JOUTRNAL OF THE
CHUNGCHEONG MATHEMATICAL SOCIETY
Valume 21, No. 4, December 2008

TAME DIFFEOMORPHISMS WITH ('!-STABLE
PROPERTIES

AMANSEOB LEE*

ABSTRACT. Let f bhe a diffeomorphisms of a compact ¢
manifold, and let p be a hiperbolic periodic point of f. In
this paper. we prove that if generically, f ix tame diffeomor-
phims then the following conditions are equivalent: (i) f is
Q-stable, (ii)f has the ("l-stable shadowing property (iii} f
lias the ("l-stable inverse shadowing property.

1. Introduction

Let A be a closed C* manifold. and let Diff(Af) he the space of
diffeomorphisms of M endowed with the Cl-topology. Denote by d
the distance on M induced from a Riemannian metric || - || on the
tangent bundle TA{. In [2], the authors proved that if generically,
f is tame diffeomorphisms then the following two conditions are
equivalent:

- f iz hyperbolic(i.e.. structurally stable, or equivalently Axiom
A with the transversality condition)
- [ is shadowable.

DEFINITION 1.1. [1] Let f € Dift(Af). Then f is tame diffeo-
morphisms it f satisfies the following conditions:

- Oy = U, Alp), where A(p;) = HrT(pL) fori=1.,-.m
- Alp) N A(p;) = o for i # Ju

Received October 07, 2008; Accepted November 20. 2008.

2000 Mathematics Subject Classification: Primary 37B20, 37C29; Sec-
ondary 37D20.

Key words and phrases: homodclinic class, ("l-stable shadowing, (*l-stable
inverse shadowing, generic, chain component, hyvperbolic.



320) Manseob Lee

- Alp;) are transitive sets, for i = 1.--- .1, where every p; are
hyperbolic saddle of f.

In this paper, we study that if generically, f is tame diffeomor-
phisms then the following notions are equvalent; (2 stable, (''-stable
shadowing property and C'-stable inverse shadowing property.

Let us he more precize. Let X be a compact metric space with
metric d, and let Z{X) denote the space of homoemorphisms on X
with the C%metric dy. Let f € Z(X). For § > 0. a sequence of
points {x;}°_, in X is called a §-pseudo-orbit of fif d(f(x:),rip)) <
6 for alla < ¢ < b—1. For given x. y € X. we write & < y if for any
6 > 0. there is a d-pseudo-orbit {x;}2_ (a < b) of f such that «, = x
and xp = y. The set of points {x € X : & < &} iz called the chein
recurrent set of f and is denoted by R{f). If we denote the set of
periodic points of f by P(f). then P(f) C Q(f} C R(f)}. Here Q(f)
is the non-wondering set of f. The relation ~ induces on R{f)
an equivalence relation. whose classes are called chain components
of f. Let A C X be a closed f-invariant set. We say that f|4 has
the shadowing property if for every € > 0 there iz ¢ > 0 such that
for any é-pseudo-orbit {r;}?_, C A of f(—=x < a < b < ), there
is y € M. f-e-shadowing the pseudo-orbit, i.e., d(f*(y), r;) < ¢ for
all @ < 7 < b — 1. This property does not depend on the metric
used and is preserved under topological conjugacy. Note that f|a
has the shadowing property if and only if f*|4 has the shadowing
property for n € Z\ {0}.

Let XZ be the compact metric space of all two sided sequences
¢ ={xy: ke Z}in X. endowed with the product topology. For
a constant ¢ > 0 and f € Z(X). let ®/(d) denote the set of all
é-pseudo orbits of f. A mapping ¢ : X — $;(d) C X% satisfving
)y = x. v € X, is said to be a é-method for f. For convenience,
write p(x) for {@(a) }rez. Say that ¢ is continuous §-method for f
if i is continuous. The set of all s-methods[respectively, continuous
d-methods| for f will be denoted by To(f. d)[respectively. T.(f,)].
Every ¢ € Z(X} with dy(f,g) < ¢ induces a continuous é-method
s 0 X — XZ for f by defining ¢,(r) = {¢"(r) : k € Z}. Let
Tn(f.0) denote the set of all continuous d-methods for f which
we introduced by homeomorphisms ¢ on X with da(f,g) < 4. Let.
A C X beaclosed f-invariant set. We say that f|4 has the inverse
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shadowing property with respect to a class 7, {a = 0.¢, h.d) if for
every € > 0 there is & > 0 such that for any d-method ¢ € T.{f. 4),
there is amap s : A — M satisfies d{( (). p(s(x)) < eforallae € A
and all n € Z. Note that f|s has the inverse shadowing property
with respect to 7,(a = 0. ¢. k) if and only if f*|4 has the inverse
shadowing property with respect to 7, for n € Z\ {0}{see, [7]).
Let M be as before, and let f € Diff(Af). It is well known that
if p is a hyperbolic periodic point of f with period & then the sets

Wepy={xe M: f"(x) = pasn— o} and
Wepy={re M: f7r) - pasn — x}

are ('-injectively immersed submanifolds of A7. Then W*¥(p, f) is
called stable manifolds and W*(p. f} is called unstable manifold of
p with respect to f.

A point » € W3 (p) N W*{p) is called a homoclinic point of f as-
sociated to p, and it is said to be a transversal homoclinic point of f
if the above intersection is transversal at r; i.e.. x € W3 (p)hW “(p).
The closure of the transversal homoclinic points of f associated to p
is called the transversal homoclinic class of f associated to p, and it
is denoted by HF (p). It is clear that H] (p) is compact f-invariant
sets. Transversal homoclinic classes are the natural candidates to
replace hyperbolic basic gets in non-hyperbolic theory.

Let f € Dift(Al}, and let A C A be a closed f-invariant set. We
say that A is locally mazimal it there is a compact neighborhood U

of A such that (), o5 f*(I)) = A

DEFINITION 1.2. We say that an f-invariant set A has the -
stable shadowing propertyfresp. Ct-stable inverse shadowing prop-
erty/if A is locally maximal in U7 and there iz a C'-neighborhood of
U(f) of fsuch that for any ¢ € U(f). ¢|a, has the shadowing prop-
erty [resp. inverse shadowing property]. Here Ay = [,z ¢" (U} and
which is called the continuation of Ay = A =(,.z f1{U).

THEOREM 1.3. Generically, f s tame then the following three
conditions are equivalent:

(a) f is Q-stable,
(h) f has the C*-stable shadowing property,
(¢) f has the C'-stable inverse shadowing property.
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Let f satisfy Q-stable. Then it well-known that f satizsfies both
Axiom A and the no-cycle condition. Thus we know the following
facts. Denote by F{AM) the set of f € Diff(Af) such that there is a
Cl-neighborhood U{f) of f with property that every p € P(g){¢ €
U(f)) is hyperbolic. Tt is proved by Havashi [6] that f € F(A)
if and only if f satisfies both Axiom A and no-cycle condition.
Therefore. we are going to make using this result to prove. We
prove that the equivalence {(a) < (¢) and {a) < (b).

2. Proof of the Theorem

Let A be as before, and let f € Diff(Af). The following so-called
Franks' lemma will play essential roles in our proofs.

LEMMA 2.1. Let U(f) be any given C''-neighborhood of f. Then
there exists ¢ > 0 and a C'-neighborhood Uy(f) C U(f) of [ such
that for given g € Us(f), a finite set {xy.rs.-++ .xN}, a neighbor-
hood U of {xry.ra2,- -+ .rn} and linear maps L; - Ty, M — T, M
satisfving ||L; — D,g|| < ¢ for all 1 <i < N, there exists g € U(f)
such that glx) = glx) if » € {xy, 700+ .ox} U (M \ V) and
D,y=L;foralll1 <i<N.

Proof. See [[3]. Lemma 1.1]. O

Given an open subset U of Diff(M), a subset G of U Is said to
be residual In U If G containg a countable intersection of open and
dense subsets of . If P is a property of f € U, we say that this
property is generic in U if {f € U : [ satisfies P} is residual in
U. From [3|, we know that generically HfT(p) = C¢{p) for any
hyperbolic saddle point p € M.

LEMMA 2.2. [3] There exists a residual subset Gy of Diff (M) such
that if f € G, then HfT (p) = Cy{p). where p is a hyperbolic periodic
point of f.

From [1]. the author mentioned tame diffeomorphisms which is
shortly, if generically, f admits a spectral decomposition then there
exists an open neighborhood U(f) of f such that if ¢ € U(f), then g
admits a spectral decomposition. And so. in [2] the authors consider
the following lemma.
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LEMMA 2.3. [2] There exists a residual subset G, C Diff (M)
such that f € Gy then [ is tame.

REMARK 2.4. Note that the identity map id of the unit interval 7
and a rotation map p of the unit circle ST do not have the shadowing
property[resp. inverse shadowing property].

LEMMA 2.5, Let A be closed f-invariant set. Suppose that A has
the C'-stable shadowing property [resp. inverse shadowing prop-
erty] for f. Then there exists a C'-neighborhood V{(f} C U(f) of
f such that for each g € V(f), every ¢ € A, N P(g) is hyperbolic.
where Ay = [,ez ¢"(L7) for a small neighborhood U of A.

Proof. See the proof of [[8]. Lemma 5.5 and [10]. Lemima 3.2]. O

PROPOSITION 2.6. Let f € G, N G,. Then f has the Cl-stable
shadowing property if and only if f is Q-stable.

Proof. We show that "only if part™; Let f € Gy N G,. Then f is
tame and H7 (p) = C¢(p). where pis a hyperholic saddle of f. Since
f is tame and H?(p) = C¢(p). we know that Q(f) = A(p ) UA(p2)U
- UA(p,). where A(p;) = Hf(pi) and p; are hyperbolic saddle for
i=1.-++ .n And so, we will show that for fixed i, H}“( i) = Crlp)
is hyperholic. Then for each ¢, A{p;) are hyperbolic and f is -
stable. Let A(p;) = A for fixed 7 and let A be a compact f-invariant
set which has the ('-stable shadowing property. Then there are a
compact neighborhood [7 of A and a C'-neighhorhood U(f) of f
and such that for any ¢ € U(f),g|s, has the shadowing property,
where Ay = (e ¢"(I7). Since f is tame, we have Ay(p,) = H] (p,).
By [R]{see, Theorem 3) A iz hyperbolic. And so, for each 7, A(p;)
are hyperbolic. This means for all hasic sets are hyperholic. Thus
f e F(M) and so it is Axiom A and the no-cycle condition. Thus
f iz Q-stable.

Next we show that "if” part; We well-known that if f is Q-stable
then it satisfies both Axiom A and no-cycle condition. And so we
show that f satisfies both Axiom A and the no-cvele condition.
Thus, we may assume that f satisfies both Axiom A and the no-
cvele condition. Then Q(f) = P(f) is hyperbolic. And so P(f) is
locally maximal; i.e.. there exist a compact neighborhood 7 of Q( f)
such that Q(f) = [,ez f*(I7). By the stability of locally maximal
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hyperbolic sets, we can take a compact neighborhood U7 of Q2 f} and
a Cl-neighborhood U(f} of f such that for any ¢ € U{f). flaus
and ¢lag are conjugate, where Q(g) = (¢, ¢"(U). Since Q(f)
is hyperbolic for f. flais has the C'-stable shadowing property.
Thus ¢lay) has the shadowing property. This completes the proof
of Proposition 2.5. O

PROPOSITION 2.7. Let f € G, N G,. Then f has the Cl-stable
inverse shadowing property if and only if f is {2-stable.

Proof. This proof iz similarly to Proposition 2.5. O
! ) P

Therefore by Proposition 2.5 and Proposition 2.6, we can direct
to prove that Theorem 1.1. And so we get the following result
which obtained by Lemma 2.2 and [8. 10].

COROLLARY 2.8. Generically, let p be a hyperbolic periodic
point of f. Then Cl-stable shadowing property on chain compo-
nent Cy(p) if and onlv if C'-stable inverse shadowing property on
chain component Cy(p).

Proof. First we prove that “only if" part. Suppose Cy(p) is
C'l-stable shadowing property. Then there exist a compact neigh-
borhood U7 of C¢(p) and a Cl-neighborhood U{f) of f such that
for any g € U(f) gla, has the shadowing property, where A, =
Mnez ¢(U). By [8]. Cx(p) = HI (p) and Cy(p) is hyperbolic. And
s0, C¢(p) has the inverse shadowing property. By [12]. Cr(p) is lo-
cally maximal. Therefore, by the local stability hyperbolic invariant,
set theorem, Ay = (1,27 " ({7} and f|c, ¢ is conjugate g[s,. Thus
A, has the inverse shadowing property.

Next. we prove that "if part. Let f € G. Then by Lemma
2.2, Cy(p) = H}P(-p). Suppose C¢(p) is Cl-stable inverse shadowing
property. Then there exist a compact neighborhood 7 of C¢(p) and
a C'-neighborhood U({f) of f such that for any g € U(f) g|s, has
the inverse shadowing property, where Ay = [),cz ¢"(I7). By [10],
generically, Cr(p) is hyperbolic. And so, C¢(p) has the shadowing
property. By [12], Cy{(p} iz locally maximal. Therefore, by the
local stability hyperbolic invariant set theorem, Ay, = ), o5 ¢"(I7)
and f|c,p) i3 conjugate gly,. Thus A, has the shadowing property.
This completes the proof of Corollary 2.8. O
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