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LIE BIALGEBRA ARISING FROM POISSON
BIALGEBRA U(sp,)°

SEI-QWON OH* AND SUN-HWA HYUN**

ABSTRACT. Let U(sp,) be the universal enveloping algebra of the
symplectic Lie algebra sp,. Then the restricted dual U(sp,)° be-
comes a Poisson Hopf algebra with the Sklyanin Poisson bracket
determined by the standard classical r-matrix. Here we illustrate
a method to obtain the Lie bialgebra from a Poisson bialgebra

Ulspy)®.

1. Introduction

Let g be a Lie algebra associated to a connected and simply con-
nected Lie group G and let U(g) the universal enveloping algebra of g.
Then the coordinate ring O(G) is isomorphic as a Hopf algebra to the
restricted dual U(g)° of U(g) and it is sometimes more convenient to
work on U(g)° than to do on O(G). Moreover, if g is a coboundary Lie
bialgebra then the Sklyanin Poisson bracket on U(g)° is shown explic-
itly in [4, 2.2]. Thus U(g)°® becomes a Poisson Hopf algebra and the
pair ((m/m?)*, m/m?) is a natural Lie bialgebra by [4, 1.5], where m is
the kernel of the counit in U(g)°. Here, as an example, we calculate
these algorithms for the symplectic Lie algebra sp, with the standard
Lie bialgebra and recover it.

2. Example

Recall that the definition for Lie bialgebra in [1, 1.3] and [3, 2.1.1]. A
Lie bialgebra is a pair (g,v), where g is a Lie algebra and ¢ : g — gAg,
called cobracket, satisfying the following conditions:

(a) The dual map ¢* : g* A g* — g* makes g* a Lie algebra.
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(b) The cobracket ¢ : g — g A g is a 1-cocycle on g, the g-module
structure on g A g given by the adjoint action. In other words, we have
that for any a,b € g,

¥([a,b]) = a-¢(b) —b-yY(a),
where

a-b®c)=a®rl1+1®a,b®c|=|a,bR@c+b® [a,c].

The symplectic Lie algebra sp, is the Lie algebra consisting of <é g) ,

where A, B,C, D are 2 x 2-matrices such that
A'=_-D B'=B,C'=C.
In the symplectic Lie algebra sp,, set
hi1 = FE11 — Eyy — E33+ Eyy ho = Ess — Eyy
e1 = FEio — Ey3 €2 = Eoy ez = By + Ea3 es = Eq3
J1=Eo — E34 Jo = Ey f3=Eun + E3 Ja= Es1.
(See [2, 8.3] for sp,.) Let H be the subspace of sp, spanned by hy, ho
and let a1, a0 € H* be defined by
Ozl(hl) = 2, Oéz(hl) = -2
Oél(hQ) = —1, Oéz(hg) = 2.

Then ey, e2, €3, eq, f1, fo, f3, f1 are weight vectors with weights

wt(el) = oy, Wt(eg) = (o, Wt(€3) = o1 + (o,
wt(eq) = 207 + a2
wt(f1) = —au, wt(f2) = —ag, wt(f3) = —(a1 + a2),

Wt(f4) = —(20&1 + 042).

Hence a1, ap are positive simple roots. It is well-known that
r=eiAfi+2eaAfotesA fs+2es N fi € 5pyAspy

satisfies the modified classical Yang-Baxter equation and gives the stan-
dard Lie bialgebra structure v in sp, such that

YP(hy) = Y(h2) =0
(e1) = 61 /\ hi, P(e2) = 2ea A hy
(63) =e3 A hy+2e3Ahy—4deg A €,

(eq) = 2e4 A hy + 2e4 N ha — 261 A e3

(f1) = fiNha, VY(f2) =2f2 A ha
(f3) = faNh1+2fs Nhy —4f1 A fo,

(fa) =2fa Nh1+2fs Nhy —2f1 A f3.

(See [3, Exercise 4.1.11].)
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The weight lattice P in sp, is a free abelian group with basis consist-
ing of the fundamental dominant integral weights A1, A2, where X;(h;) =
0;; for 4,7 = 1,2. Hence

a1 =2A1 — Ao, ag = —2)| + 2)o.

The natural sp,-module V = k? is an irreducible highest weight module
with highest weight A;. In fact, set

1 0 0 0

0 1 0 0
=g l2=gl =gl =11 eV.

0 0 1 0

Then v; is a highest weight vector with highest weight A; and

v1 € V02 = fiv1 € Vo) 40,03 = fova € Vi, 5,04 = fruz € V.
f1 f2 f
(1)1 — V9 — V3 — 1)4)
Here we simply write ¢, for C}/w v eV, feV* Observe that

UT = (V*)—M’v; = Ufel € (V*)M—)\m
v3 = vy€2 € (V*)=xi+200 01 = vzey € V)i

el eo el
(v — vy — v5 — vj)

* *x
1= Coro — 1 h; = Coz vy + Cor — 2

* * _ * _ *

€1 = Cof g €5 = Cojus €3 =Cuius €1 = —Colug

X * X * —_—

i =C5m fs = f3 =% Ji=—Cfu
and

CUT,UI S U 5]34
Cvi‘,vg S U 5p4

(5p4)
(5p4)
cvf,vg € U(5p4)
(5p4)
(5p4)

A1,A1 Cugop € U(5p4)§\1—>\27—>\1+>\2
A,—M+Xe  Cv3us € U(5p4)§\1—>\2,)\1—>\2
Moai-de Gt €U(P)Z

Cogor €U(PL)R, xpny Cosn € USSP N 1oy a4
Cvz,vl ceU 5Py

Let S be the antipode of U(sp,)°. Since V* = V as a U(sp,)-module
and

m o (idy(sp, ) ® ) 0 A = el,

we have

Cvé‘,v4 = _Cvi‘,vgy Cv;‘,w; = _Cvi‘,vgy Cvé‘,vg = 0, C’vi‘,v4 =0

CUZ,U3 = _C’Ug,’l}17 Cvé“,m = _Cvz,vzv Cv§,v2 = 0, Cvz,vl =0.
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Moreover U (sp,)° is a Poisson bialgebra by [4, 2.2]. The Lie bracket in
m/m? = sp} is as follows:

(A7, h3] =0 [hi,ef] =—ei  [h 1»62] =0

[ 1’63] —e3 (b1 ex] = —2e5  [hY, fi]=—f1

[hi, f51 =10 (h3, 3] =—f5  [h7, fil = —2f%
[h 2’61] =0 [h3,e3] = —2e5 [ 2»63] = —2¢j

[h 2’64] —2¢;  [h3, f1]=0 [h3, f5] = =215
[h5, f3] = =2f3 [h3, fi] = =2f7 €], *] —de3
[e7, e ] —2ej  [ef,e3] =0 [e3,e5] =0

5, €3] =0 [6376*]—0 [f15 f3] = —4fs
[fl f3] 2fAf [ffv *]:O [fzvfs]_o
[f5:fi1=0 [f5. fi1=0 e, f71 =0, all 4, ;.

This recovers the standard Lie bialgebra in sp,.
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