JOURNAL OF THE
CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 21, No. 1, March 2008

THE INTEGRALS OF BANACH SPACE-VALUED
FUNCTIONS

JAE MYUNG PARK*, DEOK Ho LEE**, AND JU HAN YOON***

ABSTRACT. In this paper, we define the ap-Henstock integral and
the ap-Denjoy integral of Banach-valued functions, and we investi-
gate some properties of these two integrals. In particular, we show
that the ap-Henstock integral is equivalent to the ap-Denjoy inte-
gral.

1. Introduction and preliminaries

The ap-Denjoy integral of real valued functions was introduced in
[13]. It is known [13] that the ap-Denjoy integral is equivalent to the
ap-Henstock integral.

In this paper, we define the ap-Henstock integral and ap-Denjoy in-
tegral of Banach-valued functions, and we investigate the relationship of
these two integrals.

Throughout this paper, X is a Banach space with dual X*.

For a measurable set E of real numbers we denote by |E| its Lebesgue
measure. Let E be a measurable set and let ¢ be a real number. The
density of E at c is defined by

. |En(c—h,c+h)|
deE = h1i>r(l)l+ 2h
provided the limit exists. The point c is called a point of density of E
if d.E = 1. The set E? represents the set of all points € E such that
x is a point of density of E. A function F : [a,b] — X is said to be
approzimately differentiable at ¢ € [a,b] if there exists a measurable set
E C [a,b] such that ¢ € B4 and
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F(x)—-F
o F@) = F(0)
e T

exists. The approximate derivative of F' at c is denoted by Fy(c).

An approzimate neighborhood(of ap-nbd) of x € [a, b] is a measurable
set S, C [a, b] containing z as a point of density. For every z € E C [a, b],
choose an ap-nbd S; C [a,b] of z. Then we say that S = {S, : v € E}
is a choice on E. A tagged interval (z, [c,d]) is said to be subordinate to
the choice S = {S;} if ¢,d € S;. Let P = {(,[ci,d;i]) : 1 < i < n} be
a finite collection of non-overlapping tagged intervals. If (z;, [c;, d;]) is
subordinate to a choice S for each i, then we say that P is subordinate
to S. Let E C [a,b]. If P is subordinate to S and each z; € E,
then P is called E-subordinate to S. If P is subordinate to S and
la,b] = Ui [ci,d;], then we say that P is a tagged partition of [a, ]
that is subordinate to S.

2. The ap-Henstock integral of Banach-valued functions

We introduce the ap-Henstock integral of Banach-valued functions.

DEFINITION 2.1. A function f : [a,b] — X is ap-Henstock integrable
on [a, b] if there exists a vector A € X with the following property: for
each € > 0 there exists a choice S on [a,b] such that ||f(P) — Al < e
whenever P is a tagged partition of [a, b] that is subordinate to S, where
f(P) = (P)> f(x)|I]. The vector A is called the ap-Henstock integral

of f on [a,b] and is denoted by (AH)];7 I

If f is ap-Henstock integrable on [a,b], then f is also ap-Henstock
integrable on any subinterval of [a, b]. Hence, an interval function F' can
be defined by F(I) = (AH) [, f. The function F is called the primitive

of f.
It is easy to show the following theorem.

THEOREM 2.1. Let f and g be functions mapping [a,b] into X.
(a) If f is ap-Henstock integrable on each [a,c| and [c,b], then f is
ap-Henstock integrable on [a, b] and

(AH)/abfz (AH)/:er(AH)/be
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(b) If f and g are ap-Henstock integrable on [a,b] and «, 8 € R, then
af + Bg is ap-Henstock integrable on [a, b] and

am [ '(af + Bg) = a(AH) / ' f 4 pam) / 'y

THEOREM 2.2. Let f : [a,b] — X be ap-Henstock integrable on [a, b].

Then for each x* € X* the function x* f is ap-Henstock integrable on
[a, b] and

vam [ = (am) / "

Proof. Since f is ap-Henstock integrable on [a,b], for every € > 0
there exists a choice S on [a, b] such that for any partition P = {(x,I)}
that is subordinate to S we have

b
1£(P) - (AH) / fll<e

For any z* € X*, we have

b b
2" f(P) — o (AH) / £ < 12 1£(P) — (AH) / £l < ll2* .

Hence, z* f is ap-Henstock integrable on [a, b] and

(AH)/aba:*f:x*(AH)/abf.
O

THEOREM 2.3. Let f : [a,b] — X be a function. If f = 0 al-
most everywhere on [a,b], then f is ap-Henstock integrable on [a,b]

and (AH)f;f = 0.

Proof. Let E = {x € [a,b] : || f(z)|| # 0} and for each positive integer
n,let B, ={z € E:n—1<|f(x)] <n}. Let ¢ > 0. For each n,
choose an open set O,, such that E, C O,, and |O,| < ¢/n2".

Define a choice S = {S; : = € [a,b]} by

g [a, D] if x€la,b—E,
v { O, if ze E,.

Suppose that P is a tagged partition of [a,b] that is subordinate to

S. For each n, let P, be the subset of P that has tag in F,,. We have

IF P <D NFPl <D nlOn] < €/2" =
n=1 n=1 n

=1
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Hence, f is ap-Henstock integrable on [a,b] and (AH) ff f=0. O

THEOREM 2.4. Let f : [a,b] — X be ap-Henstock integrable on [a, b].
Then

(a) the function f is weakly measurable.

(b) If g = f almost everywhere on [a,b], then g is ap-Henstock inte-

grable on |a,b] and
b b
@m| = m/ g

Proof. (a) Since x* f is ap-Henstock integrable for each x* € X*, x* f
is measurable. Hence f is weakly measurable.

(b) Since f — g = 0 almost everywhere on [a,b], f — ¢ is ap-Henstock
integrable on [a,b] and (AH)f;(f — g) = 0 by Theorem 2.3. Hence,
g=f—(f —g) is ap-Henstock integrable on [a, b] and

(AH)Lbf—(AH)/abgz(AH)/ab(f—g)ZO
O

DEFINITION 2.2. A function F': [a,b] — X is AC, on a measurable
set E C [a,b] if for each € > 0 there exist a positive number ¢ and a
choice S on F such that ||(P)>. F(I)|| < e for every finite collection P
of non-overlapping tagged intervals that is subordinate to S and satisfies
(P)>_|I| < 6. The function F' is ACGs on E if E can be expressed as
a countable union of measurable sets on each of which F'is ACS.

LEMMA 2.5. Suppose that f : [a,b] — X and let E C [a,b]. If|E| =0,
then for each € > 0 there exists a choice S on E such that ||f||(P) < €
whenever P is E-subordinate to S, where || f||[(P) = (P)>_ || f(z)|||1].

Proof. For each positive integer n, let E,, = {x € E:n—1 < ||f(z)] <
n}. Then E =J;7 | Ep. Let € > 0. For each n, let S" = {SI' : z € E,,}
be a choice on F, and choose an open set O, such that E,, C O, and
|On| < €/n2". For each z € E,, let Sp = SN O,. Then S ={S; :z €
E} is a choice on E.

Suppose that P is E-subordinate to S. Let P, be the subset of P
that tags in F,,. Then we have

IFIP) =D NP <Y nlOnl < e/2" =
n=1 n=1 n=1
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LEMMA 2.6. Suppose that F : [a,b] — X is ACG; on [a,b] and let E
be a subset of [a,b]. If |E| = 0, then for each € > 0 there exists a choice
S of E such that ||(P)>_ F(I)| < e for each P that is subordinate to S.

Proof. Suppose that E C [a,b] is a measurable set of measure zero.
Let E = ,2 | En, where {E,} is a sequence of disjoint measurable sets
and F is AC; on each E,. Let € > 0. For each positive integer n, there
exist a choice S" = {SZ : x € E,} on E, and a positive number §,
such that ||(P)>_ F(I)|| < €/2™ whenever P is E,-subordinate to S™
and (P)>_|I| < 6,. For each positive integer n, choose an open set
O,, such that E, C O, and |O,| < 6,. Let S, = S? N O, for each
x € E,. Then S = {S, : « € E} is a choice on E. Suppose that P is
E-subordinate to S. Let P, be a subset of P that has tags in E, and
note that (P,) > |I| < |Oyp| < 6,. Hence, we have

IP)Y FOI< YD NP)Y FU <Y /2" =e

O]

THEOREM 2.7. If there exists an ACGy function F' on [a, b] such that
F;p = f almost everywhere on [a,b|, then the function f is ap-Henstock
integrable on [a, b].

Proof. Suppose that there exists an ACG, function F' on [a, b] such
that Fy, = f almost everywhere on [a,b]. Let

E={x€lab]: F,(z) # f(x)}.

Then |E| = 0. Let D = [a,b] — E and let € > 0. For each = € D, there
exists a measurable set D, C [a,b] such that 2 € DZ and

Fly) —F
P o) = i PO =)
yyebz y -z

Hence, there exists d, > 0 such that for every y € D, N (z — 0y, x+d;) =
Sz

[1F(y) = F(z) = Fop(@)(y — o)|| < ely — .
If (x,[u,v]) is a tagged interval with u,v € Sy, then
1 (v) = F(u) — Fgp(@) (v — u)]|
< [|F(v) = F(a) = Fyp(x)(v — 2) || + | F(z) = F(u) — Fgp(2)(z — u)
<ev—z)+e(r—u)=¢ev—u).
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Hence, there exists a choice S” = {S, : x € D} on D such that ||f(P) —
F(P)|| < e(P)>_ |I| whenever P is a collection of tagged intervals that
is subordinate to S’.

By Lemmas 2.5 and 2.6, there exists a choice S” on E such that
If(P)|| < e and||F(P)| < € whenever P is subordinate to S”. let
S =5"US". Then S is a choice on [a, b].

Suppose that P is a tagged partition of [a,b] that is subordinate to
S. Let Pg be the subset of P that has tags in F and let Pp =P — Pg.
Then we have

1f(P) = F(P)
< f(Pp) = F(Pp)ll + lf (Pe)ll + [|F'(Pe)|
<eb—a+2).
Hence, f is ap-Henstock integrable on [a, b]. O

The ap-Henstock integral has the following gemetric property.

THEOREM 2.8. If f : [a

a,b] — X is ap-Henstock integrable on [a, b],
then for every integral [c,d] C |a,

o,

1 ¢
S [ ecof(fe.d),
where cof ([c, d]) is the closed convex hull of f([c,d]).
Proof. Suppose that there exists an interval [, d] such that

d
dic(AH)/c f ¢ wf ([c.d).

By the Hahn-Banach Theorem, we can select z* € X* and a real number
a such that
1
*
v (d -

for all ¢t € [c,d]. Then

C(AH)/cdf) <a <2 f(t)

d
dic(AH)/c < a<af(t).

Integrating over [c, d], we have

(AH)/CdSC*f <a(d—rc) < (AH)/Cda?*f.

This is a contradiction. O
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3. The ap-Denjoy integral of Banach-valued functions.

We introduce the notion of the approximate Lusin function. This
function is used to define the ap-Denjoy integral.

For a function F' : [a,b] — X, F can be treated as a function of
intervals be defining F([c,d]) = F(d) — F(c).

DEFINITION 3.1. Let F' : [a,b] — X be a function. The function F
is an approximate Lusin function(or F' is an AL function) on [a,b] if
for every measutable set E C [a, b] of measure zero and for every € > 0
there exists a choice S on E such that ||(P) > F(I)|| < e for every finite
collection P of non-overlapping tagged intervals that is E-subordinate
to S.

From Lemma 2.6, we get the following theorem

THEOREM 3.1. If F': [a,b] — X is ACG; on [a,b], then F is an AL
function on |a, b].

DEFINITION 3.2. A function f : [a,b] — X is ap-Denjoy integrable
on [a, b] if there exists an AL function F on [a, b] such that F' is approx-
imately differentiable almost everywhere on [a,b] and Fy, = f almost
everywhere on [a,b]. The function f is ap-Denjoy integrable on a mea-
surable set FE C [a,b] if fxg is ap-Denjoy integrable on [a, b].

If we add the condition F'(a) = 0, then the function F' is unique. We
will denote this function F(z) by (AD)[” f.

It is easy to show that if f : [a,b] — X is ap-Denjoy integrable on
[a,b], then f is ap-Denjoy integrable on every subinterval of [a,b]. This
gives rise to an interval function F' such that F'(I) = (AD)[; f for every
subinterval I C [a,b]. The function F' is called the primitive of f.

From the definition of the ap-Denjoy integral, we get the following
theorem.

THEOREM 3.2. Let f : [a,b] — X be ap-Denjoy integrable on [a,b]
and let F(z) = (AD)[” f for each x € [a,b]. Then the function F is
approximately differentiable almost everywhere on [a,b] and F,, = f
almost everywhere on [a, b].

THEOREM 3.3. Let f : [a,b] — X and let c € (a,b).
(a) If f is ap-Denjoy integrable on [a,b], then f is ap-Denjoy inte-
grable on every subinterval of [a, b].
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(b) If f is ap-Denjoy integrable on each of the intervals [a, c| and [c, b],
then f is ap-Denjoy integrable on [a,b] and

AD/f AD/f+AD/f

Proof. (a) Let [c, d] be any subinterval on [a,b]. Let F(z) = (AD)[ f
for each z € [a, b]. Since F'is an AL function on [a, b] and F,, = f almost
everywhere on [a,b], F' is an AL function on [c,d] and F,, = f almost
everywhere on [c,d]. Hence, f is ap-Denjoy integrable on [c, d].

(b) Since f is ap-Denjoy integrable on each of intervals [a, ¢] and [c, ],
there exist AL functions F' and G such that F;p = f almost everywhere
on [a,c] and Gy, = f almost everywhere on [c,b] respectively. Define
H :[a,b] = X by

F(z), if z¢€la,c;
Hw) = {F(c)—i—G(x), if x € (e

Then H is an AL function on [a,b] and H,, = f almost everywhere on
[a,b]. Hence f is ap-Denjoy integrable on [a,b] and H (b) = F(c) + G(b),

an)[ 1=an)[ s+ s

We can easily get the following theorem.

THEOREM 3.4. Suppose that f and g are ap-Denjoy integrable on
[a,b]. Then

(a) kf is ap-Denjoy integrable on [a,b] and (AD)f: kf = k(AD)fff
for each k € R,

(b) f + g is ap-Denjoy integrable on [a,b] and (AD)f;(f +g) =
(AD)[} f + (AD)[; g.

THEOREM 3.5. A function f : [a,b] — X is ap-Denjoy integrable on
[a,b] if and only if there exists an ACG function F on [a,b] such that
F,, = f almost everywhere on [a, b].

Proof. Suppose that there exists an ACGg function F' on [a, b] such
that F,, = f almost everywhere on [a,b]. Then F' is an AL function by
Theorem 3.1. Hence, f is ap-Denjoy integrable on [a, b].

Conversely, suppose that f is ap-Denjoy integrable on [a,b] and let
F(z) = (AD)[ f for cach = € [a,b]. Then F is an AL function such



The integrals of Banach space-valued functions 87

that Fy, = f almost everywhere on [a,b]. Let £ = {z € [a,b] : F,,(z) #
f(z)}. Then |E| = 0. Since F' is an AL function, F' is ACs on E. For
each positive integer n, let

E,={zx€a,b]—E:n—1<|f(z)] <n}.
Fix n and let € > 0. Since F' is approximately differentiable for each
xr € E,, there exist a measurable set A, containing x as a point of
density and a positive number J, such that

HF(y) - F(z) _ f(x)H .
y—x
i.e.,
1F(y) — F(z) — f(2)(y — 2)[| <ely — =,
ifye A, N (z — 0z, + d,). For each x € E,,, let

Se=A: N (x— bz, 2+ 0z)
Then S = {S, : * € E,} is a choice E,,. Suppose that P is a finite

collection of non-overlapping tagged intervals that is E,-subordinate to
S and satisfies p1(P) < £. Then since ||F(P) — f(P)|| < eu(P), we have

[EP) < [1F(P) = f(P)II + LF (P
< eu(P) + nu(P)
<(b—a+1)e

Hence, F' is ACs on E,. Since [a,b] = [US2,E,]UE, F is ACG; on
[a, b]. O

THEOREM 3.6. Let f : [a,b] — X be ap-Denjoy integrable on [a, D]
and let F(z) = (AD)[” f for each « € [a,b]. Then F is approximately
continuous on [a, b].

Proof. From the definition of the ap-Denjoy integral, F' is approxi-
mately differentiable almost everywhere on [a, b]. Let E be the set of all
non-differentiable points in [a, b]. Then E is a measurable set of measure
zero. Since F is approximately continuous on [a, b] — F, it is sufficient to
show that F' is approximately continuous on E. Let ¢ € E and let € > 0.
Since F' is an AL function, there exists a choice S = {S, : € E} such
that ||(P)>_ F(I)|| < € for every finite collection P of non-overlapping
tagged intervals that is E-subordinate to S. If z € S. N (¢ —n,c+n)
for some n > 0, then the tagged interval (c,[c,z])(or(c, [z,c])) is E-
subordinate to S. Hence, ||F(x) — F(c)|| = [|F([¢,z])|| < e. This shows
that F'is approximately continuous on F. ]
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From Theorem 2.7 and 3.5, we can get the following result.

THEOREM 3.7. If a function f : [a,b] — X is ap-Denjoy integrable
on [a,b], then f is ap-Henstock integrable on [a, b].
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