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THE NUMBER OF THE CRITICAL POINTS OF THE
STRONGLY INDEFINITE FUNCTIONAL WITH ONE
PAIR OF THE TORUS-SPHERE VARIATIONAL
LINKING SUBLEVELS

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. Let I € Ct! be a strongly indefinite functional defined
on a Hilbert space H. We investigate the number of the critical
points of I when I satisfies one pair of Torus-Sphere variational link-
ing inequality. We show that I has at least two critical points when I
satisfies one pair of Torus-Sphere variational linking inequality with
(P.S.)% condition. We prove this result by use of the limit relative

c
category and critical point theory on the manifold with boundary.

1. Introduction and statement of the main result

Let I € CY! be a strongly indefinite functional defined on a Hilbert
Space H. In this paper, we investigate the number of the critical points of
I when [ satisfies one pair of Torus-Sphere variational linking inequal-
ities and (P.S.): condition. We show that [ has at least two critical
points when [ has the sublevel set satisfying one pair of Torus-Sphere
variational linking inequalities and satisfying the (P.S.)* condition. We
prove this result by use of the limit relative category and critical point
theory on the manifold with boundary. In the case that I is not strongly
indefinite functional, Marino, A., Micheletti, A.M., Pistoia, Schechter,
M., Tintarev. K., and Rabinowitz, P., proved in Theorem (3.4) of [4], [7]
and [8] a theorem of existence of two solutions when I satisfies one pair
of Sphere-Torus variational linking inequality by the mountain pass the-
orem and degree theory. Marino, A., Micheletti, A. M. and Pistoia, A.
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proved in Theorem (8.4) of [5] a theorem of existence of three solutions
when [ satisfies two pairs of Sphere-Torus variational linking inequalities
and (P.S.). condition by the mountain pass theorem and degree theory.
In this paper we obtain the following results for the strongly indefinite
functional case:

THEOREM 1.1. (One pair of Torus-Sphere variational link) Let H be
a Hilbert space with a norm || - ||, which is topological direct sum of
the three subspaces Xo, X; and X,. Let I € CYY(H, R) be a strongly
indefinite functional. Assume that
(2) There exist a small number p > 0, r > 0 and R > 0 such that
r < R and

sup [ < inf I,
Y r(S1(p),X0) Sr(X10X2)

where
Si(p) = {u € Xu [[u] = p},
Sr(X1 ® Xo) = {u € X1 8 X, [Jull =},
B(X, ® Xo) = {u € X, ® Xy [lul] < 1},

S r(S1(p), Xo) = {u = u1 +uz| us € Si(p),u2 € Xo, [lur] = p,
1 < Hul +U2H = R}U {u = U +U2‘ U € Sl(p),
ur]] = p, 1 < lug|| < R},

= {u:ul_l_u?‘ Uy eSl(p)au2€X0>Hu1” =P,
1 <|juy + us|| < R};
(3) B= sup I < +oo;

AR(S1(p),X0)
(4) (P.S.)¥ condition holds for any c¢ € |«, 5] where

C
a= inf I;
Sr(X10X2)

(5) There exists one critical point e in Xy & Xa with I(e) < a.

Then there exist at least two distinct critical points except e, u;,
1 =1,2, in Xy, of I with

inf I<I(u)< sup I
Sr(X106X2) ARr(51(p),X0)
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For the proof of the main result we use the critical point theory on
the manifold with boundary. Since the functional I is strongly indefinite
functional, it is convenient to use the notion of the limit relative cat-
egory instead of the relative category and the (P.S.): condition which
is a version of the Palais-Smale condition. We restrict the functional
I to the manifold C' with boundary, where C' is introduced in section
3. We study the geometry and topology of the sub-levels of I and I
and investigate the limit relative category of the sub-level sets of I and
(P.S.)! condition in C. By the facts that the number of the limit relative
?C,E}z)(& r) is equal to 2 and the critical point theory on the
manifold with boundary, we obtain at least two distinct critical points
of I, so we obtain at least two distinct critical points of I.

category cat

2. Critical Point Theory on the manifold with boundary

Now, we consider the critical point theory on the manifold with
boundary. Let H be a Hilbert space and M be the closure of an open
subset of H such that M can be endowed with the structure of C? man-
ifold with boundary. Let f : W — R be a C*! functional, where W is
an open set containing M. For applying the usual topological methods
of critical points theory we need a suitable notion of critical point for f
on M. Since the functional I(u) is strongly indefinite, the notion of the
(P.S.)! condition and the limit relative category (see [2]) is a useful tool
for the proof of the main theorem.

DEFINITION 2.1. If u € M, the lower gradient of f on M at u is
defined by

B [ V() ifu € int(M),
grady, f(u) = { VFu) + [< VI(w),v(w) >]"v(u) ifuedM, (2.1)

where we denote by v(u) the unit normal vector to OM at the point
u, pointing outwards. We say that u is a lower critical for f on M, if

grady, f(u) = 0.

Let (H,), be a sequence of closed finite dimensional subspace of H
with dim H,, < 400, H,, C Hy11, UpenH, is dense in H.

Let M, = M N H,, for any n, be the closure of an open subset of
H, and has the structure of a C? manifold with boundary in H,. We
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assume that for any n there exists a retraction r, : M — M,,. For given
B C H, we will write B, = BN H,.

DEFINITION 2.2. Let ¢ € R. We say that f satisfies the (P.S.)}
condition with respect to (M,),, on the manifold with boundary M, if
for any sequence (ky), in N and any sequence (u,), in M such that
k, — oo, u, € My,, Vn, f(u,) — ¢, gmd&knf(un) — 0, there exists
a subsequence of (u,), which converges to a point v € M such that
grady, f(u) = 0.

Let Y be a closed subspace of M.

DEFINITION 2.3. Let B be a closed subset of M with Y C B. We
define the relative category catyy (B) of B in (M,Y), as the least integer
h such that there exist h + 1 closed subsets Uy, Uy,..., U, with the
following properties:

BCcU,UU U...UUy;
Uy, ..., U, are contractible in M;
Y C Uy and there exists a continuous map F : Uy x [0,1] — M such
that
F(z,0) = =z YV € U,
F(z,t) € Y VzxeY, Vte|0,1],
F(z,1) € Y  Vzel,.
If such an h does not exist, we say that catyy (B) = +o0.

DEFINITION 2.4. Let (X,Y) be a topological pair and (X,), be a
sequence of subsets of X. For any subset B of X we define the limit
relative category of B in (X,Y), with respect to (X,)n, by

catz‘X’Y)(B) = lim sup cat(x, v,)(Bn).

n—oo

Let Y be a fixed subset of M. We set
; = inf .
= g e
We have the following multiplicity theorem, which was proved in [6].
THEOREM 2.1. Let ¢ € N and assume that
(1) ¢ < +00,
(2) sup,ey f(2) < i,
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(3) the (P.S.);, condition with respect to (M,), holds.
Then there exists a lower critical point x such that f(z) = ¢;. If

C; =Ci41 = ... =Cjqyk—1 = C,
then
catyy({z € M|f(x) = ¢, grady f(x) =0}) > k.

3. Proof of Theorem 1.1

Let H be a Hilbert space with a norm |[|- || and H = X® X;® X, with
dim X; < co. Let I € CY1(H, R) be a strongly indefinite functional. Let
(H,)n be a sequence of closed subspaces of H with finite dimension and
such that for all n,

X, C Hy, Px, - Py, = Py, - Px,(= Px,nm,), 1=0,1,2,

where, for all given subspace X of H, Px is the orthogonal projection
from H onto X. Set

C ={ue H[ [|Px,ul =1}

Then C'is the smooth manifold with boundary. Let C,, = C' N H,,. Let
us define a functional ¢ : H\(X, & X3) — H by

PX u 1
lu) =u - — = Px,ex,u + (1 - —) Px, u. (3.1)

[Py ul| " | P, ull
We have

/ 1 PXlu PXlu
w)(v) =v— — | Px,v— ) . 3.2
) =v=1E ( X, <\|leu|| > prlun) (3.2

Let us introduce the constrained functional I : C' — H by
I=1-4.

Then I € C’llo’cl. We note that if @ is the critical point of I and lies in the
interior of C, then u = v (a) is the critical point of I. We also note that

lerade 1 (@)]| = || Pxoex. VI (@), Va € dC. (3-3)

Let us set

S~T = ¢_1(ST(X1@X2)),

Sko= ¢ (Zr(S1(p), Xo),
v

Ar = ¢ (AR(Si(p), Xo).
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Then g,ﬂ, Z]NR and ANR has the same topological structure as that of S,
ZR and AR.
From condition (2), we have

sup/ = sup I< inf T=infl. (3.4)
SR Er(S1(p),X0) Sr(X10X2) S

From the condition (4), I satisfies the (P.S.)* condition on C' with respect
to (Cy) (C,, = C'N H,) for any ¢ such that

infl= inf I<e< sup [I=supl. (3.5)
Sr Sr(X19X2) Ar(S1(p),Xo) Ap

Next, we claim that CatZ‘aiR)(A r) = 2. Let us set

Y = Xr(S1(p), Xo) N Hy, A, = Agr(Si(p), Xo) N H,,

fn:iRﬂHn and An:ARﬂHn

We consider a continuous deformation r : S,\ X, x [0,1] — S,\ X, such
that 3

r(z,0) =z, Vo € S\ Xo,

r(z,t) =z, Vee S, NX, Vite [0, 1],

r(z,1) € S. N X, Vo € S~,,\X2.
Now we can define, if © = 2o + 21 + 22, x; € X;,1=0,1,2, t € [0, 1],

1+ To
r(.t) = o + a1 + wallr ( t)
[t ol

Using r; we construct, for all n, a continuous deformation 7, : C, x
[0 1] — C,, such that
n(z,0) =2  Voel,,
nn( t) = r Vx€ A, vt € [0, 1],
nn(x 1) e Vo € C,,.
M(z,t) € C \ST, Vo e C\S,,  Vtelo1].
The existence of 7, implies that cat(cn’gn)(ﬁn) = cat A"n,in)<A~n)5 more-
over the pair (A,, 2,) is homeomorphic to the pair (A,, 2,) and (A, ,)
is homeomorphic to the pair (BP*! x ST1,8” x S, so (A, %,) is
homeomorphic to the pair (BT x 971, 8P x §971), where p = dim(X,)N
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H,, ¢ = dim(X;) N H, and we are denoting by B" and S" the r-
dimensional ball and the r-dimensional sphere, respectively. This im-
plies that cat s )(A,) = 2 (in the case ¢ = 1 a connection argu-
ment can be used, otherwise this is a consequence of the fact that cu-
plength (BP*! x §971, 87 x §971) = 1 and (b) of (3.7) in [7]). Thus

cat c, 51 (An) = 2, so we have Cat*cz”R)(AR) = 2. Thus we prove the

( b
claim. Let us set

A ={AC Clcat,y (A) =2 1}, Ay ={A C Cf cat,y, (A) > 2}.

Since cat* (A~R) =2 Ap e A and Ap € Ay. Let us set

(Cvz~R)

5 = inf 1(i d 5 = inf I1(a).
A= 6=l

From the condition (3) and Ap € A;, i = 1,2, it follows that

¢ = inf supl(a) < sup [(@)=  sup  I(u) <oo,i=12
A€A; GeA GeAR u€AR(S1(p),X0)

It is easily checked that for S C A€ A;, i = 1,2,

sup 1(i) < sup I(a),
iE€XR GEA
and hence sup I(#) < inf supI(@) = ¢&. From the condition (4), I
ieSp AcAi aeA
satisfies the (P.S.)’ condition on C' with respect to (C),) for any ¢ with
(3.5). Thus, by Theorem 2.1, there exist two critical points 13, 1y such
that )
I(u]) = C~1 and [(u~2) = ~2.
We claim that . .
inf (@) < é < é < sup I(a).

In fact, since Cat?C,E~R)(AR) =2, Ar € Ay and hence

é = inf supI(@) < sup I(@),VA € As.
AEA2 jcA GEAR

For the proof of ¢ > inf I(i), we construct a deformation 7/, : C,,\ S, x
ueSy

0,1] — C,\S, such that

-1 (2,0) = Vo € C,\S,,

- (x,t) =2 Vo € ¥, Vt € [0, 1],
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-l (z,1) € 8, Yz € C,.

Actually 7/, can be defined taking the restriction of 7, on C’n\gr followed
by a retraction of A~n\S~T to ¥,,. The existence of ., for all n, implies
that any A € A; must intersect S,, so sup [(A) > inf I(a), VA € A;.

aeS,
So we have that ¢, = inf supI(@) > inf I(@). Thus we prove the
AcAr gea €S,
claim. Setting u; = ¥(1;), i = 1,2, we have
inf  I(u) = inf (@) < I(d) = I(w) < I(i) =1
e sr&@xg (w) uléls (@) < I(ur) (u1) < I(u2) (u2)
< sup f(&) = sup I(u).
GEAR u€AR(S1(p),Xo)

Next, we claim that 4; ¢ 0C, that is u; € Xy @ Xs, which implies that
u; are critical points of [ in X;. For this~we assume by contradiction
that u; € Xo @ Xo. From (3.3), ||gradoI(a)|| > ||Pxeex, VI(W(@))],
Vi € 0C and Px,gx,VI(u;) = 0, namely u;, i = 1,2, are critical points
for I|x,ex,. Just notice that, for fixed wy € X, the functional wy —
I(wo+wy) is weakly convex in Xy, while, for fixed wy € X5 the functional
wo +— I(wy + wy) is strictly concave in X,. Moreover e is the critical

point in Xo® X with I(e) <a = inf 1. If u; = wy+ ws is another
Sr(X1©0X2)

critical point, we have
I(e) < I(we) < I(wo + we) = I(uy) < I(wg) < I(e),

so we have I(uy;) = I(e). Similary we have I(uy) = I(e), so we have

I(uy) = I(uz) = I(e) < «, which is absurd for the fact that a@ =
inf  T(u) < I(u)) < I(ug) < sup I(u) = (. Thus

ueS (X16X2) uEAR(51(p),Xo)

u; ¢ Xo @ Xo, ¢ = 1,2. Moreover it is easily checked that there is

no critical point u € Xy @® X, such that I(u) € [a, 3]. Hence u;, i = 1,2,

are critical points of I, in X;. Thus we prove the theorem.
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