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FUNCTIONAL EQUATIONS ASSOCIATED WITH
INNER PRODUCT SPACES
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ABSTRACT. In [7], Th.M. Rassias proved that the norm defined
over a real vector space V is induced by an inner product if and
only if for a fixed integer n > 2
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holds for all x1,--- ,z, € V.
Let V, W be real vector spaces. It is shown that if a mapping
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for all 1, - ,x, € V, then the mapping f: V — W satisfies
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forall z,y € V.
Furthermore, we prove the generalized Hyers-Ulam stability of
the functional equation (0.2) in real Banach spaces.
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1. Introduction

The stability problem of functional equations originated from a ques-
tion of Ulam [15] concerning the stability of group homomorphisms. Hy-
ers [b] gave a first affirmative partial answer to the question of Ulam for
Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for additive
mappings and by Th.M. Rassias [6] for linear mappings by considering
an unbounded Cauchy difference. The paper of Th.M. Rassias [6] has
provided a lot of influence in the development of what we call gener-
alized Hyers-Ulam stability of functional equations. A generalization of
the Th.M. Rassias theorem was obtained by Gavruta [4] by replacing
the unbounded Cauchy difference by a general control function in the
spirit of Th.M. Rassias’ approach.

The functional equation

fle+y)+ fle—y) =2f(x) +2f(y)

is called a quadratic functional equation. In particular, every solution of
the quadratic functional equation is said to be a quadratic mapping. A
generalized Hyers-Ulam stability problem for the quadratic functional
equation was proved by Skof [14] for mappings f : X — Y, where X
is a normed space and Y is a Banach space. Cholewa [2] noticed that
the theorem of Skof is still true if the relevant domain X is replaced
by an Abelian group. In [3], Czerwik proved the generalized Hyers-
Ulam stability of the quadratic functional equation. Several functional
equations have been investigated in [8]-[13].

Throughout this paper, assume that n is a fixed integer greater than
1. Let X be a real normed vector space with norm || - ||, and Y a real
Banach space with norm || - ||.

In this paper, we investigate the functional equation (0.2), and prove
the generalized Hyers-Ulam stability of the functional equation (0.2) in
real Banach spaces.

2. Jensen quadratic mappings associated with inner product
spaces

We investigate the functional equations (0.1) and (0.2).



Functional equations associated with inner product spaces 457

LEMMA 2.1. Let V and W be real vector spaces. If a mapping f :
V — W satisfies

1 n n 1 n n
(2.1) nf <n2x2> + Zf x; — gZa:j = Zf(xz)
i=1 i=1 j=1 i=1
for all x1,--- ,x, € V, then the mapping f : V — W satisfies
T+ x — -
e2) 2 (1) 41 (50) 41 (U50) = @)+ 5w
for all z,y € V.
Proof. Assume that f:V — W satisfies (2.1).

n—1_ .
Letting x,, = Ei:_1m7 we get
1 n—1 n—1 1 n—1 n—1
=1 =1 j=1 =1
forall 1, - ,xp—1 € V. Applying continuously this method n—3 times,
we get
xr1 + X2 T1 — T2 T2 — 1
2f{—5— )+ f +f = f(z1) + f(x2)
2 2 2
for all x1,z2 € V, as desired. O

One can easily show that an even mapping f : V — W satisfies
(2.2) if and only if the even mapping f : V — W is a Jensen quadratic
mapping, i.e.,

2 (132) 21 (152) = 1)+ 1)

and that an odd mapping f : V — W satisfies (2.2) if and only if the
odd mapping mapping f : V — W is a Jensen additive mapping, i.e.,

w($+y):f@»+ﬂw.

2
For a given mapping f: X — Y, we define

pftww =21 (50) w1 (“50) 41 (157) - @) - 1)

for all z,y € X.
We prove the generalized Hyers-Ulam stability of the functional equa-
tion D f(z,y) = 0 in real Banach spaces: an even case.
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THEOREM 2.2. Let f : X — Y be a mapping satisfying f(0) = 0 for
which there exists a function ¢ : X2 — [0, 00) such that

(2.3) Hay): = YW (F ) <o
j=0
(2.4) IDf(z, )l < o(x,y)

for all z,y € X. Then there exists a unique Jensen quadratic mapping
Q@ : X — Y such that

(2.5) [f(z) + f(—z) = Q)| < &(z,0) + ¢(—2,0)
for allz € X.

Proof. Letting y = 0 in (2.4), we get

3 (3)+7 (‘;) — f@)|| < o(,0)
for all z € X. Replacing z by —z in (2.6), we get
en [ ()41 (3) - s < p-s0

for all z € X. Let g(x) := f(z) + f(—=x) for all x € X. It follows from
(2.6) and (2.7) that

(2.8) lo@) =19 ()| < o@.0) +e(=2,0)

for all x € X. Hence

m—1 m—1
(2.9) 14g(5) —4"g()l < 32 4 (55,0) + D 7 (—55.0)
j=l j=l

(2.6)

for all nonnegative integers m and [ with m > [ and all x € X. It
follows from (2.3) and (2.9) that the sequence {4kg(2%)} is Cauchy for

all z € X. Since Y is complete, the sequence {4¥g(Z)} converges. So
one can define the mapping @ : X — Y by

o= pm ()

2k
forall z € X.
By (2.3) and (2.4),
. xr vy
IDQG )l = Jim +* g (5. 5¢) |

. k Ty T Y B
< Jlim 4" (¢ (Geor) o (e a8)) =0
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for all z,y € X. So DQ(z,y) =0. Since g: X — Y iseven, Q: X — Y
is even. So the mapping @) : X — Y is Jensen quadratic. Moreover,
letting [ = 0 and passing the limit m — oo in (2.9), we get (2.5). So
there exists a Jensen quadratic mapping @ : X — Y satisfying (2.5).
Now, let Q' : X — Y be another Jensen quadratic mapping satisfying

(2.5). Then we have
0@ - Q@I = wlje(5)-< (5)]
vle(z) () -7 (5]
sl (5) -1 () -1 (3)
2.495 (%0) +2-495 <;f0> :

which tends to zero as ¢ — oo for all x € X. So we can conclude that
Q(z) = Q'(z) for all x € X. This proves the uniqueness of Q. O

IN

IN

COROLLARY 2.3. Let p > 2 and 6 be positive real numbers, and let
f: X — Y be a mapping such that

(2.10) IDf () < 0(l2” + [lyl[*)

for all z,y € X. Then there exists a unique Jensen quadratic mapping
Q : X — Y such that

p+1
(@) + f(—2) - Q)] < 2?

2r — 4

||| [P
for all x € X.

Proof. Define ¢(z,y) = 0(||z||? + ||y||?), and apply Theorem 2.2 to
get the desired result. O

THEOREM 2.4. Let f : X — Y be a mapping satisfying f(0) = 0 for
which there exists a function ¢ : X% — [0, 00) satisfying (2.4) such that

o
(2.11) Px,y) =Y 47792z, 2Vy) < o0
=1

for all xz,y € X. Then there exists a unique Jensen quadratic mapping
Q : X — Y such that

(2.12) 1f(@) + f(=2) = Q)| < &(z,0) + 4(—=,0)
for all x € X.
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Proof. 1t follows from (2.8) that

1 1
< Z@(Zxa 0) + ZSO(_Z%'a 0)

900 - Jo(20

for all z € X. So

1 1 LA | .
(2.13) '49(2%)—47719(27”:6) < Zﬂcp@]x,O)
j=l+1
+ Z E@(_ijvo)
j=l+1

for all nonnegative integers m and [ with m > [l and all x € X. It follows
from (2.11) and (2.13) that the sequence {4%9(2’“:0)} is Cauchy for all
x € X. Since Y is complete, the sequence {ﬁg(?kx)} converges. So one
can define the mapping Q : X — Y by

—oo 4
for all z € X.
By (2.4) and (2.11),
. 1
D@y = Jim L IDg(2", 24)]
. 1
< Jim (028, 2%) + p(=2"2, =2%y)) = 0

for all z,y € X. So DQ(z,y) =0. Since g: X — Y iseven, Q: X —Y
is even. So the mapping @) : X — Y is Jensen quadratic. Moreover,
letting { = 0 and passing the limit m — oo in (2.13), we get (2.12). So
there exists a Jensen quadratic mapping @ : X — Y satisfying (2.12).
The rest of the proof is similar to the proof of Theorem 2.2. O

COROLLARY 2.5. Let p < 2 and 0 be positive real numbers, and let
f: X — Y be a mapping satisfying (2.10). Then there exists a unique
Jensen quadratic mapping @) : X — Y such that

ortlg
[f(@) + f(—2) = Q(z)] < 1 op

||| [P
for all x € X.

Proof. Define ¢(x,y) = 0(||z||” + ||y||?), and apply Theorem 2.4 to
get the desired result. O
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3. Jensen additive mappings associated with inner product
spaces

In this section, we prove the generalized Hyers-Ulam stability of the
functional equation D f(x,y) = 0 in real Banach spaces: an odd case.

THEOREM 3.1. Let f : X — Y be a mapping satisfying f(0) = 0 for
which there exists a function ¢ : X? — [0, 00) such that

(3.1) O(r,y): = ingp(;,Qyj)<oo,

(3.2) [Df(z, )l < o(x,y)

for all x,y € X. Then there exists a unique Jensen additive mapping
A: X —Y such that

(3-3) 1f(2) = f(=2) = A(2)[| < @(z,0) + &(-2,0)
for all z € X.
Proof. Letting y = 0 in (3.2), we get

(3.4) H?»f (5)+/ <‘;> - f(@)| < p(@,0)
for all x € X. Replacing x by —z in (3.4), we get
a5 [ (5) + 0 (3) - s < wt-n0

for all x € X. Let h(x) := f(z) — f(—=x) for all x € X. It follows from
(3.4) and (3.5) that

(3.6) Hh(x) 9 (g) H < o(x,0) + p(—2,0)

for all x € X. Hence
m—1
T my, T ; T
(3.7) 215 =2 hl < o2 (5:-9)
J:
m— ) T
J _
+ ) 2 90( 2]»,0)

J=l

—_

for all nonnegative integers m and [ with m > [ and all x € X. It
follows from (3.1) and (3.7) that the sequence {2’%(%)} is Cauchy for
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all z € X. Since Y is complete, the sequence {Qkh(%)} converges. So
one can define the mapping A: X — Y by

A(zx) := lim 2%h (£>

k—oo 2k‘
for all z € X.
By (3.1) and (3.2),
_ k Ty
|DA(z,y)|| = AEQQHDh(?9?JH

. k Ty £ Y
< (Jim 2 (¢<2k’2k)‘+“’( ok’ 2k))'_0
for all z,y € X. So DA(x,y) =0. Since h: X - Y isodd, A: X - Y
is odd. So the mapping A : X — Y is Jensen additive. Moreover, letting
[ = 0 and passing the limit m — oo in (3.7), we get (3.3). So there exists
a Jensen additive mapping A : X — Y satisfying (3.3).
The rest of the proof is similar to the proof of Theorem 2.2. O

COROLLARY 3.2. Let p > 1 and 6 be positive real numbers, and let
f: X — Y be a mapping such that

(3-8) 1D f(z,y)ll < 6C2[1” + [lyll)

for all x,y € X. Then there exists a unique Jensen additive mapping
A: X — Y such that

1f () = f(=2) = A(z)[| <

or+lg
2% 92

||| |7
forallxz € X.

Proof. Define p(z,y) = 0(||x||P + ||y||P), and apply Theorem 3.1 to
get the desired result. O

THEOREM 3.3. Let f: X — Y be a mapping satisfying f(0) = 0 for
which there exists a function ¢ : X% — [0, 00) satisfying (3.2) such that

(3.9) O(z,y) = 227%(2]'3?7 27y) < o0
j=1

for all x,y € X. Then there exists a unique Jensen additive mapping
A: X — Y such that

(3.10) 1f (@) = f(=z) — A(z)|| < ®(,0) + &(—=,0)

forallz € X.



Functional equations associated with inner product spaces 463
Proof. 1t follows from (3.6) that

'h(m) - %h(Qx) < o004+ %@(—2:6,0)

2

for all z € X. So

m

1 1 m 1 ,
(3.11) 'QZh(le)—th@ n)| < > 57 (2'2,0)
j=l+1
j=l+1

for all nonnegative integers m and [ with m > [ and all z € X. It
follows from (3.9) and (3.11) that the sequence {2%}1(2]“1:)} is Cauchy
for all z € X. Since Y is complete, the sequence {Q%h(2kx)} converges.
So one can define the mapping A: X — Y by

1
A(zx) = klggo ﬁh(le')
for all x € X.

By (3.2) and (3.9),

: 1
IDAG@ )l = lim e Dh(2'z,2%)|

< lim i(g0(2kﬂr:, 2ky) 4+ p(—2kz, —2%y)) =0
k—oo 2F
for all x,y € X. So DA(z,y) =0. Since h: X - Y isodd, A: X =Y
is odd. So the mapping A : X — Y is Jensen additive. Moreover, letting
[ = 0 and passing the limit m — oo in (3.11), we get (3.10). So there
exists a Jensen additive mapping A : X — Y satisfying (3.10).
The rest of the proof is similar to the proof of Theorem 2.2. O

COROLLARY 3.4. Let p < 1 and 0 be positive real numbers, and let
f X — Y be a mapping satisfying (3.8). Then there exists a unique
Jensen additive mapping A : X — Y such that

ort+lg
2 —2p

[f(z) = f(—z) — A(z)| < ||| [P
for all x € X.

Proof. Define ¢(z,y) = 0(||z||P + ||y||P), and apply Theorem 3.3 to
get the desired result. O
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Note that
J e J Bl
22@(23"2;') §Z4‘p(2j’zj>‘
=0 =0

Combining Theorem 2.2 and Theorem 3.1, we obtain the following
result.

THEOREM 3.5. Let f : X — Y be a mapping satisfying f(0) = 0 for
which there exists a function ¢ : X% — [0, 00) satisfying (2.3) and (2.4).
Then there exist a unique Jensen additive mapping A : X — Y and a
unique Jensen quadratic mapping ) : X — Y such that

12 (z) = A(z) = Q@)[| < #(x,0) + (=, 0) + &(z,0) + &(=z,0)
for all x € X, where ¢ and ® are defined in (2.3) and (3.1), respectively.

COROLLARY 3.6. Let p > 2 and 6 be positive real numbers, and let
f: X — Y be a mapping satisfying (2.10). Then there exist a unique
Jensen additive mapping A : X — Y and a unique Jensen quadratic
mapping @ : X — Y such that

p+1 op+1
I25(0) = Aw) - QI < (5 + g ) Olell

forallx € X.
Proof. Define ¢(x,y) = 0(||z||? + ||z||P), and apply Theorem 3.5 to
get the desired result. O
Note that

o0 oo
Z 47 (22, 27y) < Z 277 p(20x, 27y).
j=1 j=1

Combining Theorem 2.4 and Theorem 3.3, we obtain the following
result.

THEOREM 3.7. Let f : X — Y be a mapping satisfying f(0) = 0 for
which there exists a function ¢ : X? — [0, 00) satisfying (2.4) and (3.9).
Then there exist a unique Jensen additive mapping A : X — Y and a
unique Jensen quadratic mapping ) : X — Y such that

12f () — A(z) — Q@) < ¢(x,0) + ¢(—,0) + B(x,0) + B(—,0)
for all x € X, where ¢ and ® are defined in (2.11) and (3.9), respectively.
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COROLLARY 3.8. Let p < 1 and 0 be positive real numbers, and let
f: X — Y be a mapping satisfying (2.10). Then there exist a unique
Jensen additive mapping A : X — Y and a unique Jensen quadratic
mapping ) : X — Y such that

9p+1 op+1
I24(0) = A@) - QI < (g5 + 5 ) Olel

forallx € X.
Proof. Define ¢(x,y) = 0(||z||” + ||y||P), and apply Theorem 3.7 to
get the desired result. O
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