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PERIODIC SOLUTIONS FOR NONLINEAR PARABOLIC
SYSTEMS WITH SOURCE TERMS

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We have a concern with the existence of solutions (&, )
for perturbations of the parabolic system with Dirichlet boundary
condition

ft:_Lf+M9(3f+77)—5¢1—hl(l’at) in Q x (0727T)a
= —Ln+vg(36 +n) — s1 — ha(x,t) in Qx (0,27).

We prove the uniqueness theorem when the nonlinearity does not
cross eigenvalues. We also investigate multiple solutions (§(x, t), n(x, t))
for perturbations of the parabolic system with Dirichlet bound-
ary condition when the nonlinearity f’ is bounded and f'(—o0) <
A, An < Bu+v) f/(+00) < Apga.

(0.1)

1. Introduction

Let € be a bounded domain in R™ with smooth boundary 02 and let
L denote the differential operator

0 0
L= Z a—%(az‘ja—%)a
1<2,5<n

where a;; = a; € C®(Q). In [2, 4, 5, 7, 8] the authors investigate
multiplicity of solutions of the nonlinear elliptic equation with Dirichlet
boundary condition

Lu+g(u) = f(z) in €,

(1.1) u=0 on 09,
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where the semilinear term ¢g(u) = bu™ — au™ and L is a second order
linear elliptic differential operator and a mapping from L?*() into itself
with compact inverse, with eigenvalues —\;, each repeated according to
its multiplicity,

D<A <A< Al \N< - — 00

Here the source term f is generated by the eigenfunctions of the second
order elliptic operator with Dirichlet boundary condition.

Equation (1.1) and the following type nonlinear equation with Dirich-
let boundary condition was studied by many authors:

Lu=bu" —au” +f in Q,

(1.2) u=0 on ON.

In [9] Lazer and McKenna point out that this kind of nonlinearity
bu™ — au~ can furnish a model to study traveling waves in suspension
bridges. So the nonlinear equation with jumping nonlinearity have been
extensively studied by many authors. For fourth elliptic equation Taran-
tello [15] , Micheletti and Pistoia [12][13] proved the existence of non-
trivial solutions used degree theory and critical points theory separately.
For one-dimensional case Lazer and McKenna [10] proved the existence
of nontrivial solution by the global bifurcation method. For this jump-
ing nonlinearity we are interest in the multiple nontrivial solutions of
the equation. Here we used variational reduction method to find the
nontrivial solutions of problem (1.2).

In [6, 11] the authors investigate multiplicity of solutions of the non-
linear parabolic equation with Dirichlet boundary condition

up = —Lu+ f(u) — s¢y — h(z,t) in Q x (0,27),

(1.3) u=0 on 00 x(0,2m).

In this paper we investigate the existence of solutions &(z, t), n(z, t) for
perturbations of the parabolic system with Dirichlet boundary condition

& =—LE+ ng(3+1n) — s161 — hi(x,t) in Q x (0, 27),
(1.4) m=—Ln+vg(3§ +n) — se¢py — ho(z,t) in Q x (0,27),
§=0, n=0 on 09 x (0,2m),

where we assume that h € H* and f’ is bounded, f'(—o00) < A1, A, <
B+ v)f (+00) < Apr1. We also assume that sy, s5 > 0.
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The organization of this paper is as following. In section 2, we
have a concern with the parabolic equation with Dirichlet boundary
condition when the nonlinearity crosses eigenvalues. We investigate
the multiplicity of solutions for the single nonlinear parabolic equa-
tion. In section 3, we investigate the uniqueness when the nonlin-
earity does not cross eigenvalues. We also investigate multiple solu-
tions (&(z,t),n(x,t)) for perturbations of the parabolic system with
Dirichlet boundary condition when the nonlinearity f’ is bounded and
f(=00) < A1, A < B+ 1) f/(+00) < Apq1.

2. Appendix: Single parabolic equations with source terms

Let €2 be a bounded domain in R™ with smooth boundary 02 and let
L denote the differential operator

0 0
L= Z 8_331-((1”8_%)’
1<4,5<n

where a;; = a;; € C*°(€). In this section we look for weak solutions of
the parabolic equation with Dirichlet boundary condition

uy = —Lu+ f(u) — s¢1 — h(x,t) in Q x (0,27),

(2.1) u=0 on 00 x(0,2m).

We assume that the eigenfunctions ¢; of L are an orthonormal basis
for L?(Q) with eigenfunctions —\;, A\; > 0, \; — 400, and that ¢;(z) >
0,z € Q. These are the assumptions of this section. For the more results
for the parabolic equation we refer to [6, 11].

We shall work with the complex Hilbert space H = L?(Q x (0,7))),
equipped with the usual inner product

(v,w)* :/O%/Qv(x,t)w(:v,t)dxdt

and norm ||v| = (v,v)2. Later we shall switch to the real subspace Hr.
The functions ¢,,, = M;f:mt,n >1,m =0,£1,£2,... are a complete

orthornormal basis for H*. Let ¥* denote sums over the indices m,n.
Every v € H* has a Fourier expansion

*
v=2X Umn¢mn7
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with || = [|10]|%, vme = (v, ¢%,,.). A weak solution to the boundary
value problem (2.1) is, by definition, a function u € H satisfying Lu € H,
L.e. X |tpn|?(m? + A\2) < oo satisfying (2.1) in H.
For real a # )\, the operator R = (L + o — D;)~! denoted by
hmn

A +a+1m
is a compact linear operator on H* and the operator norm of R, ||R|| =
where )\, is an eigenvalue of —L closest to a.

u = Rh < wupy, =

1
[a—An|?
From now on, we restrict ourselves to the real subspace H and observe
that it is invariant under R.
Our first theorem is a non-self-adjoint problem.

THEOREM 2.1. Assume that f' is bounded, that f'(+o00) = « satisfies
An < a < A\py1 and that h € H. Then there exists sq > 0,e > 0 such
that the Leray-Schauder degree

deg(u — (=L + D,)7'(f(u) — s¢1 — h), Bi.(s0),0) = (=1)"  (2.2)
for s > sy. Here B} denotes a ball of radius r in H and

1

Oé—>\1.

0=—(—L—a+D) ¢ =

Proof. The first part of the proof, where we show there are no solu-
tions on the boundary of the ball. We shall just indicate the changes, so
we can be sure the degree is defined.

Let R be the operator (—L —a+ D;)™'. Let A= (D;— L)™', and let
g(u) = au — f(u). Then the periodic problem (2.1) is equivalent to

u = s0 + Rh+ Rg(u) = Su. (2.3)

Let B* be the open unit ball in H, let K = R(B*). It follows that any
solution u € s + s € B*, of (2.3) belongs to s + 2seB* and this holds
when h + g(u) is replaced by A(h + g(u)),0 < A < 1. Solutions of the
corresponding equation (2.3) are solution of

u = A(=s¢1 + aul(h + g(u)))
and it follows that if G = B}, (s6),
deg<u o A(_S¢1 + Qy — (h + g(U))), Ga O) = deg<u o A(au - 3¢1>7 Gv 0)
Now by substituting v = u — s, and using u — A(au — s¢1) = u — s6 +
a(Au — s6), we observe that

deg(u — A(au — s¢1), G, 0) = deg(v — acAv, se B*, 0).
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Thus, to prove the theorem, we have to show that this degree is (—1)".
To do this, we calculate the degree on finite dimensional subspaces which
we now choose. The functions

1
¢on - \/—Q—qun(x)
o = %gbn(x) cosmt m=1,23...

1
o = ﬁgbn(x) sinmt
form a real orthonormal basis for H. If h € H, then h = Xh;,,0mn in
H* and h can be expanded in terms of ¢, b5, h;,,, with the identities
1
m(|hmn|2 + |h—m,n|2)-

n

|A—PAI>=%

It follows that
1 1 1
|A— PA|? < min ——— <max | ——, ——
m,n>b )\% 4+ m2 D+ 1 )\p+1
and by the definition of degree
deg(v — aPAv, seB*,0) = deg(v — aAv, se B*,0)

for large p, since the operator PA is of finite rank, with its range con-
tained in PH.

Taking the functions ¢on, @5, @5, 1 < m,n < p, as a basis H,, the
equation v + aPAv becomes a matrix equation on the space H,, of the
form

(I, +aC)r =0 for xeRY q=p2p+1)
where I, is the identity matrix of rank ¢, C' is a ¢ x ¢ block diagonal
matrix C' = diag(Cy,---,C,) and each C,, is a 2p + 1 by 2p + 1 block
diagonal matrix given by

n

1
Cn = dZCLg (_A_yAlna T 7Apn>
Now let D = I, + aC = diag(D, - -+ , D,,), where

D,, = diag (1 — /\g,lg — Ay, 1o —ozA,m) )
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Since det D,, = (1 — %) A1,y Qpy Where det(ly — A, = apn =
Gy > 0, we finally get for large p that

signdet D = sign (1 — %) (1 - %p) =(—1)".

Recalling that A, < a < A\,y1. Since signdet D is equal to deg(v +
aPv, seB*,0) for large p, the theorem is proved by letting p — 400. [

PROPOSITION 1. If f’ is bounded, and @ = f'(—o00) < Ay, then there
exist positive constants sg, € such that

deg<u - (Dt - L)71<f(u> - S¢1 - h)? B:e(sg)a 0) =1
for s > s, where 6 = af—l)\l < 0.
LEMMA 2.1. Assume that |f(u)] < a + clu|, f'(—0), f'(+00) exist,
that f(u) — Mu > €|u| — b, and that h € H satisfies ||h|| < r, where

a, b, c,r, e are positive constants. Then there exists C' depending only on
a,b,c,r,e such that

Dy = Lu+ f(u) —s¢1 —h
u(z,t +27) = u(x,t)
satisfies ||u|| < c.

Proof. Suppose not. Then there exist w, with [|u,|| — oo which

satisfy the equation. Now let v,, = IIZZH’ and v,, satisfies

1
D, = Lv,, + mf(Hunan) — hp(z,t).

Since f,(u) — A\u > €lu| — b, we can conclude, by multiplying across by
¢, and itegrating, that

(Dyy, — Ly, — Mty d1) = (f (tn) — Atn; ¢1) — ((hn, 61))
and thus

02 [ (elual = Dor | 2 ¢ [usr b [ 6,

from which we conclude that if v, = ¢,¢ — 1 + z,,, then the ¢,’s are
bounded. Now,

v, = (D — L)™* (

hn
Fllulon) - 727

]
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and one can check that the v,’s are precompact in H since, by virtue
of |f(u)| < a+ c|u|, we have that —— (f(||un||vn,) — hy) is bounded and

f[un |
(D; — L)™' is a compact operator. Therefore, there exists a convergent

subsequence, still called v,,, converging to v. Since v, = m(cn% +
x,) and the ¢,’s are bounded, it follows that v L ¢;. Since f(s) =
f(+00)st — f/(—o0)s™ + fi(s) where flT(s) — 0 as s — +o00, we have
that .
m(f(llunﬂv) = hy) = f'(+00)v™ — f(—o0)u”
and
(D = L)v = f'(+o0)v™ — f'(—o0)v™
or
(De = L = Mo = (f'(+00) = M)v" = (f(=00) = A)v™.
Since (f'(+00) —Ap)vT = (f'(—00) — A1)v1 > €|v| after multiplying across
by ¢; and integrating by parts, we obtain a contradiction. O]

LEMMA 2.2. Let s; € R under the assumptions of the preceding
lemma, there exists C'y > 0, depending on s, and the constants of Lemma
1, such that

deg(u — (D, — Lu) ™ (f(u) — (h + s61)), B3(0),0) = 0
for s < sy and > c;.

The proof of Lemma 2.2 is the same as those for the self-adjoint case,
as done in Chapter I. T here are on solutions on the boundary of the ball
for s < sy, by the previous lemma. Therefore, by homotopy, the degree
is the same for all s < s;, and since it must be zero for large negative s,
it must be zero for all s < s;.

We have now assembled all the ingredients for our first existence the-
orem.

THEOREM 2.2. Let h € H*. Assume f’' is bounded, f'(—o00) <
A1, A < f/(+00) < A\py1. Then there exists sq so that if s > sy, equation
(2.1) has at least two 2m-periodic solutions if nis even, and at least three
if n is odd.

The proof is by now obvious. The degree on a large ball is zero. By
Theorem 2.1, we can find a ball near #, on which the degree of the map

u—(Dy— L) (f(u) = (s¢1 + h()))
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is 1, and a ball on which the degree is zero, we have two solutions if n is
odd, and three if n is even. This concludes the proof.

3. Periodic solutions of the parabolic system

Let €2 be a bounded domain in R™ with smooth boundary 02 and let
L denote the differential operator

0 0
L= Z 8_331-((1”8_%)’
1<4,5<n

where a;; = aj; € C*°(£2). In this section we investigate the existence of
solutions (&(z,t),n(x,t)) for perturbations of the parabolic system with
Dirichlet boundary condition

& = —LE+ ng(3§ +1n) — s — hi(x,t) in Q x (0,2m),
(3.1) n = —Ln+vg(3§+n) — sp1 — ha(x,t) in Q x (0,27),
£=0, n=0 on 90 x(0,2n),

where we assume that h € H* and ¢’ is bounded, ¢'(—c0) < A, A, <
Bu+v)g (+00) < A\py1. We also assume that s > 0.

THEOREM 3.1. Let u, v be nonzero constants and %Jr% # 0. Assume
that (3u+v)A < Ay and h € H*. Then the system the parabolic system
with Dirichlet boundary condition

6 = —LE+ pABE T n)" — 161 — a(t) in Q% (0,27),
(3.2) m=—Ln+vABE+n)T — 5201 — ho(x,t) in Q x (0,27),
§=0, n=0 on 0909 x(0,2m),

has a unique solution (&, 7).

Proof. From problem (3.2) we get that

1 [ [ [
— =)y =—L({——n) — - = hi — =hs).
(€ V77)t (€ V77> (s1 V82)¢1 + (M » 2)
By the contraction mapping principle, for any F' € H, the problem

w4+ Lu=F in Q x(0,2m),

(3:3) u=0 on 99 x (0,2)
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has a unique solution. If uy_z is a solution of L(§ — £n) = (1 - £)f,
then the solution (£,n) of problem (3.2) satisfies

§— 577:“1—%- (A)

On the other hand, from problem (3.2) we get the equation

(36 +m)e = —L(3{+n) + Bu+v)ABE +n)"
(3.4) — (3s1 + 89)¢1 — 3hy(x,t) — ho(x,t) in Q x (0,2m),
£€=0, n=0 on 00 x(0,2m).
Put w = 3£ + 7. Then the above equation is equivalent to
Lw+ (u+2v)g(§+2n) =3f in €,

(3.5) w=0 on OfN.

When (3u+v)A < A1, by the contraction mapping principle, the above
equation has a unique solution, say w;. Hence we get the solutions (£, 7)
of problem (3.2) from the following systems:

6 - HT/ = Up_&,
(3.6) v v
3+ 1= ws.
Since 3 + £ # 0, system (3.6) has a unique solution (&, 7). O

THEOREM 3.2. Let u, v be nonzero constants and %—i—% # 0. Assume
that f’ is bounded, ¢'(—o0) < A, A\, < ¢'(+00) < Apy1. Then there
exists s so that if s > sy, equation (3.1) has at least two 2m-periodic
solutions if n is even, and at least three if n is odd.

Proof. From problem (3.2) we get that
(€= Eme = —L(& = En) = (51 = o) + (= Eha).
By the contraction mapping principle, for any F' € H, the problem

w+ Lu=F in §x(0,2m),

(37) u=0 on 0992 x (0,2n)

has a unique solution. If u;_x is a solution of L({ — £n) = (1 - £)f,
then the solution (&,7) of problem (3.2) satisfies

£ — 577:“175- (A)
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On the other hand, from problem (3.2) we get the equation

(36 +m)e = —L(3{ +n) + Bu+v)ABE +n) "
(3.8) — (381 4 s2)¢1 — 3hy(x,t) — ha(x,t) in Q x (0,27),
E=0, n=0 on 00 x(0,2m).

Put w = 3¢ + 1. Then the above equation is equivalent to
Lw+ (p+2v)g(w) =3f in €Q,
w=0 on 0.

When f” is bounded, f'(—o0) < A1, Ay < f/(+00) < A\pt1. By The-
orem 2.1 there exists so so that if s > sg, equation (3.1) has at least
two 2m-periodic solutions(say, wer, we2) if n is even, and at least three
solutions(say, w1, Wee, We3)if n is odd.

When n is even, we get the solutions (£,7) of problem (3.1) from the
following systems:

(3.9)

§— anul—ﬁ
(3.10) v v
§+27]:wel
14
— =1 =Uj_&
(3.11) Son= e
§+2n = we

Since £ + & # 0, system (3.9) has a unique solution (£1,7:). From
(3.10) we get the unique solution (&, 19). Therefore system (3.1) has at
least two solutions if n is even.

When n is odd, we get the solutions (£, 7) of problem (3.1) from the
following systems:

5—H77=ul_ﬂ
(3.12) v v
£+ 2n = wa
1
— =N =U_&
(3.13) ST =t
£+ 2n = we
1
— =N =U_r
(3.14) SN =t

5"‘277:“}03
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Since 3 + £ % 0, system (3.12) has a unique solution (&,1,701). From
(3.13) we get the unique solution (&,2, 7,2). From (3.14) we get the unique
solution (&3, 7,3). Therefore system (3.1) has at least three solutions if
n is odd.

1]

]
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