—T, fi : S — U and fo : T — U be ring maps.
Then the following

R— S
g1

l92 lfl
fa

T —— U

is a fiber product diagram of rings if and only if, for the ring homomor-
phism

(91,92) :R—Sa&T

defined by (g1,92)(r) = (91(r), g2(r)) where r € R and the ring homo-
morphism

fip1 — fap2 : S @ T — Im(fip1 — fap2)

defined by (fip1 — fap2)(s,t) = fi(s) — fa(t) where (s,t) € S& T, we
have

(i) (g1,92) Is injective.
(ii) Im(g1,92) = Ker(fip1—fap2) and therefore R = Ker(fip1— fap2).

PRrROOF: The proof is similar to Theorem 2.2. U

COROLLARY 2.6. We have the following.
(1) (See [1] Example 2.1.1) Let I, J be ideals of R. Then

R/InJ —2— R/I
lgz lfl
R/J —P R/I+J

is a fiber product diagram of rings.
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(2) (See [1] Example 2.1.2) Let s,t be elements of R such that Rs +

R; = R. Then
M —— M,
s

[ |
My, —L— My,
is a fiber product diagram of R-modules.
Proof. (1) Consider a ring homomorphism
(g1,92) : R/ INJ — R/I®R/J
and a map
fipr = fap2 : R/I @ R/ J — Im(fip1 — fap2).

Then clearly (g1, g2) is injective.
Forallr+INnJe R/INJ,

(fip1 — fop2)(g1,92)(r + 1N J)
= (fip1 — fop2)(g91(r), g2(r))

= (fip1 — fop2)(r+I,r+J) = fi(r+1)— fa(r+J)
= r+{U+J)—r+UT+J)

= 0+ +J)

Thus Im(g1,92) C Ker(fip1 — fap2).
Let (r+ 1,5+ J) € Ker(fip1 — fap2). Then

r—sel+J
There is ¢ € I, 5 € J such that
r+1=s+7.
Let u =r 414 € R. Then we have
(g1,92)(u+1INJ) = (u+TLu+J)=(r+i+I,r+i+J)
= (r+i+Ls+j+J)=(r+1s+J).
Therefore Ker(fip1 — fap2) C Im(g1,92) and then
Ker(fip1 — fap2) = Im(g1, g2).-

Hence the conclusion follows from Theorem 2.5.
(2) Consider the following sequence

0 M (9s,9t) M, ® M, fsps—fipt Im(fups — fipe) 0.
Clearly fsps — fip: is surjective.
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Let m € Ker(gs,¢:). Then we have

(0,0) = (g5, 9¢)(m) = (m/1,m/1) € My & M.

Hence there is non-zero integer u, v such that
s¥m =0 and t"m =0.
Since Rs“ 4+ Rt" = R, there is elements a,b € R such that
as® + bt" = 1.
Then
m = (as" + bt")m = as"m + bt"'m = 0.

Therefore (gs, g¢) is injective.
Next for all m € M,

(fsps - ftpt)(957 gt)(m) = (fsps - ftpt)(gs(m)v gt(m))

= (fsps— fepe)(m/1,m/1) = m/1—m/1 = 0.

Thus Im(gs, gt) C Ker(fsps — fipt)-
Let (m/s",m'/t") € Ker(fsps — fipt). Then we have

0 = (fsps — fipe)(m/s",m'/t?)
= folm/s") = f(m'/t")
= t"m/(st)" — s'm’/(st)"
= [(st)"t"m — (st)"s"m']/(st)"".
Hence there is a non-zero integer ¢ such that
(st)'((st)"t“m — (st)"“s'm/) = 0.

oSV = ST gty

Since Rs'TUtY 4 Rt"Tu+Y = R, there is elements z,y € R such that

x8i+u+v + yti+u+v - 1.

i+vm — Si-l—vm(l,si—i—u—l—v + yti+u+v)
_ 82i+u+2v$m+si+vti+utvym

822+u+2vxm + Sz—i-vtz-l—usuym/
= sz+”s“(sl+”xm + t”“ym’).
Hence we have

(s xm + t T ym’) /1 = m/s" in M.
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On the other hand,
tiJruml — ti+uml(xsi+u+v + yti+u+v)
_ ti—l—usi—&—vsuxml + t2i+2u+vym/

tz+u81+vtvxm + t2@+2u+vym/

rm +
Hence we have
(s am + T ym’) /1 = m'/t¥ in M,.
Let n = st?xm + t"%ym/ € M. Then we have
(9s,90)(n) = (g5 g1) (s am + tym)
= (gs(s"0zm 4+t ym/), g (s am + tTym’))
— (Sz‘—i-vzm + ti+uym'/1, Sz‘-i-vl,m + ti—i—uym//l)
= (m/s",m/t").
Thus Ker(fsps — fipt) € Im(gs, g¢) and then
Ker(fsps — fipt) = Im(gs, gt)-

Hence the conclusion follows from Theorem 2.2.
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