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ON THE CONVOLUTION OF EXPONENTIAL
DISTRIBUTIONS

MOHAMED AKKOUCHT*

ABSTRACT. The distribution of the sum of n independent random
variables having exponential distributions with different parameters
Bi (1 =1,2,...,n) is given in [2], [3], [4] and [6]. In [1], by using
Laplace transform, Jasiulewicz and Kordecki generalized the results
obtained by Sen and Balakrishnan in [6] and established a formula
for the distribution of this sum without conditions on the param-
eters 3;. The aim of this note is to present a method to find the
distribution of the sum of n independent exponentially distributed
random variables with different parameters. Our method can also
be used to handle the case when all 8; are the same.

1. Introduction

Let X1, ..., X,, be n independent random variables having exponential
distributions with parameters 3; (i = 1,2,...,n), i.e., every X; has a
probability density function fx, given by

Ix;(t) :== Biexp(—t5:) L(0,00) (1), (1.1)
for all real number ¢, where the parameter (3; is positive for all i =
L,2,...,n and [(g)(t) :=1if t > 0 and (g (t) := 0 for all £ < 0. The
sum of these random variables will be denoted by

Spi=X1+Xo+ ...+ X,. (1.2)

The distribution of the random variable S, is given in [2], [3], [4] and
[6]. In the paper [1], H. Jasiulewicz and W. Kordecki generalized the
reults obtained by Balakrishnan and Sen in [6]. They computed the
distribution of .S,, without assuming that all the parameters 3; are dif-
ferent. They reduced the problem to the one of finding the distribution
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of the sum of independent random variables having Erlang distributions.
All of the above problems are the special cases of a sum of independent
random variables with Gamma distributions. In the paper [5], A.M.
Mathai has provided a formula for such a sum. We point out that the
method used by the authors in [1] to get their results is based on the
use of Laplace transform.

The aim of this note is to present a method by which we compute the
convolution of exponential distributions with different parameters. The
method is exposed in Section 2. We show in Section 3 that this method
can also be used to handle the case where the parameters are the same.
Finally, for the sake of completeness, we end this note by recalling (in
Section 4) the result of H. Jasiulewicz and W. Kordecki [1] which solves
the general case.

2. Convolution of exponential distributions with different
parameters

The aim of this section is to present an alternative proof to the fol-
lowing result (see [1], [2], [3], [4], [5] and [6]).

THEOREM 2.1. Let Xi,...,X, be n independent random variables
such that every X; has a probability density function fx, given by

fx:(t) := Biexp(—tf;) L(0,00) (1) (2.2)

for all real number t, where the parameter 3; is positive for all i =
1,2,...,n. We suppose that the parameters 3; are all distinct. Then the
sum S, has the following probability density function:

Fou() =3 =21 o (—11) T (1), (2.3)
i=1 l:[l(ﬂj - B3i)
i

for all t € R.

Our proof will be done by mathematical induction and will use the
following algebraic observation.
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2.1. Observation.

Let n be a positive integer, let z1, ..., z, be n different complex num-
bers, and consider the following rational function:
1
F(z):=

ﬁ (2 — Z).
7j=1

Then the decomposition of F' as a sum of partial fractions gives the
following identity:

ey

(zj —2) i=1 (% —2)

(2.4)

Ega

(zj — 2i)

.
=

j.
J

Sl

2.2. Proof of Theorem 2.1

(a) We start by checking (2.3) for n = 2. To this end, let g be any
continuous and bounded function on th real line R. Let us compute the
following integral:

= /OOO /000 g(x1 + 22) 81 Bae” P1#15222) 4oy iy (2.5)

We set x; := y;2 for i = 1,2. Then from (2.5) we get
= 45152/ / gy +122) e BB )y dyy o (2.6)
We compute (2.6) by using the polar coordinates. Thus, we set y; :=

rsing and ya := rcos ¢, where 0 < r < oo and 0 < ¢ < 7. Then from
(2.6), by using Fubini’s theorem, we get

Ir(g) = 4B1 52 /OOO g(r?)r3 [/02 ¢~ (Bacos® o+Prsin’e) sin ¢ cos ¢ do

(2.7)
For every positive number r, we set
Lo(r) := /’2’ —r?(Bzcos”-+Brsin’0) sin ¢ cos ¢ d. (2.8)
0
Then we have
Lo(r) = e P2 /og T (B1—Pr)sin’¢ sin ¢ cos ¢ do. (2.9)
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We observe that

5 ey o | = )
—r#(B1—B2)sin’¢ s dp = —— 2.10
e sin ¢ cos ) .
/ 6 con g = S5 (2.10)
Hence
—r2By _ —r?B1
e e
Lo(r) = 2.11
2(7) 3725 = B) (2.11)
From (2.7) and (2.11), we obtain
Ir(g) = 20 / g(r?) [e*’% — e*rzﬁl} rdr. (2.12)
B — B2 Jo

We set ¢ := r2 in (2.12). Then we get

Iy(g) = /000 g(t) [ﬁfl—&& (e_tﬁl - e_tﬁ2)] dt. (2.13)

The equality (2.13) holding for every continuous and bounded function
g on R shows that the random variable S, has a probability density
function fg, given for all real number ¢ by

BiBa (g _—1p
fo, (t) = ﬁ (e th _ tﬂ) L(0.00) (1). (2.14)

We conclude that the formula (2.3) is satisfied for n = 2.

(b) Now we suppose that the formula (2.3) holds true for n and let us
prove it for n+1. So let X7, ..., X;, X541 be n+1 random variables such
that every X; has a density fx, given by (2.2), where f5,..., Bph41 are
distinct. We have S,,4+1 = S, + X,,+1. By assumption, we know that .S,
and X, are independent. Then by a well known result from Probabil-
ity theory, we deduce that S,11 has a probability density function given
for all t € R by the convolution

f5n+1 (t) = fSn * anJrl (t) (2.15)
then we have
= ST L * 2.16
fSn-H (t) Zz;]l—{ (ﬁj — ﬁl)sz an-H (t)v ( . )
J#i

for all ¢ € R. By the part (a) of this proof, we know that

i P () = 5o (08— ) (1), (247)
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for all ¢ € R. From (2.16) and (2.17), we get the following equalities
which hold for all real number ¢.

ﬂiﬁnJrl —tBi _ —tBn+t1 :|
F5 0 ; H b [t (e )] 1)
J#i

Z ﬁlﬁ2 ﬂn-ﬁ-l 7155'1[( )( )

n+1
i=1 H (ﬂ] /62)
j=1
J#i
n Z 6152 . 'n'JrBln‘Fl G_tﬂn+1[(0,oo) (t) (218)
=1 (B — But1) 1:[1 (8; — Bi)
| 2

From the identity (2.4), we know that

n; = i 1n (2.19)
1;[1(53‘ = Bnt1) =1 (Bi — Bnt1) l;[l(ﬂ o)
J#i

From (2.18) and (2.19) we deduce that

n+1
25152 - Brt1 _wll( o0,

n+1

H (8; — Bi)

o

fSn+1

for all £ € R. The last equality shows that Theorem 2.1 is completely
proved.

2.3. Observations

1. The case n = 2 of Theorem 2.1 can be derived directly from the
convolution formula. Indeed, fg,(y) = 0 if y < 0 and for all y > 0 we
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have

Yy
fSQ (y) = ﬂlﬂQ/ efﬁl(y*x)efl"ﬁz dr
0

= f1 B2 e V™ /y e *(B2=P1) g
0

_ _PbB (efyﬁz _ efym)
b — B2
which is exactly the formula (2.14).

2. If we fix §; and let B2 — (3 in the formula (2.14) then the result
for fg, is the usual Gamma density function for the sum of two inde-
pendent and identically distributed exponential random variables. This
fact can be proved as follows. Consider the mapping I2(g) defined for
all (61, 32) € (0,00)* by the formula (2.5). Then I5(g) is continuous on
(0,00)%. So, from (2.5) we obtain

I(g)(B1, 1) = B /000 /OOO g(x1 + 22)e P @1F22) o) . (2.20)

Now, by using Lebesgue’s dominated convergence theorem, we obtain
by letting B2 — (1 in (2.13) the following

L(g)(B1, 1) = B / g(t)te dt. (2.21)
0
It follows from (2.20) and (2.21) that Sy has the density given by
f5'2 (t) = /8% teitﬁl I(O,oo) (t)u (222)

for all real number ¢.

Remark. The formula (2.22) is a particular case of the formula (3.1)
below.

3. Convolution of exponential distributions with the same
parameter

In this section we discuss the case where all 3; are equal to the same
positive number (. By using the moment generating functions, it can
be shown that the distribution of the sum S,, is a Gamma distribution.
Next, we show how our method can be used to handle this case.
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THEOREM 3.1. Suppose that all the 3; are equal to a number 3 > 0,
then the random variable S,, has a probability density function fs, given
by

ﬁn tnfl
t)y="—"—_

for all real number t.

e_tﬁI(O,oo) (t)a (31)

Proof. As in Theorem 1, we are led to compute the integrals

I,(g) :== ﬁn/ / (@1 4 . 4 ap)e PEtted gy dx,  (3.2)
0 0

for all g € Cy(R) the space of all continuous and bounded functions on
the real line. To compute (3.2), we set z; := y;2> where 0 < y; < oo for
all ¢ = 1,2, ...,n. With these new variables we have

oo [oe)
_ 2 2
I.(g) = 2”&”/ / g(y12—|—...+yn2)y1 o Ype Byr*+.+yn )dyl oo AU,
0 0

(3.3)
To compute the integral (3.3), we shall use the spherical coordinates.
Thus, we set

Y1 = rsin @,_1... sin ¢3 sin @9 sin ¢y
Yo = 7 8iN Py _1... SiN P3 Sin Po cos P1
Y3 = rsin @,_1... sin ¢3 cos Pa

Yn—1 = T SIN Q1 COS Pp—2
Yn = T COS Pp—1,

where 0 <7 < o0, and 0 < ¢ < § for all £ =1,...n — 1. Conversely, for
all k=1,2,...,n — 1, by setting 7‘,% = y% + ...+ y,% and r, := r, we have
k
cos(¢y) = 2FL,
Tk+1

and
Tk

Tk+1

sin(¢y) =

We recall that the Jacobian of this change of variables is given by

n—1

" Lsin™ 2 ¢, 1 sin" 3 ¢p_o... sin ¢o. (3.4)
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With these spherical coordinates, we have
n n—1
H Yy =1" H sin? (¢;) cos(¢;). (3.5)
i=1 j=1

By using Fubini’s theorem and the previous identities, we have

n—1 jus [e'e)
I(g) = 2"3" 2 . 2k—1 d 2y,.2n—1,-Br2 4
(9) I} Ll_ll/o sin (¢dx) cos(or) gf)k] /0 g(ro)r e r

2ﬁn 00 1
= T /0 g(r?)rn=te P qr (3.6)
By setting t = r? in (3.6), we have
oo 1 oo
/ g(r3)r?n e dr = 5 / gt e~ at. (3.7)
0 0

Therefore gn -

o) = ooy [ a0 e (359

(3.8) shows that the random variable S,, has a probability density func-
tion fg, given by

Bntn—l 8
fs.(t) = e 10,00 (%)
Thus our theorem is completely proved. ]

4. Convolution of exponential distributions: General case

Let Y; be independent random variables having exponential distribu-
tions with parameters 3;, for ¢ = 1,2, ...r. The parameters do not have
to be different. We want to find the distribution of the random variable

Sy =Y1+Yo+...+Y,. (4.1)

Suppose that there are n different parameters from among 31, G, . .., O;
where 1 < n < r. Without loss of generality, one can assume that these
different parameters are (31, 02, ..., On. The components in the sum S,
are grouped with respect to the parameter 3; for i = 1,2,...,n. Let k;
denote the number of the components having the same parameter 3;. We
have r = k1 + ko + ... + k,. We denote X; the sum of the components
having the same parameter ;. It is known (see also Section 3) that
the random variable X, has an Erlang distribution Erl(k;, 5;), i.e., its
density is that one given by the formula (3.1) with n = k; and 8 = £;.
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Then one can write S, as the sum of n independent random variables
having Eri(k;, 5;) distributions (i = 1,2,...,n) i.e.

S, =X1+Xo+...+X,, (4.2)

where 3; # 3; for i # j.
The distribution of S, is given by the following result established by
H. Jasiulewicz and W. Kordecki in [1].

THEOREM 4.1. The probability density function fs, of the random
variable S, is given by

fs.(t) Zﬁ e_wli:i( 1_) 1; -1

= U

ki+m;—1 ﬁlkl
) 4.3
’ mi+.. 4%:”—]@ ]l];} ( my ) (ﬁl 0G; )kH‘mz ( )

m;=0

fort > 0 and fs,(t) =0 for t <0.
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