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MULTIPLICITY RESULTS FOR THE ELLIPTIC
SYSTEM USING THE MINIMAX THEOREM

HyEwON NAM

ABSTRACT. In this paper, we consider an elliptic system of three
equations using the minimax theorem. We prove the existence of two
solutions for suitable forcing terms, under a condition on the linear
part which prevents resonance with eigenvalues of the operator.

1. Introduction

In this work we consider the problem

—Au = au+bv +bw + (ut)P* + f + toy in Q
—Av =bu+av+bw+ (V)2 + fo+re; in Q

(1) —Aw =bu+bv+ aw + (WP + f3 + sy in
u=v=w=~0 on 0f)
where u™ = max{0,u(z)}, ¢ > 0 is the first eigenfunction of the

Laplacian with Dirichlet boundary conditions and  C R¥ is a smooth
bounded domain with N > 2.
The nonlinearities will be assumed both superlinear and subcritical,

that is, 1 < p1,p2, p3 < 2° — 1, where 2* = ]\2,—]_\72 if N>3and 2" = o0 if
N =2.
We may write (1) in vectorial form as
u u (ut)P fi t
Al v |=Alv |+ )2 | +]| fo|+]|7r|¢inQ
w w (wt)ps f3 s
u=v=w=0 In
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a b
where A = | b «a
b b
Vi1 =V =a—0band v;3 = a -+ 20b.

Throughout the paper, we will denote by 0 < A\; < Ay < A3 < ... <
A\ < ... the eigenvalues of —A in H}(Q2) and by {¢; };en the correspond-
ing eigenfunctions, taken orthogonal and normalized with ||¢;||zz = 1
and ¢; > 0; by o(—A) we will denote the spectrum of the Laplacian,
that is, the set {)\; : i € N}.

Our results are

b
b |; we will assume that A has real eigenvalues
a

THEOREM 1.1. If A has real eigenvalues that are not o(—A) and fi,
fa, f3 € L™(Q) with n > N > 2 then there exits (ty,70, o) € R? such
that if

(t7 Ty S)T = (th To, SO)T + <)‘l[ - A)<T> Ps J)T

with 7, p,0 < 0 then a negative solution (Uneg, Uneg, Wneg) Of (1) exists.

THEOREM 1.2. Let —a +b ¢ o(—A) and 22 ¢ o(=A), fi, fo, f3
€ L"(Q) withn > N > 2 and (t,r,s) as in Theorem 1.1; then there
exists a second solution for system (1).

2. The negative solution

In this section, we will look for negative solutions, in the sense that
both components are negative: this is relatively simple since in this case
the nonlinear term disappears in (1).

We will need the following.

LEMMA 2.1. If A has real eigenvalues that are not in o(—A) and
fi, fa, f3 € L"(Q) with n > N then there exists a unique solution
(ug, vo, wo) of the problem

U U fi
(2) “Afv |=Alv |[+] f in Q)
w w f3
u=v=w=0 in 02
Proof. For the matrix A eigenvalue-eigenvector pairs are
1 0 1
vii=a—>b 0 |; wvie=a—-b| 1 |; viz=a+2b |1

-1 -1 1
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Hance A is diagonalizable, that is, X 'AX = D where

1 0 1 a—0b 0 0
X = 0 1 1 and D = 0 a-—0D 0
-1 -1 1 0 0 a+2b
U U
Let | v | =X | © | then we written the equation (2) as
w w
—Atu = (a—b)u+ fi in
(3) —AD = (a—0b)0+ fo in
—AW = (a+2b)w + f3 in
u=0=w=0 on 0f)

Since each real eigenvalue of A is not in o(—A), equation (3) are
uniquely solvable.

The hypothesis f1, fo, f3 € L™(Q2) implies, by regularity theory and
General Sobolev inequalities, that ug, v, wy € W2m(Q2) C C12(Q) for
a=1-— % O]

With this result we may obtain the negative solution:

Proof of Theorem 1.1. Let (ug, v, wp) be the corresponding solution
for (2). Consider the problem

N
~

g
»

u
—Alv |[=Alv |+|7]|h in €
w

v=w=0~0 in 00.

!
be looking for a solution of the form | (3 | ¢;, one obtains (A —
g

« t
A) | B | = | r | and then by the superposition principle
v S
t Uo
(4) MI=A) " r o+ | v

S Wo
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is a solution of (1), provided it is nonpositive. Since ug, vy, wy € CH,
there exist finite

ap = sup{a|ag; + ug < 0},
Bo = sup{S3|B¢1 + vy < 0},
Yo = sup{y|y¢1 + wo < 0}

so (4) is negative provided o < ay, 5 < By, and 7 < 7, that is

t Qy a —
r = ()\11 - A) 50 + 5 - ﬁO
S Yo Y=

by setting (to,r0,50)" = (MI — A) "o, B0,7%)", 7 = @ —ag < 0,
p=0—0<0,0=v—7 <0. We get the condition in the claim. [

3. The second solution

We will find the second solution by using a minimax theorem due to
Felmer [3].

3.1. The variational structure.
We consider the Hilbert space E = H} x Hj x H} equipped with the
scalar product

<(U1, U1, w1>, (Ug, Vo, w2)>E = / VU/1VU/2 + VU1Vv2 + Vw1Vw2
Q

the related norm ||(uy, v, w;)||g and the bounded symmetric quadratic
form

B((ulavlawl)a(U%UQawZ)):/Q—/GS+bR,
Q Q
where

Q = Vu1va + VU1VIU2 + VUlVUQ
+V01Vw2 + V’LU1VU2 + Vw1Vv2,
S = ULU2 + V1Vg + wi1W3,

R = ULV2 + U1W2 + ViU + V1 W2 + WilUg + W1V2.
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Let (t,r,s) be as in Theorem 1.1 and (Upeg, Uneg, Wney) be the corre-
sponding negative solution for (1), then we define the functional F' :
E — R for u = (u,v,w) € E by

Flu) = %B(u,u) ~ H(u)

p1+1 p2+1 p3+1

Then it is simple to see that the functional F is C'(E;R) and its critical
point (u,v,w) are such that (¢ + Upeq, U + Vpeq, W + Wpe,) are solutions
of (1); in particular, the origin is a critical point at level zero and corre-
sponds to the already found negative solution.

In order to find an orthogonal base for E which diagonalizes B, we
consider, in a way similar to what was done in [1], the eigenvalue problem

B((u,v,w), (¢, 9,9)) = p{(w, 0,w), (b, 0,9)) e, V() € B

this gives(use (¢;,0,0), (0,¢;,0), (0,0, ¢;) as test function and let u;, v;,
and w; be the Fourier’s coefficients for u, v, and w)

b—)\i b—>\Z [L)\Z+& Ww; 0

so we get nontrivial solutions when g is such that the determinant of
the above matrix is zero for some i € N. This gives (u); + a)® — 3(b —
)2 (pAi +a) +2(b— X\;)? = 0 and so

il = Mg = T M3 = € N);
Hig = [q,2 X\, i3 X\ (i )

from (5) we also get the related eigenvectors ®; ;, j =1,2,3:
Qig = (66,0, =), Pio= (0,05, —¢:), Piz= (0, Pi;:) (i €N).

Because that ®;;, 7 = 1,2,3 are not orthogonal, we apply the Gram-
Schmidt Process to ®;;, 7 = 1,2,3 and normalize to obtain V¥, ;, j =
1, 2,37 that is y ||“Ilz,]||E =1:

V= T;\I’zz = Wiz = W (i € N).
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With this structure we have
|1 i=kandj=1
Wigs Yni)e = { 0 ithorjAl

N ) iy t=FKandj=I
B(qj“]’qjk’l)_{ 0 i#koryj#l

-1 . ;
. e — 4 Hig t=kandj=I
(Wi, Ura)rop { 0 i#korj#l

so if we write (u,v,w) = Y. =123 Cij Vi, we get

lwvw)= > 2,

i€N,j=1,2,3
B((u,v,w), (w,v,w)) = Y piyCh,
i€N,j=1,2,3
(w0, 0o = Y i CF,
i€N,j=1,2,3

In view of this structure we may define
Et =span{¥;; : u;; > 0,i € N,j =1,2,3},
E™ =span{V¥,; : p;; <0,i € N,j =1,2,3},
E® =span{¥,; : u;; = 0,i € N,j =1,2,3},

and we have

LEMMA 3.1. There exists £* > 0 such that
(6) B(u,u) > 2 ||lul|3, for ue E*
(7) B(u,u) < —2*||u||3, for ue E".
Moreover, —a + b ¢ o(—A) and “t2 ¢ o(—A), then E° = {0}.

Proof. The claim is satisfied by setting

26" 1= inf{luag : ol > 0,6 € N,j = 1,2,3}
Since
}an}o Hi1 = ZILI}}O Hi2 = —Lilifgo piz =2,

2&* is strictly positive.

The condition —a + b ¢ o(—A) and “£2 ¢ g(—A) implies j;; # 0
forany i € N, j =1,2,3. O]
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For later use, we also define 7 such that for i > n we have —(\; —b) <

a <2(\ —b)and

Ey, =span{V¥,;:i>n,i € N,j=1,2 3},
E,=span{¥;;: i <n,ieN,j=1,23}:

we have the following
LEMMA 3.2. (u,v,w) € ET N E}, implies u = v = w and (u,v,w) €

E~ N E) implies u 4+ v+ w = 0.
Proof. Tt follows readily from the fact that for i > n we have ;3 > 0
(=3 0ibi,—20) and

and p;1 = 2 < 0 and that ¥;; = %’;’5"), U9 = er
_ (¢i,%i,94)
U, 5= vt O

3.2. Estimates for the linking structure.

In this section we will prove the estimates we need in order to apply the

minimax Theorem.

LEMMA 3.3. There exist p,& > 0 such that
F(u)>¢ for ue EY and |ullg=p.
Proof. Let u be as above. By the continuous embedding of H] in

Lpitl ppetl and LIP3t we get

/ [(u + Uneg)Jr]plJrl < |u|p1+1 < CyJul pi+1
Q pt+1 “Jamt+1 ™ Hy
[l P
Q p2t1 “Jap2t+1 7 Hy
[ttt
Q ps+1 “Japst+1l T o’

where C, Cy and Cj are positive constants. By (6) in Lemma 3.1,

SB(ww) > €y =€ (lully + ol + wl?,)
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Flu) > € (llully + ol + i)
O (Ihull + o™ + ol
lullfn (€5 +CoP 1) + o3 (€7 +Cp™ )
HwlFn (€ +Cp)

where C' = max{C}, Cy, C3} is a positive number. Since py, pa, p3 > 1,
for p > 0 small enough we obtain &* + CpP~! > 0 j = 1,2,3. Let
C* =min{* + CpPi~':j=1,2,3} > 0, then

F(w) > C*llull} = C°p2
Let £ = C*p? then F(u) > ¢ > 0. O

v

}EMMA 3.4. There exists g = (g9,9,9) € ET N E), with ||g|lg = 1 and
lg™ ||z = 400

Proof. Since H} is not embedded in L (here is where we need the
condition N > 2), there exists u € H} such that ||u™|p~ = +o00; by
removing the components of v in the directions of the eigenvectors ¢;
with ¢ < n we maintain this property since we simply subtract a finite
linear combination of regular functions, so we may assume that such
components are zero.

Since p;3 > 0 and ¥; 3 = %, for i > n,we have that (u,u,u) €
ETNE,.

Finally, we obtain ||(g, g, g)||z = 1 by a suitable rescaling of (u,u,u).

O

LEMMA 3.5. Let g = (g,9,9) as in the lemma above. Then there
exist R,0 > 0 with RO > p such that F(u) <0 for

(a) ue E-,
(b)u=w+7g;, wek, |w|lg=R, 0<7<0R,
(c)u=w+7g; weE, |w|lg<R, 71=0R.

Proof. (a) Let u € E~. By (7) in Lemma 3.1,
1
F(w) < L B(u.w) < ¢ Jul} <0

(b) Let w € E~ with ||[w||g = R and 0 < 7 < #R. Observe that g is
orthogonal to w, that is, (w,g)r = 0 = B(w,g); then we estimate, by



Multiplicity results for the elliptic system 519

using (7) in Lemma 3.1,

1 1 1 1
Fu) < §B(u,u) = §B(w + 78, W+ 7Tg) = §B(w,w) + §T2B(g,g)

< —lwlE + %TQB(g, g) =R’ (—E* + % (%)2 B(g, g))

< R? (—5* + %923(& g))

Since ||gllp = 1, B(g,g) > 2£* > 0(by (6) in Lemma 3.1 ) and then
0<

B?gg). By fixing 0 < 0 < ,/%, such that last term is negative,

the claim (b) is proved.
(c) Consider now ||w||g < R, 7 = 0R, and let

Pw = (01,02,03)7 Pyw = (51,52,53)

where P, and P, are the orthogonal projections onto F; and Ej, re-
spectively. In this way, P,w € E~ N Ej and then it is of the form
Pyw = (81,02, —01 — 02), by Lemma 3.2.

Write now

<8)/Q [(U‘Funeg)ﬂpﬁl = /(2[(01 +51+9Rg+uneg)+}pl+l
p1+1
Rp1+1/ (w+99)+]
Q R
(9)/ [(U+vneg)+}102+1 _ / [(02+52+939+0n69)+}p2+1
Q Q
p2+1
= RPZH/ <w+99)+]
Q

R
/ [(w + wneg)—s_}p3+1 = / [(03 — 01— 03 +0Rg + Wneg>+}p3+1
Q Q

. . +
(10) _ Rp3+1 / [(03 51 52 + Wheg + 99) ]
Q R

p3+1
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SINCe Upeq, Uneq, and wpe, are fixed and bounded, and oy, 09,03 are
linear combinations of a finite number of eigenvectors of the Lapla-
cian(because of Pw € Ej), there exists a constant C' such that

C
|un6tI‘7 |vn6tI|7 ’wnetI‘ < - and ’01|7 ’02|7 |U3’ <5

2 2
so, for R > 1,
|0-1+uneq’ |O-2+Uneq| ’0-3+wneq’
R ’ R 7 R
Moreover, since g and 6 have already been fixed and ||g7 ||~ = o0,
we know that

< C.

'={xeQ:0g>C+1}
has positive measure; we observe that ||g7 ||~ = oo implies
max{fg + 6;/R} > C +1, max{fg+0/R} >C+1

and
max{fg — d1/R—6/R} > C +1

for any bounded function 4, d; and any R > 1: then 2* C Q7 UQ35UQ3,
where

Q) = {zeQ:0g+6/R>C+1},
B = {zeQ:0g+6/R>C+1},
Q; = {re€Q:0g—6/R—5/R>C+1}

(observe that both Qf (i = 1,2,3) depend on w and R, but Q* does
not).

Then |Q7| > |Q*|/3 or |5 > |Q*|/3 or |25 > |2*|/3 and, as a
consequence, for any w as assumed and R > 1, one of the following
three cases hold:

(i) Let |Q%] > |Q2*]/3.

For any z € Q7
01 + 51 + uneq
R

since 0g+ 6;/R > C + 1 and —C < 01 /R + upeq/R < C.

+60g > 1,
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We conclude from (8) that

/ (1 + ) ]

p1+1

B Rp1+1/ 01+51+uneg+9 *
 om+1 g R g

> Rp1+1/ 01+51+uneg_'_9 *
= it lJa R g

Rpi+l . |Q*|Rp1+1
Q] > ——
pr+1 3(p1+1)

H(u) >

p1+1

p1+1

>

(i) Let Q%] > |€2*|/3.
For any z € 3,

(o)) + 52 + Uneq
R

since 0g + 62/R > C + 1 and —C < 03/ R + vpeq/R < C.
We conclude from (9) that

/ [(V + Vneg) ]2

po+1

p2+1 5 +
_ B / T2 4 02 ¥ Uneg 2+U”eg+0g
P2 + 1 Q R

> Rp2+1/ 02+52+Un6g+9 +
— p2at1 o R I

Rp2+1 . |Q*‘Rp2+1
Q5 > ——
pet1 3(p2 +1)

+6g > 1,

H(u) >

p2+1

p2+1

>

(iii) Let |25 > |Q*|/3.
For any z € 3,

03 —61 —52+wneq
R

since g — 61 /R — d62/R > C + 1 and —C < 03/R + wpeq/R < C.

+0g > 1,
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We conclude from (10) that

[(w + wpeg) TPt
Hw) = /Q ps+1

B Rp3+1/ 03—(51—52+wn69+0 *
- ops+1Jq R g

. Rp3+1/ 03— =Gt g *
— p3t 1o R I

Rp3+l . |Q*|RP3+1
] > 2———
ps+1 3(ps +1)
Let C' = min{% -4 =1,2,3} then C' > 0 does not depend on R

and w. And we conclude that H(u) > C R™{prp2psi+l
Finally, by estimating the first terms as in point (b), we get

p3+1

p3+1

>

1
Fu) = §B(W + 0Rg,w + 0Rg) — H(u)
1 -
< §B(W + 0Rg,w + 0Rg) _ C’Rmm{phpmps}-i-l
1 S
< —E|wlli + S0*R*B(g. g) - CRmMprrdH

1 -
< R2(§92B(g, g> . Clen{prz,p:i}*l) .

since p1,pe,p3 > 1, we may choose R > 1(and also R > p/f) large
enough to make the last expression negative; this concludes the proof of
the claim (c). O

3.3. The PS conditions.

In this section we will prove the PS condition, which was required for
the application of the minimax theorem.

LEMMA 3.6. (PS condition). Under the considered hypotheses, the
functional F' satisfies the PS condition, that is, let €, be a sequence of
positive reals converging to zero and {u, },en C E be such that

(11) |F(un)| < T
(12) [F'(un)[9, 0, 9]| < €all(d,0,0)le Y 0,0) € B

then {u,} admits a convergent subsequence.
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Proof. First, we want to prove that ||u,| g is bounded: so we consider
for the sake of contradiction a subsequence such that ||u,|z — oo and
we define

(Um Vn’ Wn) -

Tl (Uny Uy, W),

so that (up to a further subsequence) (U, V,,, W,,) — (U, V, W) weakly
in F.
Applying the definition of the functional F

1 [(tn, + Upeq) TP
F(u,) = §B(un,un) —/Q . +q1

_/ (V5 4 Vneq) TP _/ [(Wn + Wheg) TP+

p2+1 p3+1

and

F'(a)u, = B(un,un)—/Q[(unjtuneq)ﬂplun

- /Q[(Un + Vneq) P2 05 — /[(wn F Wneg) TP,

Q

Now observe that

[T+ ) P = [+ ) 27+ [+ 10 P =0

Q

(and an analogous relation holds for the term in v, and w,); then,

F'(u,)u, = B(u,,u,)
_/Q[<un+uneq)+]pl+1 _/[(un+uneq)+]pl(_uneq)

Q

~ [+ 00 P = [ 100+ 0a) P )

Q

= 1+ ) P = [ [0+ 000 P 0

Q
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and by considering F(u,,) — 3 F(u,)u,, we get

A R W A e
Q Q

[ 0+ 00 T4 5 (004 ) P )

1 1

5 10+ 0 P ) + 5[ [0+ 100) P 00)

1

(where k; = % — p+r1) by observing that each term in the expression
above is nonnegative, we conclude that the estimate from above holds
for each of them, and then

(13)
1 1
T AR Gy KGR Gl
and
1
" o L+ ) P =0,

For any (¢, ¢,1) € E we get

1

[u,| e
+1p1
= B((Un, Vo, Wh), (6, 0,0)) — i [(un |—;—uuT|e;) ] é

[l ()

||z e

F'(u)[6, ¢, 9]

which, by using the weak convergence of (U, V,, W,) and (13), (14),
implies that
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this means that (U, V, W) is a solution of —A(U,V,W)T = B(U,V,W)T,

—a+2b a a
2 2 2
where B = 5 %”b 5 . Since for the matrix B eigenvalue-
a a —a+2b
. ) 2 2
eigenvector pairs are
1 0 1
a+2b
—a -+ b7 0 ) —a -+ b7 1 ) 2 ) )
-1 -1 1

(U, V, W) is the unique solution and then it is zero if real eigenvalues of
B are not in o(—A).

This gives rise to a contradiction since by definition we have
UV, W)|le = 1.

We conclude that ||u,||g is bounded.

It is now simple to see that u, admits a convergent subsequence. In
fact, up to a subsequence, (u,, v,, w,) — (u,v,w) weakly in F, then we
calculate the inner product of (u,, v, w,) — (u,v,w) and ¥, ; to obtain
that the convergence is in fact strong. O]

3.4. The second solution through the minimax theorem.
Now, we may prove.

PROPOSITION 3.1. There exists a critical point u € E for the func-
tional F' with F'(u) > & > 0(and then u # (0,0, 0), so that it is a second
solution).

Proof. 1t is a consequence of the minimax theorem, by using the es-
timates in Lemma 3.3 and 3.5 and the PS condition in Lemma 3.6.
Actually, we set

S = {urueE" ||lullr =p},
Q = {u=w+7rg:we E ||w|g <R0<7 <R},

and then we just need to check that also the hypotheses on the form
of the functional that are required in [3] are satisfied. This is the case
if we set L(u,v,w) = %(v + w,u + w,u + v): this is linear, bounded,
self-adjoint and P~ exp(uL) : E~ — E~ is an invertible linear operator
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for any p > 0: actually, it is simple to check that L is invertible with
respect to the base we are considering, in fact,

LU,, = —~ 0% "y
i,1 9 2)\1 2 i,1 (Z € N),
1 i i) Oa : )
L\I/Z‘72 = —M = —\I}i’g + \/5\111'73 (Z - N),
2 ESY
27\
LV,3 = ———m—F———F =1V, N);
3 5 T s (i€eN)
then exp(uL) is invertible too and takes the form

1 .
exp(uL)W;7 = exp (—§,u> U1 (i€N),

exp(uL)V; o = exp(—p) V¥, + exp (ﬁu) U,5 (i €N),

exp(ul)V;5 = exp(pu)¥;5 (1 €N),
which shows that it maps £~ onto itself and is invertible on it. O]

Finally, we may conclude the proof of Theorem 1.2.

Proof of Theorem 1.2. Proposition 3.1 implies Theorem 1.2 by the
minimax lemma.
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