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THE H;-STIELTJES INTEGRAL OF BANACH-VALUED
FUNCTIONS
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ABSTRACT. In this paper, we define the H; -Stieltjes integral of
Banach-valued functions which is a generalization of real-valued H;
- Stieltjes integral and investigate some properties of H; - Stielt-
jes integral. Also we show that if f : [a,b] — X be a func-
tion with dim X < oo, then f € H1LS([a,b], X, ) if and only if
f € HiS([a,b], X, a).

1. Introduction and preliminaries

In 1999, I.J.L. Garces, L.P. Yee and A.D. Sheng [2] defined the H;
-integral by means of Moore-Smith limit of the Riemann sums using the
directed set and investigated the relation of Henstock integral. They
proved that a function f is Henstock integrable if and only if f = ¢
almost everywhere on [a, b] for some H; integrable function g on [a, b].
J.H.Yoon and K.S. Eun [7] studied the basic properties of H; -integral.
In this paper, we will define the H; -Stieltjes integral of Banach-valued
functions with respect to a function of bounded variation which is an
extention of real valued Hj - Stieltjes integral with an increasing func-
tion. We will investigate some properties of the H; -Stieltjes integral of
Banach-valued functions .

Let §(z) > 0 for z € [a, b] be given. A division D = {([u, v], ()} of [a, b]
is said to be § - fine if ¢ € [u,v] C ((—6(¢),(+d(¢)) for each ([u,v], ().
Denote by P the family of all § - fine divisions of [a, b]. For Dy, Dy € P,
we write Dy > Dy if for each {[s, ], ()} € Ds there exists {[u,v],{)} € D
such that [s,t] C [u,v] and {C : ([u,v],{) € D1} C {n: ([s,t],n) € Da2}.
Then (P, >) is a directed set.
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Throughout this paper, X is a real Banach space with dual X* and
o is a function of bounded variation.

A function f : [a,b] — R is H; - integrable to a real number A on
[a,b] if A is the Moore-Smith limit of the Riemann sums with respect
to the directed set (P, >), for some positive function ¢ on [a,b]. More
precisely , f : [a,b] — R is H; - integrable on A on [a,b] if there exists
a positive function ¢ on [a, b] such that for each £ > 0 there exists a 0 -
fine division Dy such that for any ¢ - fine division D > Dy of [a,b]. we
have

D)3 H(Qw—u) — Al <=
We say that A is the Hj - integral of f on [a,b] and that f is H; -
integrable on [a, b] using ¢ and f : [a,b] — R is H; - integrable on a set
E C [a,b] if fy, is H; - integrable on [a, b].

It is easy to show that every H; - integrable function on [a,b] is
Henstock integrable, but the converse don’t know([2]).

2. The H; - Stieltjes integral of Banach-valued functions

We define the H; -Stieltjes integral of Banach-valued functions with
respect to a function of bounded variation which is an extention of real-
valued H;i - Stieltjes integral with respect to an increasing function.

DEFINITION 2.1. Let « be a function of bounded variation on |a,b].
A function f : [a,b] — X is Hjp- Stieltjes integrable to A € X with
respect to « on [a,b] if there exists a positive function ¢ on [a,b] such
that for each € > 0 there exists a §- fine division Dy such that for any §
- fine division D > Dy of [a,b]. we have

(D) F(O(av) — a(w) — A <e.
We say that A is Hi-Stieltjes integral of f on [a,b] and that f is Hi-
Stieltjes integrable on [a, b] using §, we write A = ff fdo and f : |a,b] —
X is Hy- Stieltjes integrable on a set E C [a,b] if fy, is Hy- Stieltjes
integrable on [a,b] where xp denotes the characteristic function of E.
We will also write f € HyS([a,b], X, «) to mean that f is X-valued H;-
Stieltjes integrable function on [a,b] with respect to c.

If X = R, the Banach-valued H;i- Stieltjes integral is the real-valued
H- Stieltjes integral.

Just as in the Henstock integral, Cauchy criterion holds for the H; -
Stieltjes integral of Banach-valued functions.
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THEOREM 2.2. A function f : [a,b] — X is H; -Stieltjes integrable
with respect to « on [a,b] if and only if there exists a positive function
6 such that for each € > 0 there exists a § - fine division Dy such that

1(D1) Y F(O(alw) = aw) = (D2) Y f(O)(a(v) - a(w)] <,

for any ¢ - fine divisions D1, Dy > Dy of [a, b

Proof. Suppose that f is Hy - Stieltjes integrable with respect to «
on [a, b]. There exists a positive function ¢ such that for any € > 0 there
exists a § -fine division Dgy such that for any § - fine division D > Dy of
such that

D)} H(O)(aw) - / fdol) <

For any § - fine divisions Dy, Dy > Dy of [a, b],

1003 FOaw) — a(w) — (D) 3 (O (av) — a(w)]
b
<01 Y £(O)(alv) — alw) - / fdal|
b
H(22) 3 F(©)(a) — atw) - [ fda)] <=

Hence the Cauchy criterion is satisfied. Conversely, suppose that the
Cauchy criterion is satisfied, there exists a positive function ¢ such that
for each positive integer n there exists a ¢ -fine division D,, such that
for any d-fine division Dy, Dy > D, of [a,b], we have

1

1(P1) Y F(Oa(v) = aw) = (D2) Y (O (a(v) — a(u))]| < —.

We may assume that the sequence {D,,} is nondecreasing since (P, >)
is a direct set. For any € > 0, choose ng so that nio <e. Form > n > ng,
we have D,,, > D,, > D,,, and

(D) Y- £(O(a(0) - a(w) ~ (Pn) Y £(Ofa(w) - a@)] < - <=

Hence {(Dy) Y f(¢)(a(v) — a(u))} is a Cauchy sequence. Since X is
a Banach apace, there exists a limit of {(D,) > f({)(a(v) —a(u))}. Let
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L be the limit of this sequence. Choose a positive integer N such that
% < 5 and
€
1(Pn) >~ F(O () = a(u) — L < 2

for all n > N. Let D,, be a d-fine division with D,, > Dy, we have

(D) Y F(C)(e(v) — a(w)) — L]
< (Pa) Y FO((v) = alw) = (Dm) Y £ (v) = a(w)]

(D) Y F(Oa(v) — alw) = L|| <.
Hence the function f is Hy -Stieltjes integrable with respect to o on
[a, b]. O

The following theorem is some basic properties of the Hi- Stieltjes
integral. Their proofs follows naturally the real-valued case([5])

THEOREM 2.3. Let f and g be H; -Stieltjes integrable with respect
to a on [a,b]. Then
(a) kf is Hy - Stieltjes integrable with respect to « on [a,b] and

/:k;fda:k/abfda

(b) f + g is Hy - Stieltjes integrable with respect to « on [a,b] and

/ab(f+g)da:/:fda+/abfda.

DEFINITION 2.4. A set K C H15([a,b]), X, «) is called H;- Stieltjes
equiintegrable with respect to « if there exists a positive function § on
[a, b] such that for each € > 0 there exist a d - fine division Dy such that
for any o0-fine division D > Dy of [a, b]

b
(D)~ F(O(a(v) = a(w) —/ f(z)dal| <e,
for each f € K.

Using the concept of Hyi— Stieltjes Equiintegrability we have the fol-
lowing convergence theorem for the H;-Stieltjes integral. Its proof is
similar to those for the McShane integral([3])
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THEOREM 2.5. If the sequence { f,} of Banach-valued function f, :
[a,b] — X is Hi-Stieltjes Equiintegrable with respect to « on [a,bland
limy, oo fn = f, then f € HiS([a,b]), X,a) and limy, co [0 foda =

fab fda.

THEOREM 2.6. Let f : [a,b] — X is H;-Stieltjes integrable with
respect to o on [a,b]. Then
(a) for each x* € X*,x*f is H; -Stieltjes integrable with respect to

« on [a,b] and
b b
/ ¥ fda = ar*/ fda.

(b) {z*f : x* € B(X™)} is Hy- Stieltjes equiintegrable with respect to
« on [a,b]
(c) f is weakly measurable.

Proof. (a) Since f : [a,b] — X is H; - Stieltjes integrable with respect
to a on [a, bjsuch that for each € > 0 there exist a positive function § on
[a, b] such that there exists a - fine division Dy such that

b
1) Y (O (@) — alu) — / fdal| <,

for any d -fine division D > Dy. Hence for any =* € X* we have
b
(D) 2" f(O(alw) — a(w) - z” / fdo

b
< [l (D) Y F(O(alv) - alu)) —/ fdall < =",

for any 0 -fine division D > Dy. Therefore (a) holds.
(b) If z* € B(X™), then the above inequality give

b
(D) Y 2" F()(elv) — alu)) - 33/ fdal| <,

for any «* € B(X™), so the set {z*f : 2* € B(X™*)} is Hy- Stieltjes
equiintegrable with respect to « on [a, b].

(c) f is weakly measurable since for each z* € X, z*f is H; -Stieltjes
integrable with respect to a on [a, b] O
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3. The H,L - Stieltjes integral of Banach-valued functions

The Saks-Henstock Lemma holds for the real-valued Henstock inte-
gral, but is not satisfied for Banach-valued functions. So we define an
integral which satisfies Saks-Henstock Lemma with | - | replaced || - ||.

DEFINITION 3.1. Let o be a function of bounded variation on [a, b].
A function f : [a,b] — X is HiL - Stieltjes integrable with respect to o
on [a,b] if there a function F : [a,b] — X defined on the subintervals of
[a, b] with the following property: there exists a positive function ¢ such
that for each ¢ > 0 there exists a § -fine division D > Dy of [a, b], we
have

(D) Y~ F(O(a(v) = a(w) = F([u, )| <e,

where F®([u,v]]) = F(a(v)) — F(a(u)). In this case, we will write
f € HiLS([a,b], X, ).

By definition, an HjL-Stieltjes integrable function with primitive
F“ satisfies Saks-Henstock Lemma with | - | replaced || - ||. We note
that by the triangle inequality, f € H;LS([a,b], X,«) implies f €
H15([a,b], X,a). In general, the converse is not true. For real-valued
functions, the two integrals are equivalent.

The next theorem says that if dim X < oo, then the two integrals are
equivalent.

THEOREM 3.2. Let f : [a,b] — X be a function with dim X < oo.
Then f € HiLS([a,b], X, ) if and only if f € H1S([a,b], X, a).

Proof. It suffices to prove that f € H1S([a,b], X,a) implies f €
HLS([a,b], X,a). If f € HiS([a,b], X, ), i.e. there exist real-valued
functions f;(1 <1i < n) which are H; - Stieltjes integrable with respect
to a and f(t) = (f1(t), -, fu(t)) for each t € [a,b].

Since all norms in R™ are equivalent, we just one of them, say || X || =
Yoy | @i | where X = (x1,--- ,z,) € R". Now,f € H15([a,b], R", a)
impies that for each € > 0 there exists a § - fine division Dy such that
for any ¢ - fine division D > Dy of [a, b], we have

(D) > F(O)(a(v) — a(w)) = F*([u,v]))]| <e.
This implies that | (D) fi(¢)(a(v) — a(u)) — F¥([u,v]]) |< € for
i=1,---,n, where F;(1 < i < n) are the primitive of f;. By the Saks
-Henstock Lemma for real-valued function, we have
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(D) Y | fil)(elv) = alw)) = F ([u, o]]) | < 2,

for : =1,--- ,n. This implies

(D) Y 1) (@(v) = alw)) = F*([u,v]])]
= (D)) > | fi(O(aw) = a(w) = F([u,v]) |
i=1

=Y (D) | filQ)(a(v) — aw) — Ff([u,v]) |< 2ne.
i=1
Hence f : [a,b] — X is HiL - Stieltjes integrable with respect to «
on [a,b]. O
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