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A NEW FUNCTION SPACE L,(X)
VERSION 1.1

HEeE CHUL PAK* AND SANG-HoON CHANG**

ABSTRACT. We develop a new function space Lo (X) that general-
izes the classical Lebesgue space LP(X). The generalization is fo-
cused on a better explanation of the flux terms arising from many
dynamics.

1. Introduction

The function space of p*-power summable functions LP(X) has been
commonly used in analysis since the beginning of the 20th century. The
spaces LP(X)(named the classical Lebesgue space) are of such extreme
importance since it has fundamental roles in modern analysis and it has
not been replaced by significantly different, better function spaces. In
fact, LP(X) formulates basic structures on another function spaces such
as (fractional) Sobolev spaces W*P, Besov spaces B, ,, Triebel-Lizorkin
spaces Iy . Even more, by virtue of Littlewood-Paley decomposition, it
has been known that the spaces LP(X) have a connection with Holder
spaces C®, Zygmund spaces A®* and BMO. In this sense one may say
that all of those spaces are under the influence of LP(X).

In this paper we attempt to develop a new function space that gen-
eralizes the classical Lebesgue space. The motivation of this research

starts from a close look at the LP-norm: || f|lz» = ([ |f(2)[P dp) P of
the classical Lebesgue spaces LP(X), 1 < p < oo. It can be rewritten as

1l = o~ ( /. a(!f(m)!)du> |
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with
a(z) == aP.

Even though the positive-real-variable function a(z) := zP has very
beautiful and convenient algebraic and geometric properties(Section 2.1),
it also has some practical limitations. One of such practical examples
which cannot be overlooked arises from some problems of partial differ-
ential equations which contain the fluz term J: for example, the elliptic
equations:
-v.J=f

the parabolic equations:

0

at°
(and also hyperbolic problems, of course). We explain the flux terms
of the above equations in detail because not only is it related with our
forthcoming study [4] but also it justifies this report.

For an irrotational flux(V x J = 0), J can be written as J = Vo(u)
with a prescribed physical content u (in a simply connected domain).
In general, physical observations tell us that J depends on u and its
gradient at each point z, that is, J = J(z, V,u(x)). Therefore for the
linear case, one can simply represent J as J = ¢Vu (on isotropic medium)
or J = AVu with a square matrix A (on an-isotropic medium). But for
the nonlinear case, the situation can be much more complicated. One
of the most common assumptions is that J = |Vu|P~2Vu is to produce
the p-Laplacian

(w) -V I =]

Apu =V - |VulP2Vu.

Putting so, one of the main benefits of what we may get in working
with this new function spaces is that solutions can be discussed inside
the underlying set LP. Even though, slightly more generally, the Leray-
Lions type conditions' might be given on J, it is still dominated by L?-
theory[3]. Hence we carefully point out that the growth condition of the
flux is artificial enough to handle those solutions inside LP hierarchy. But
in practical physical problems, the flux may not be so nice as the above.
Our new function space is designed to handle solutions of nonlinear
equations having more general flux term than the equations having either
p-Laplacian or flux term of the Leray-Lions type conditions[4].

Lthere are positive constants ci, ¢z such that for all £ € R™ and almost every z

alél? <I(x,€) & |I(@,8)| < eallP



La(X) 473
2. The space L,(X)

We introduce some terminologies to define Lebesgue type function
spaces Lq(X), which generalize the classical Lebesgue spaces LP(X). In
this paper, (X, 91, ) always represents a given measurable space.

A pre-Hélder’s function o : Ry — R.? is an absolutely continuous
bijective function satisfying

[H1] a(0) =0, «ol)=1.
Suppose there exists a pre-Holder’s function § satisfying
[H2] a Y x) N z) =2 for all x > 0,

then (3 is called the conjugate (pre-Holder’s) function of a. A typical
example of pre-Hoélder’s functions is a(x) = 2P, p > 1 with the conjugate
function f(x) = x4, % + % = 1. In the relation [H2], the notation a1,
B~ are meant to be the inverse functions of «, 3, respectively. In the

following, a function g represents the two-variable function g on Ry xR
defined by:

9(z,y) == a N (2)57 (y)
provided that those pre-Hoélder’s pair (a, 3) exists.

DEFINITION 2.1. A pre-Hélder’s function o : Ry — R together with
the conjugate function (3 is said to be a Holder’s function if for any pos-
itive constants a,b > 0, there exist positive constants 01,6y (depending
on a,b) such that

0 +6,<1
and that a comparable condition
ab ab
H3 <bth——- Or——
[H3] g(z,y) < o) T + 25

holds for all (z,y) € Ry x R4.

The above definition means that the linear transformation

b b
T(x,y) = 91% x+ 02% y

—oa () (6 ) (7)

is greater than or equal to g; that is to say,

g(x,y) < T(x,y)

Ry={z€eR:z>0}
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for all (z,y) € R2. In this sense we call it a dominating plane of g.
First, we introduce some basic useful identities for a pre-Holder’s pair
(o, 3). We solve for 371(x) in the conjugate identity o~ !(z)3 1 (z) = x
1 x C 1. .
to get 7 (z) = , which in turn yields

a1(z)
(1) z=p (af(x)> or  alz)=4 (af)) .

Similarly, from a variance of the conjugate identity: o~ '(z) = ﬂ_f( 7
x
we have
r=———"t—.
B~ a(x))

Also, differentiating on both sides of a~!(z)371(z) = z (if they are
differentiable), we can obtain
B~ (x) a”!(z)

(3) /(=1 + 1([3—1

o/ (et (z) BB~ (z))
Then we have for a(x) = ((y), that is, for y := #,

y x

4 =
W 7@ " )

=1

Therefore we get

() o (z) =

oz oz
i)+ﬁ(%;§_g
We say that a obeys a commutative condition if
[3,a](z) :=Boaocf toal(z) =2 [C]
for all x > 0. Then it is easy to check that

BoaoB t=a, poalopt=a"! and alofoa=4.

Identities above together with the conjugate identity (1) lead to get

Boa (M) —ﬁoa_loﬁ_loﬁ(aia)>

a

= (BoatopHoala) =atoala) =a,

ao ! <ﬁ(“)> =a,

a

and
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for any a > 0. Therefore we can notice that

© O (T et =g st

x x
x > 0, provided that the pre-Holder’s function a is commutative with
its conjugate function J3.

2.1. Classical Lebesgue spaces

The LP-norm || f||z» of the classical Lebesgue spaces LP(X), 1 < p <
oo can be rewritten as

1l 2= o ( /. a(!f(ﬂf)!)du> ,

a(z) = 2P,

where we let

Besides the fact that a(x) = 2P is a pre-Holder’s function, the main
ingredients of o(x) = zP in this case are;
(A) « satisfies a sub-homomorphic condition:

a(zy) > a(z)a(y) [H3']

for all z,y > 0, and
(B) the a is convex on Ry.

In fact, these conditions have a close connection with the comparable
condition [H3|. To illustrate this we first observe that the condition
[H3'] leads to

(1) a Hzy) <a H(z)a™H(y) and BT (ay) = B7H(2)67 (),
and the convexity of a implies the concaveness of a ™.

LEMMA 2.1. Let a be a convex pre-Hélder’s function satisfying the
sub-homomorphic condition [H3'] and posses the corresponding conju-
gate function 3. Then for every point t € Ry at which « is differentiable,
we have

B a”'(t)
o (a=1(t T 1t

T =a Yz)g7!
9(x,y) ()8~ (y) < ®) B3

)Y

for all x,y > 0.
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Proof. We compute

Vy(t,t) = (

BN a”'(t) )
o/ (a”l(t))” B(B71()

to find the tangent plane to the graph of the function g at (¢,t). We
obtain the equation of the tangent plane:

= g:v(t¢t)(x - t) + gy(tat)(y - t) + g(tat)

) a (1) 1 a1

= m(w — 1)+ m(y —t)+a ()5 (1)

_ BT a”l'(t)
Tt T FE) Y
by virtue of the identity (3) and the conjugate identity a=1(t)371(t) = t.
Since the restriction z = T'(x, 1) of the tangent plane z = T'(z,y) is the

tangent line to the graph g(x,1) = a~!(x) located inside z-z plane and

a~ ! is concave up on R, we obtain inequality

Bt a~l(t

! —5 ) T+ / —5 ) :
o(a”l(t)) - A(BHE)
For any =,y > 0, we write « := Ay for some A > 0 to have

a () < a'(N)a ().

T(z,y)

o H(z) = g(w,1) < T(z,1) =

Therefore we conclude

g(z,y) =a M (2)87(y) <a 'V a Hy)B ()
=a ' (\y
B a'(t)
< (et 710
LA, o
“ W) EE )
where we used the fact that o~ (y)57(y) = v. O

Suppose that « is a function obeying the conditions in Lemma 2.1,
and that the conjugate function g of « also satisfies the sub-homomorphic
condition [H3']. Then we can easily see that both o and § are (multi-
plicative) homomorphisms:

(8) a(ry) = a(z)aly)  and  Bzy) = B(x)B(y)-
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COROLLARY 2.2. Any convex pre-Hélder’s function o with the homo-
morphic condition satisfies the comparable condition [H3] if there exists
the conjugate function (3 of a. In fact, for any point t € Ry at which «
is differentiable, we have

BHt)  ab a”l(t) ab
z,y) < x +
WD = a1 a®) *F FE W) Ba) !

for all x,y > 0. Therefore « is a Holder’s function.

Proof. For any b > 0, one of the conjugate identities (1) leads to have

o () 1) -

Similarly, we have for a > 0,

ot </5SZ)> =a

Hence by virtue of the homomorphic properties, we obtain

@ = (35 1) 570)

) (o)

8
<

)

= W) o) T TN

More generally, one delivers that for a,b > 0,

—1 1) = ot Lﬂx _1(Bla) a
s = (o) o7 (50 )
pLt)  ab o
~ d(a7l(t) a(b) BB
This completes the proof. O

A typical example of Holder’s functions is the pre-Holder’s function
a(z) = 2P, p > 1. Indeed, we can notice that for any a,b > 0,
1— 1—
xl/pyl/q S ab P 7 + a qb
p q

Y,
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with % + % = 1. In this case, 0; = %, 0y = % are independent of a and b.

Now, we define the Lebesgue type function spaces Ly (X):
Lo(X):={f: f is a measurable function on X satisfying || f||z, <oo},

1fllL, :=a" (/X a(!f(:c)])du) .

We point out that the Layer cake representation can be read as

Il =t ([ a0 Aty ar).
where Af(t) == p({z : |f(x)| > t}).

2.2. Holder’s and Minkowski’s inequalities on L, (X)

where we set

First, we present a Holder type inequality on the new space Ly (X).

PROPOSITION 2.1 (Hélder’s inequality). Let « be a Holder’s function

and (8 be the corresponding Holder’s conjugate function. Then for any
f € Lo(X) and any g € Lg(X), we have

‘ [ s@) du' < 11zl

Proof. The result is obvious if || f||, = 0 or if [|g||, = 0. Otherwise,
substituting a := ||g||L, and b := || f||L,, there exist 61,02 such that

|f(2)g(@)] = o~ a(| f(2)])5 (B(lg(2)])

o(f@)]) + 6222 B(lg(x)]).

ab
O] Bla)

Integration of both sides yields

[ ir@a@ldi <05 [ atr@ban+ o [ s
= 01+ 01, gl

< lzallgllz,-
O

As a typical application of Holder’s inequality, we also have Minkowski’s
inequality on L, (X).
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PROPOSITION 2.2 (Minkowski’s inequality). Let o be a Holder’s func-
tion. Then for any f,g € L,(X), we have
1f +9llce < 1 fllza + 19l Lo

Proof. Without loss of generality, we may assume that f(z)+g(z) # 0
almost every z € X by restricting the domain X if necessary. Hence we
have

[ ol @) e L
[ atr@ +a@hdn = [ SEEEEED @) + (o) de

a1/ (@) +9(@))
< [ SRS (@) + lota)) di

Applying Hélder’s inequality, we obtain

[ allf@ + g du
X

o (o) (050
o (Joetotman) o (oo (Creasar) )
= (1l + ol ([ o (2EEAE0) 4,)

= (Il + lgllz)5" ( /X a(|f () +g<x>\>dﬂ) |

The last equality follows from the identity (1). Therefore we have

a(llf + 9lLa)

“Ha(llf +9lLa
By the identity (2), we conclude

7S [fllze + 119l La-

2.3. Completeness of L,(X)

The functional || - ||z, on Ly(X) may not produce a norm, since it
does not always satisfy the homogeneity required for norms. Instead, by
virtue of Minkowski’s inequality (Proposition 2.2), we define a metric
on Ly (X):

d(f,9) == If = gllLa, for f,g € La(X).

It produces a complete metric space on Ly (X):
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THEOREM 2.3. The metric space Lo(X) is complete.

Proof. The proof is very similar to the classical Riesz-Fischer Theo-
rem. O

The following proposition says that L, (X) is a topological vector space
with inhomogeneous norm || - ||z, -

PROPOSITION 2.3. The scalar multiplication - : R x Lo(X) — R is
continuous. Furthermore, for k > 0

=7 e < Mk fllza < TRVl
where [k] is the ceiling of k, the smallest integer that is not less than k.

Proof. The monotonicity of , o~ and Minkowski’s inequality deliver

9) 1k flla < K] fllza < TETfllza-

Hence f, — f in Lo(X) implies kf, — kf in Ly(X). In turn, it
teads |71z, = 1Lk fllz. < 211k fllzo, and s [E17U1 7]z < 16 £
Now, it remains to check that k, — k and f € L,(X) imply that
knf — kf in Ly(X). Indeed, the inequality (9) implicitly shows the
sequence {a(|(k,—k)f])} is dominated by a L,-function a (2M | f]) with

M := max |||, hence by Lebesgue dominated convergence theorem, we
ne
have
tim [ ks~ k)fDdp = [ lim a(|(, ~ ) (@) = 0.
This gives the desired convergence. O

Appendix: Proof of Theorem 2.3
Suppose that {f,} is a Cauchy sequence in L,(X). Then there exists

a subsequence { fn, } of {f,} such that d(fp,, . fa,) <277 k=1,2,---.
Setting F' with

F(@) = [fr (@) + Y [y (2) = fur ()],
k=1

we can notice that |F(x)| < oo almost everywhere x € X. In fact, from
the fact that

(o.¢]
1ElLa < Ifaillza + D Mo = frillza = 1 fallze +1 < oo,
k=1
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there exists a null set N C X such that F(x) < oo for all x € NC.

Therefore for any z € N €. the absolute convergence of the series fp,, (z)+

Y e[ frapsr (%) = fny, (x)] makes it possible to define f(x) := klim Jnp ()
—0Q

on NC. Since [[fll. < If = Fugllzo + [ fullz., we have f € La. Also,
the following fact

00 00
—k
Hf - fnk”La = Z fng'+1 - fNj < Z |’f7’bj+1 - fnjHLa =2
j=k+1 Lo j=k+1

yields the convergence of {f,, } to f in Ly(X), which, in turn, implies
the convergence of the original Cauchy sequence {f,} in L (X).
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