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HOMOGENEOUS REAL HYPERSURFACES IN
A COMPLEX HYPERBOLIC SPACE WITH
FOUR CONSTANT PRINCIPAL CURVATURES

HYUNJUNG SONG*

ABSTRACT. We deal with the classification problem of real hypersurfaces in
a complex hyperbolic space. In order to classify real hypersurfaces in a com-
plex hyperbolic space we characterize a real hypersurface M in Hy,(C) whose
structure vector field is not principal. We also construct extrinsically homo-
geneous real hypersurfaces with four distinct curvatures and their structure
vector fields are not principal.

1. Introduction

Since E. Cartan’s work in the late 30’s classification problem of hyper-
surfaces with constant principal curvatures is known to be far from trivial.
Among the many great deals some differential geometers have studied the
classification problem of real hypersurfaces in a complex hyperbolic space,
however, a complete classification has not been obtained until now. This
paper deals with the classification problem in a complex hyperbolic space.

Let H,(C) be a complex hyperbolic space of complex dimension n(= 2)
endowed with the metric of constant holomorphic sectional curvature —4,
and M be a real hypersurface in H,(C).

S. Montiel ([7]) gave the following classification theorem.

THEOREM A. Let M be a connected real hypersurface of H,(C) n(2
3) with two distinct constant principal curvatures, then M is holomorphic

congruent to one of the model spaces of Ay and Aj.

Moreover, J. Berndt[2] proved the following theorem.
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THEOREM B. Let M be a connected real hypersurface of H,(C) with
constant principal curvatures. If M has a principal structure vector field,
then M is holomorphic congruent to an open part of well-known homoge-

neous model spaces Ay, Ay, As, and B type.

The homogeneous model spaces of Ag are horospheres, and have two
distinct principal curvatures 2 and 1 with multiplicities 1 and 2n — 2 re-
spectively. Those of type A; are geodesic spheres (resp. tubes over totally
geodesic complex hyperbolic hyperplanes), and have two distinct princi-
pal curvatures 2coth 2¢ and tanht (resp. cotht) with multiplicities 1 and
2n — 2 respectively. The A, types are tubes over totally geodesic Hy(C)
(1 <k <n-—2), and have three distinct principal curvatures 2coth 2¢, tanh ¢
and cotht¢ with multiplicities 1, 2p and 2q respectively, where p > 0, ¢ > 0
and p+q =n—1. The B types are tubes over totally real hyperbolic space
H,(R), and have three distinct principal curvatures 2tanh 2¢ of multiplic-
ity 1, cotht of multiplicity n — 1 and tanht of multiplicity n — 1, unless
cotht = /3. When cotht = /3, they have two distinct principal curvatures

with multiplicities n and n — 1.

An orbit in H,(C) is said to be extrinsically homogeneous if it is an orbit
under a closed subgroup L of the identity component G of the group of all
isometries of H,,(C). For such orbits, the orbit with the maximal dimension
is called principal. Moreover, if such an principal orbit is a real hypersurface
in H, (C) with r distinct constant principal curvatures, then this orbit is said
to be of r-type.

As proposed also in R. Niebergall and P. J. Ryan([5]), the following is
an open problem : Classify all extrinsically homogeneous real hypersurfaces
in Hy,(C). From theorem A it is well known that every extrinsically homo-
geneous real hypersurface M in H, (C) of 2-type is congruent to one of the
model spaces of Ap and A;. Recently when an extrinsically real hypersur-
face M is of 3-type in a H,,(C) and its structure vector field is not principal,
some differential geometers have studied this problem. For this problem J.

Saito ([6]) proved that every extrinsically homogeneous real hypersurface of
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3-type in H,(C) has a principal structure vector field. However there is a
mistake in deduction to lead a certain formula. In fact J. Berndt ([1]) and
I.-B. Kim, H.S. Kim and R.Takagi([4]) showed that there are real hypersur-
faces with three distinct constant principal curvatures on which structure
vector fields are not principal in H,,(C) . In addition, for these real hyper-
surfaces I.-B. Kim, H.S. Kim and R.Takagi([4]) classified all homogeneous
real hypersurfaces in the case where: the multiplicities of the principal cur-
vatures with respect to nonzero components of structure vector field are 1
and 1.

Recently, in [1], J. Berndt constructed subgroups B,, and L,, of the con-

nected component of the group of isometries of H,,(C) for each n such that:
(1) a certain orbit B, (o) under B, has three distinct principal curvatures
1,-1 and 0 with multiplicities 1, 1, 2n — 3 respectively and the structure vec-
tor field on B, (0) is not principal. These the number of distinct principal
curvatures does not depend on all points. Such orbit B, (0) is said to be a
Be type of first kind.
(2) a certain orbit L, (o) under B,, has three distinct principal curvatures
or four distinct principal curvatures, i.e., the number of distinct principal
curvatures depend on a point. Such orbit L, (o) is said to be a Be type of
second kind.

Through this paper we assume that:

(C) Every real hypersurface M has three distinct constant principal cur-

vatures and its structure vector field is not principal.

In this paper, we shall deal with an extrinsically homogeneous real hy-
persurface M such that the structure vector field on M is not principal and
M has four distinct principal curvatures in H,(C). First, we investigate
some properties of multiplicities of the principal curvatures with respect to
nonzero components of structure vector field. Next, we show that there is a
real hypersurface M in H,,(C) for the case where: the multiplicities of the
principal curvatures with respect to nonzero components of structure vector

field are 1 and k(> 2). Last, we construct extrinsically homogeneous real
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hypersurfaces with four distinct curvatures and their structure vector fields

are not principal.

2. Preliminaries

Let H, (C) be a complex hyperbolic space of complex dimension n(= 3)
with the metric of constant holomorphic sectional curvature —4, and M
be a real hypersurface in H,,(C) with the induced metric. Choose a local
field {e1,- -, ea,} of orthonormal frame in a way that, restricted to M, the
vectors e, - -, eq,_1 are tangent to M. Hereafter let the indices i, j, k, [ run
through from 1 to 2n — 1 unless otherwise stated. We denote by 67, 9; and
9;- the canonical 1-forms, the connection forms and curvature form of M

respectively. Then they satisfy
A"+ 0:N0T =0, 0, +06] =0,

(21) e
k

We denote by J the natural complex structure of H,(C) and (J3, &)
be the almost contact structure of M, i.e., J(e;) = > Jle; + Eiegn. Then
(J3, &) satisfies

(2.2) D=0 &g, Y JlG =0, Y Ghi=1,
P j i

where £ = ) ;e; is said to be the structure vector field of M and &; is called
the components of {. Let ¢; be 1-forms of M such that ), ¢;0" is the second
fundamental form of M for es,. Then the parallelism of J of H, (C) implies

(2.3) dJi = (J0F — JL0F) — & + ¢,
k
(2.4) A& =) (&b — TFén).
k

The equation of Gauss is given by

(2.5) O =i Ny — 0" NOT =D (JLT] + JLIF)0% A 0L
k,l
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The equation of Codazzi is given by

(2.6) doy == ;N0 =D (&L + &0 Ao
J g,k
We assume that all principal curvatures Aq,---, Aop—1(not necessarily

distinct) of M for es, are constant. We may set ¢; = \;0. For an index
i, we denote by [i] the set of indices j with A\; = X;. Then it is obvious
that the vector V; = > Jel] &;je; is independent of the choice of orthonormal
frame {e;|j € [i]} for the eigenspace belonging to &;. Therefore for any
index ¢ we can indicate a special index ¢’ so that the vector V; linearly
depends on e;. In other words, we can choose an orthonormal frame for
the eigenspace belonging to A; so that {; = 0 for j € [{]\{¢'}. In the same
way, for J,Z (7 is any index and fixed and k is the index that g # \;/), we
can indicate a special index &’ and choose an orthonormal frame for the
cigenspace belonging A\ so that J/ = 0 for [ € [k]\{k'}.

Then by (2.1) and (2.6) we can write the connection forms 9; in the form

(2.7) (N = A)05 = = (Aiji + &TL + §T0)0%,
k

where A;j, = Aji = Aip;. From (2.7), it is easily seen that

(2.8) A = —&J) — T8 i N =)\,

(2.9) =0 if X=X\ =M\
We quote an important formula,

NI (A + &L+ € TE)?

2%: A — i

A #N\; ;
(A + & J) +€5TF)?
(2.10) -2 § : J
k

VDY
i2

F6(X — AL = 3N — EN) — (N = Aj)(e+ AiXj)

=0.
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Hereafter we assume that M has three distinct constant principal curva-
tures z,y, and z. Let m(x), m(y) and m(z) be the multiplicities of x,y and
z respectively. We shall make use of the following convention on the range
of indices:

1<a,b,c<m(z), m(z)+1<rst<m(x)+m(y)
m(z) +m(y) +1 <wu,v,w<2n—1.

From now on m(z), m(y), and m(z) are called the multiplicities with respect

to components &, , &. and &,, respectively.

3. Properties of the structure vector field on M
From now on we assume that the structure vector field £ is not principal
and we investigate its properties.

Now we note the following fact.

LEMMA ([6]). If M has three distinct constant principal curvatures and
its structure vector field is not principal, then there exists an orthonormal
frame {ey,eq, -+ ,ea,_1} on M such that £, = 0 and £, # 0.

There are three cases for multiplicities as follows .
(1) m(z) = m(y) =1,

(2) m(z), m(y) = 2.

(3) m(z) =1, m(y) > 2.

Case (1): In this case, we have m(z) > 3. Moreover Ji5 = 0. Hence
Juy # 0 since rankJ = 2n — 2. Now we can choose an orthonormal frame
{ey} so that

Jiz ==&, Jo3 =& and  Jyy = Jou = J3u = 0(u # 3).
Let us take the exterior derivative of £, = 0. Then we have

2 2
(03.1) SRS
rT—z y—=z

=z

3¢3 L Avgs +&5

03.2 =
( ) T —z Yy—z
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T —z y—z

(03.4) Ay =0 ifa # 3.

It follows from (03.1) and the relation £74£&5 = 1 that &7 is constant. Taking
account of the coefficient of 03 in d¢; = 0, from (03.2) and (03.3) we have

(03.5) 322 —2z(z+y)+ay+1=0.
We put i =1 and j = u in (2.10), then from (03.1) and (03.4) we have

263
Yy—=z

(03.6) — 3283+ (y—2)(yz— 1) =0.

Similarly, putting ¢ = 2 and j = u in (2.10), then we get
267
y—z
Cancelling ¢2 and &2 from (03.6) and (03.7) we have

(03.7) — 3268 + (x — 2)(xz — 1) = 0.

z—(x+y)+yz(y —2) +zz(x — 2) = 0.
From the above equation and (03.5) we have
(03.8) 3z=z+y and zy=32%—-1.

Using (03,8) I.-B. Kim, H.S. Kim and R.Takagi([4]) classified all extrinsically

homogeneous real hypersurfaces, more precisely,

THEOREM C ([4]). If M is an extrinsically homogeneous real hypersur-
face in H,,(C) with case (1), then M is congruent to Be type of first kind.

Case (2): In this case, we shall prove that this case does not occur. Now
we have from (2.9) Ju» = Jrs = 0. Here we indicate a special index 1(resp.
") and choose an orthonormal frame {e,} (resp, {e,}) so that & = 0 if
a#1 (resp. & = 01if r #7'), Then we from (2.2)

(3.1) Jt=0=J"
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For indices u, we choose an orthonormal frame {e, } so that J!, = &, J1 =0
if u# u . Then, from (2.2) and (3.1)
(3.2) Ty =&, J n=J" =0 ifuu anda#1

u T Yu T

Taking the exterior derivative of J! =0 and £, =0 (a # 1), we have

ZW Y 3 Y B e,
k

xr—z
a v#Eu k

X

r! AaT’ r! L 6k
25 ( ’“fg J6) +G0, +y > JHT+2) Tl =0.
k r v

Taking account of the coefficient of 8, in the equations and using (2.2), (3.1)
and (3.2) we have

(3.3) Agrw =0. (a#lorr #1')

Now we put i = v/, j = a (a # 1) in (2.10). Then using (2.8), (3.1), (3.2)
and (3.3) we have

(3.4) yz—1=0.

Moreover put i = u', j = (r # r'). Then using (2.8), (3.1), (3.2) and (3.3)

we have
(3.5) xz—1=0.

From (3.4) and (3.5) we have z = 0 which contradicts —1 # 0. Thus we

have the following Theorem 1.

THEOREM 1. There is no real hypersurface in H,(C) with three distinct
principal curvatures such that multiplicities of the principal curvatures with

respect to nonzero components of structure vector field are greater than 2.

Case (3): In this case we can choose {e,} so that & = 0 if r # 2. Then

we have

(3.6) J=o0.
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From (2.3) and (3.6) it follows that

m(y) + E J¥ =m(z).

This implies that m(z) > m(y). For simplicity we put m(y) = k. Now we

choose an orthonormal frame {e,} so that
J2 = —€,J2=0 ifv#d,
where u’ = k + 2. Then from (2.2) and (3.6)
(3.7) Jl =&, Y =0,J =0, J5, =0.(r £2,0#u)

Taking the exterior derivative of £,, = 0, we have

(38) B+ =l ) Tyl =) — L
(3.9) Aty =0 ifr # 2.

Hence it follows from (3.8) and the equation &7 + &3 = 1 that

r—z

2 VEEY By 2) byle )~ 18

L
310 = T —2) v

).

If x +y — 2z # 0, then & is constant. Taking account of the coefficient of

6%*2 in d¢; = 0, we have

)8 ==y +yle—2) -2

From the equations above, we have
(3.11) 2(x+y—22)—(x—2)(y—2)—1=0.

If x +y — 2z = 0 in the equation (3.10), then using x — z = z — y and
y = 2z — x we have
(y—2)(x—2z)+1=0.
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This implies that the equation (3.11) holds if z +y —2z =0. Put i = r(r #
2),j =k +2in (2.10), the using (2.8), (3.7) and (3.9) we have

(3.12) yz—1=0.

Taking the account of the coefficient of " in dJ? = 0 and using (2.2), (2.8)
and (3.7), we have y* — yz = 2. From this equation, (3.11) and (3.12) we
get

(3.13) y>=3,y=3z, and z=0.

From this equation we have y = +v/3 and z = + There is no loss of

1
V3©
generality such that we may assume that

1
=V3 and 2= —.
Yy \/g

Let E;; denote a square matrix with entry 1 where the ¢th row and the jth

column meet. From the above results and (2.2) we can write

1 24/2
§=ge1+ \3[62,
22 1
J=——F(Firt2 — Erg2,1) + g(Ez,km — Ejy29)
k—1

(3.14)
- (Fayakt24+a — Ert21a,24a)

- (Bokgi+42p—1,2k+142p — Fokt142p2k+14+2p—1)-

From (2.1), (2.7) and (3.14) we have

1 1 / 1
91 = _79u ) 91 = —760‘—’—“ 9 91’ = = 2\/591 - 92 9
2 \/g 2+« \/g u 3( )
1
0(114_1,/ - _ 92—}—047 6%k+2 — _2,‘9216-|-2p-|-17
(3.15) V3 '
0%k+2p+1 = 27

2 / 1
03, ., = \/70‘”“ 62, = —(—6" 260
2+« 3 9 u \/g( —|— f ))
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2 2
0§+ul 2\/;024»0(, 0§k+2p \/g92k+2p+17
2
9%k+2p+1 = —\/;92k+2p

1 1 2
aﬁﬁ(e - \/59 )

24+a _ n2+a _ 24a u’ o 2 uw' 4o
92k+2p = 92k+2p+1 =0,"=0, Oyin= _\/;9

eu’ _ 262k+2p Hu’ _ 292k+2p+1

u4a _ pgu'4a o
0oy t2p = Vo 2pt1 = 0,

where 1 <o, 0<k—land1<p<n-—k-—1.

For later use we choose a new orthonormal frame field é = {é1,...,é2,-1}

24 u 4o 24+a
924—6 - 9u’+6’ 91#-1—[3 =9

in such a way that

e =¢§=ge1+——e, éx=———e + ey,
(3.16) €2ta = —€24as Chtlts = €2n—s, (1 < s <m(z) —k),
Chtitm(z)—kta = €2k42—a (L<a<k—1) éon1 =ew.

Then the transition matrix F from the frame é to the frame e is

1 2\/5 m(z)
(3.17) F = 2 (B + Ex) + =5~ (Bo1 = B12) = ) Brr+ D Biyigion-ic

3 r#2 =1

Let J and A denote the almost contact structure and the shape operator of
M with respect to the frame é, respectively. Then from (3.14) and (3.17)

we have

>

Jé; = éapi1-s, (1<i<n)
2v2

A 1
(3.18) A= ﬁEn + %E22 + ﬁ(EIQ + Eo)

1

r#2

oo

For the corresponding dual 1-form 6" and connection form é; to the fame é,
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it follows from (3.15) and (3.16)

1 1

é% _ _ﬁé%l_l? é%Jra _ _ﬁéQn—l—a’
. 1 4 A 1 -
9i+1+2p = ﬁeka, 9i+2p = _%Hkﬁpﬂv

R 2 A 2 .
030 = _\/;92n1a7 Oisopsr = \/;9k+2p7
92 _ 2ék+2p+1
k+2p — 3 )

Hl _ Hu' —a N2 _
0271—1—](:—0( - \/ge ) 92n—1—k—a =0

(319) g _ 1 9v20l 4 @2y 2 . — 1 oo V25
n—1—" 5 /= +9 en— —70 —|—79
01 = g 5l ) G =35 T3
0515 = 0575, Oiitie, = 0iys, = 03121 =0,
~ ]_ R “
24a _ 1 2
02n717k7a - 5aak*5%(0 - \/50 )
Ak tlta _ pht1+2 A2
HkLiﬁ = 9%*13;'275 = 92n711)fk76 =0,
it \/§9k+1+2p gt _ \F G2
3 3
A ’ ~ 2
—1—-k— - - —1—k— n—1l—k—a«a
it Rt B M _@2 o
and

A 1 A 1 . R N
0% — _%0271—1’ 0%4—(1 — _%0271—1—0(’ 0?11+a — \/gen—i-l—a’

X 5. . X
2 2n—1— 2 24a _ p2+
62+a = _\/;0 " e en—i—cx =0, 92+g - 02+g7

N2+a 1 2 %) Hn—+ao n+l—a

(320) 0721—:_3 = ﬁéa,k—ﬁ(el + \/592)7 eniﬂ - enii—ﬂv
01 1 V2
SR W] 33 3V3

A . 2 .
93:531 =0, 95‘;_0‘1 = \/;H"Jra, for 1<a,f<k-—1

(2v20" +6%) 62, | = —6'+ =42

for m(z) > m(y) and m(z) = m(y), respectively.
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4. Reconstructions of extrinsically homogeneous real hypersur-
faces

In this section we shall construct extrinsically homogeneous real hyper-
surfaces with four distinct principal curvatures and their structure vector
fields are not principal. In the following we construct this for m(y) = m(z)
and abbreviate the construction for m(z) > m(y) since we have only to
apply the same method.

Basically we shall adopt the notations in S. Helgason([3]).

Let GL(n + 1,C) be the general linear group of degree n+ 1 over C. For

I = Ell —E22 — e _En—l-l,n—l—l, we put
G={cecGL(n+1,C)|c'Iz =1, detoc =1}

and
K = {(g 9) |o € U(1), det o detT = 1}.

Then K is a closed subgroup of G, and the homogeneous space G/K is
just the hyperbolic complex space form of complex dimension n, which is
denoted by H,. The Riemannian metric and the complex structure on H,
will be stated later.

In the following, given a Lie group (e.g. G), we denote the associated Lie
algebra of G by the corresponding German character g. Conversely, given a
subalgebra (e.g. [) of g, we denote by the corresponding Roman character
L the connected Lie subgroup of G whose Lie algebra is [.

We put

Ay =By — iBai1.041, Yie = 1Bk + iy,
(4.1) Yik = Eji — Ej, Xo=1E104+1 —1Eay11,

Xnta=FEint2-a+ Enyoan,
where 1 < a <nand 2 <j <k <n+ 1. Then the set {Aa,f/jk,ij,Xa,
Xontat1<a<n 2<j<k<ni1 (resp. theset {Aq, Vik, Yikhi<a<n, 2<j<kent1) forms
a basis for g (resp. £). The bracket product of vectors given in (4.1) can be
obtained by

(4.2) [Ejks Eim) = 0k Ejm — 6mjEu
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for 1 < j,k,I,m<n+1.
Weputp=>1_ RX,+> _ RX,.,. Then we have a Cartan decom-

position of g:
g=t+p, [E,E]CE, [E,p]Cp, [pap]CE

We can identify p with the tangent space T,(H,,) of H,, at the origin 0. We
give on H,, regarded as a symmetric space, a Riemannian metric <,> in

such a way that

<XO“X5 >= 5(15, <Xa,Xn+g >=10
4.3
(4.3) < Xnta, Xngp >=0ap for 1<a,8<n

at 0. Such a H, is the hyperbolic complex space form of constant holo-
morphic sectional curvature —4 of complex dimension n, which is denoted
by H,(C). Then G acts on H,(C) as a group of isometries. The complex
structure .J on H,(C) is given by at o

J(Xa) = Xopnti-a, for 1<a<n.

For any element Z of g, we denote the € (resp. p)-component of Z by Z,
(resp. Zy).

Here we shall construct the Lie algebra [, = E?gl_lRZi such that Z;
satisfy and (3.18), (3.19) and (Z;), = X; = é;.

Let V be the Riemannian connection of H,,(C) with respect to the Rie-

mannian metric <, > given in (4.3). Then it is also known that
(4'4) V(Zi)p Zj = [(Zi)h (Zj)P]'

From now on we assume that m(y) = m(z). Let z = %, and let O, (1 <
i,J,k < 2n—1) be scalar functions on H,,(C) such that C’;k = —Cf;k. Using
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(4.4), (3.18) and (3.20) we can put

5 2 22 -~
Z1::)(1+-32/h—-3ZA2-—Agﬁzyéa
2 44/2 -
Zy Z-Xé-—)[:ZA1%—*AK:ZA2—-EY§&
3 3 3
(4.5) Zova = Xota —32Ya 310 + Z Col e 3 Y334,

1<p<y<n-—2
Zn+a = Xn—l—oz - ZY27n+2—oz - \/521/}),71—‘1-2—0(7

2n—1
Zop—1 = Xop—1— 2Yo3 + g O3 34y Y3413+
1<p<y<n-2

R ) N B
where 9§Ig(X2+,y) = 0313’%5, 9§ig(X2n,1) = C§ia}3+ﬁ and 1 < o, 3,7 <

n— 2.
Then it follows that
[Zla Z2] - 07 [Zl') Z2+Oz] == 2ZZQTL—1—O(7 [Z17 Zn+a] - 07

2v/2 2
[Zla Z2n—1] = TZZI - gZZQ, [ZQ, Zz+a] — _\/§ZZ2n—l—a,
4 V2
[Zz’ ZTH'O‘] =0, [Z% Z27L—1] = §ZZI + TZ%
(Zovar Zorpl = Y (O30 00— Cat6 5,30 224
1<A<n—2

+ Y (O (Xasp)
1<p<y<n-—2
—(dC3TY 5 ) (X21a))Yatpaqs

n—2
_ 24
[2&+a¢zﬁ+ﬁ]_'§ :C%+in+2—52&”_1_7
y=1

+_{ 4271 +V222y fa+B=n—1

0 otherwise,
§ : 2n—1
[ZQ+047 ZQTL*I] = 03+a13+>\i ZQ+>\
1<A<n—2

Y (O ) (Kan 1) — (ACEI L ) (Xara)),
1<p<y<n-—2

[Zﬁ+aazﬁ+ﬁ]:(L

[ZnJrou Z2nfl] = \/iz ZnJra + Z Cii;£a73+,\z2nflf>\-
1<A<n—2
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For any Greek letters p,y and A, we see that the coefficients Cgiﬁ,:& 4+~ and
oL of Za+x and Zg, 1 satisfy

34,34y
2 2+
(dC?,Ig,ngg)(Xerﬁ) - (d03+£73+5)(X2+a) + (922 -1)
n—2
_ 2+ 2+ 2+ 2+
- 2(03+g,3+xc3+x,3+,8 o C3+a,3+ACB+§,3+,B>
A=1
n—22
2+ 24 2+ 24X
+ Z(CS+3,3+ACB+a,3+B o CB+a,3+AC3+a,3+ﬁ)
4.7 A=l
(4.7) and
2n—1 2+
(dcsia,3+,8)(X2+u) - (dc3+£73+5)(X2n71)
n—2
_ 2n—1 2+ 2+ 2n—1
- Z(C3ia,3+xcs+§,3+ﬁ o 03+5,3+A03—T£/\,3+ﬁ
A=1
24\ 2n—1
B Cs+a,3+6C3i,\,3+u)
respectively.

If we define a subspace [, of g by

2n—1

=) RZ,
i=1

then we see from (4.6) and (4.7) that [, is a Lie subalgebra of g. For this

Lie subalgebra [,, we know the following:

PROPOSITION 2. If we put n = 3 in (4.6) then it is easy to see that the
above Lie algebra |3 is solvable. In the case where n > 4 we see from (4.6)
and (4.7) that the Lie algebra |, (i.e. n > 4) is not solvable.

Now, we shall investigate the principal curvatures of each orbit in H,,(C)

under the Lie subgroup L,. We put
oy =exptXy, for teR,

which is a 1-parameter subgroup of G.
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Since the orbit L, (04(0)) is congruent to the orbit (Ad(c; ')L,)(0) under
Ad(o; ML, in H,(C), we shall compute the shape operator and the structure

vector on the latter. For simplicity, we put
¢t = cosht and s; =sinht.

Then we see that o, = ¢ 11 + ¢t Fog + s¢FE12 + s¢Fo1 + ZZI; ELp.

By a simple calculation, it follows from (4.5) that

8 2v/2
Ad(oy)Zy = (c? + sf - gctstz)Xl ——3 $:2X9
5 2 2v2 ~
+ (gc?z + sfz —2¢8¢) A1 — ngg - \?)fcthgg

2v2

Ad(oy)Zy = — 3 cesez X1 + (e — %Z)Xg
- 2c? 4+/2
+ (s — %z)Ygg + (V2522 — \/;Ct 2)A; + \!ZAQ

4.8 ~
( ) Ad(Ut)ZQ+a = (Ct — 3StZ)X2+a + (St — 3Ct2)YVQ73+a

24«
+ E N O HHPTIe R0
1<p<y<n—2

Ad(04) Znya = (¢t — 5¢2) Xnta + (5t — ct2)Yo ngo—a — \/§ZY3,n+2—a

Ad(ot)Zon—1 = (¢t — s¢2) Xopn—1 + (5t — c+2)Ya3
+ Z 03?1;13+WYB+M,3+W

1<p<y<n-—2

forl1 <o,p,vy<n—2.

The vector v = Xy, is the normal vector of the orbit (Ad(o;')L,)(0).
Then the shape operator T, of (Ad(c; ')L,)(0) in the direction v is given
by

T,((Zj)p) = —(Z5)e; V] ad(om) 1) (0)

for 1 <j<2n—1 ( see also [9]).
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Then it follows from (4.6) that

(c? + sf — gctstz)T,,(Xl) — 2\3/§stle,(X2)

= (4depsy — g(c? +52)2) X1 — 2\3/50th2,
- 2\3/§ctstzTy(X1) + (e =TT (X)

= —2\3@2(0? +52) X1 + (s8¢ — %Z)Xg,

(Ct - 3StZ)TV(X2+a) = (St - 3CtZ)X2+a
(ct — 5:2) T (Xnta) = (st — c2) Xnta,
(Ct - StZ)Ty(in—l) = (St - CZ)in—l'

We see that tanht — 3z # 0 because z? = % Therefore, from the above

equations, the shape operator 7}, is given by

12(tanht — z)(tanht — 22) 2v/2sech®t
T,(X,) = X, 4 VAT
(X1) (tanht — 3z)3 Lt (tanht — 32)3 ">
2\/§sech3t 9z(tanht — z)3
T,(X2) = - )

(tanht — 3z2)3 (tanht — 3z)3 * %

z(tanht — 32)

(4.9) T (X _ X
v(X2ta) tanht — z Fhao
3z(tanht — z)
TI/ Xn (e} - T 1, o n+ao»
(Xnta) tanht — 3z +
3z(tanht — 2
TV(Xanl) = _t;nht—&z)Xgnh (1 <a<n-— 2)

for any t € R\ {t | tanht = z}.

It is easy to see from (4.9) that the orbit L, (o+(0)) has four distinct

principal curvatures

—9z(tanht — z) £+ V/9 — 6z tanht — 5 tanh? ¢
2(tanht — 3z2) ’

—z(tanht — 3z) —3z(tanht — 2)
tanht —z ' tanht — 3z
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with multiplicities 1, 1, n—2, n—1 respectively, provided that ¢ # 0, tanh™' 2.
When t = 0, the orbit L,,(0¢(0)) has three distinct principal curvatures
0, =3z, —=z
with multiplicities 1, n — 1, n — 1 respectively.

In the case where m(y) < m(z), by a similar computation as in the above,

we see that the orbit L, (0¢(0)) has four distinct principal curvatures

—9z(tanht — z) £ V9 — 6z tanht — 5tanh®¢
2(tanht — 3z2) ’
—z(tanht — 3z) —3z(tanht — 2)
tanht —z °  tanht — 3z
with multiplicities 1, 1, k, 2n—k—3 respectively, provided that ¢ #£ 0, tanh™'z.

When t = 0, the orbit L,,(0¢(0)) has three distinct principal curvatures
0, =3z, —=z

with multiplicities 1, k, 2n — k — 2 respectively.
From (4.9) we see that the structure vector field X; of L, (0¢(0)) is not
principal.

Summing up the above results, we have

THEOREM 3. There is an extrinsically homogeneous real hypersurface M

such that M has four distinct principal curvatures

—9z(tanht — z) + V/9 — 6ztanht — 5tanh? ¢
2(tanht — 32) ’
—z(tanht — 3z) —3z(tanht — 2)
tanht — 2z ~  tanht — 3z
with multiplicities 1, 1, k, (> 2) 2n — k — 3 and the structure vector field on

M is not principal.

Moreover if M is an extrinsically homogeneous real hypersurface with case
(3), then M must obtain the connection forms satisfying (3.15). Therefore if
such M is existed, then M is congruent to one of new model spaces Be type
type of second kind. From Theorem C, Theorem 1 and the above results,

we have
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THEOREM 4. Let M be an extrinsically homogeneous real hypersurface of
3-type whose structure vector field is not principal. Then M is holomorphic
congruent to an open part of one of the new model spaces Be type of first

kind and Be type of second kind.
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