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ROBUST BOUNDARY CONTROL OF CHEMOTAXIS
REACTION DIFFUSION SYSTEM

SANG-UK Ryu* AND YONG HAN KANG

ABSTRACT. This paper is concerned with the robust boundary con-
trol of the chemotaxis reaction diffusion system. That is, we show
that the existence of the saddle point for the robust control problem
when the control and the disturbance are given by the boundary
condition.

1. Introduction

In this paper we consider the robust boundary control problem of the
chemotaxis reaction diffusion system:

2
Ay _ @_ba<ap) in (0,L) x (0, ],

ot~ "oa? oz \Y o
2
(1.1) gj —dg—+fy hp i (0,L) x (0,7,
8y 8y 8p B
0p

5 —(L,t) = u(t) + \(t) on (0,77,

('T?O) _QO('Q?)? p(x,()) :pO(x) in (OaL)
Here, (0,L) is a bounded interval in R. a, b, d, f, h > 0 are given
positive numbers. y = y(z,t) describes the cell concentration in (0, L)
at time ¢, and p = p(x,t) the chemoattractant concentration in (0, L)
at time t. u(t) and A(¢) are the control function and the disturbance
function. We refer to [6, 7, 8] and the references for (1.1).
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In this paper, we are to find the saddle point for the functional J(u, \)
of the form

T
J(u, A) = /0 ly(u, A) — yd”?ﬂ(O,L)dt + VHUH%P(O,T) - l”)‘H%{Q(O,T)'

Optimal and robust control problems for nonlinear parabolic equations
have already been published by many authors(see [2, 3, 4, 5, 7, 8, 9, 10,
11]). Ryu [11] has handled the optimal boundary control problem for
the chemotaxis system. In [9, 10], Ryu and Yun studied the distributed
robust control problems for the chemotaxis system with homogeneous
boundary conditions. However, this paper is concerned with the robust
boundary control problem for the chemotaxis system when the control
and the disturbance are given by the boundary condition.

Notations and inequalities: R denotes the real line. Let I = (0,1) be
an interval in R. LP(I;H), 1 < p < oo, denotes the L” space of measur-
able functions in I with values in a Hilbert space H. C(I;H) denotes the
space of continuous functions in [ with values in H. For simplicity, we
shall use a universal constant C' to denote various constants which are
determined in each occurrence in a specific way by a,b,d, f,h, L. In a
case when C' depends also on some parameter, say 6, it will be denoted
by Cg.

We shall state some inequalities on the Sobolev spaces ([1]). When
s> 3, H*(I) C C(I) with the estimate

(1.2) I lle < Gl - 1z
By (1.2), we observe that

d ¢ dp Cllyllz=<lpllm
I P17 ,
(13) ae V) lory = 1 Cllylliel| =

where y € HY(I), p € HX(I) = {p € H*(I) : 22(0) = 22(1) = 0}.

2. Existence of the solutions

In this section we recall the reformation of (1.1) as in [11]. First we
construct a lifting function for the boundary conditions,

2

O, t) = m(t) -
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Here, m(t) = u(t)+A(t) and m € HE(0,T) = {a € H*(0,T) : a(0) = 0}.
Obviously

ey [P0

‘ < Clm(t), Yz e (0,L), vte[0,T] (i =0,1,2).

Let us set w(x,t) = p(x,t) — ¢(x,t). Then the system (1.1) is equivalent
to the one:

9y _ @—zﬁ(M) in (0,1) x (0,7),

ot~ “oa2 Ox Ox
ow  0*w :
(2.2) e dm + fy — hw + gn(x,t) in (0,L) x (0,71,
dy dy ow _ Ow B
D00 =2wn=200=2wn=0 o 01

y(z,0) = yo(z), w(x,0)=wy in (0,L).
Here, wy = po(z) and gm(x,t) = dW — h¢ — %

Let A, = — W +a and Ay = —d5 8 5 + h with the same domain
D(A;) = H(0,L) = {z € H*0,L) : x(O) = Z(L) =0} (i = 1,2).

Then, A; are two positive definite self-adjoint operators in L?(0, L). We
set two product Hilbert spaces V C 'H as

V=H'0,L) x H30,L), H=L*0,L)x H0,L).
By identifying H with its dual space, we consider V C H=H' c V. It
is then seen that
V' = (H*(0,L)) x L*0, L).
We set also a symmetric bilinear form on V x V:

y dy g 1/2 1/2 ~
/ %d—dx—i—a/o ydx+(A w, A, )L2,

where Y = (w) Y = ( ) € V. Obviously, the form satisfies A is the pos-
itive definite self-adjoint operator on H defined by a symmetric bilinear
form a(Y,Y) on V, (AY,Y )y = a(Y,Y), which satisfies

(a.1) @V, V) < MY [V ]y, Y.V €V,

(a.ii) a(Y,Y)>06|Y]3, Y eV

with some 0 and M > 0. This form then defines a linear isomorphism

A= </(1]1 12 ) from V to V', and the part of A in H is a positive definite
2
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self-adjoint operator in H. Let U be a closed bounded convex subset in

HE(0,T).
(2.2) is, then, formulated as an abstract equation
dy
(2.3) E—FAY Fo(Y)+Gn(t), 0<t<T,
Y(0) = Yo

in the space V'. Here, F,,,(-) : V — V' is the mapping

Fm(y):(ay_bamf% lg?))) nd 6= (0 )

Yp is defined by Y, = (3)‘;)
For all m € U, F,,(-) satisfies the following conditions(see [11]):

For each n > 0, there exists an increasing continuous function p, :
[0,00) — [0, 00) such that

(fl) HFm(Y>HV’ < UHYHV +:u77(||Y||H>’ Y e Vv a.e. (OvT);

(£3)) [0 (Y) = En(Y)[hr < allY =Yy

FAP DAY o+ DTt 1Y I [V Y s 7Y €V, ae. (0,7).
Since m € U, we see that G,,(-) € L*(0,T;V’). We then obtain the
following result (For the proof, see Ryu and Yagi [8]).

THEOREM 2.1. If Yy € 'H, there exists a unique weak solution
Y € H'(0,5;V")nC([0,S]);H) N L*(0,5;V)

to (2.3), the number S € (0,T] is determined by the norm |G, || L2(0,r;v)
and ||Yp||.

3. Existence of the robust control

Let Uug and V4 be closed, convex, bounded subsets of HZ(0,T'). Let
S > 0 be such that for each (u, ) € Uyg X Vg, (2.3) has a unique weak
solution Y (u,\) € H'(0,5;V") NC([0,S]; H) N L*(0,S;V). Then, our
problem is obviously formulated as follows:

(P) J(ﬂ,)\) S J(ﬂ,j\) S J<u7)‘) V(u, )‘> & Uad X V;d,
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where
s
2 2 2
J(u,\) = / DY (u, A) = Yallydt + yllullzrz0,5) — U E2(0,9)-
0

Here, D(Y) = (¥) and Yy = (%) is a fixed element of L*(0,S;V) with
yq € L*(0,S; H(0,L)). v and [ are positive constants.
The mapping F, »(-) : V — V' is defined by

ay — bg( 8<w+¢>)
F%)\(Y) _ ( Yy Ox Y oz >7 Y — <y) c V,
fy w
where ¢(z,t) = (u(t) + A(t))% Then, we have the following result.

LEMMA 3.1. Let (ug, A1) and (ug, Ay) in Uyg X Vg Let Y1 =Y (uq, A1)
and Y = Y (ug, \2) be solutions of (2.3) with respect to (ui, A1) and
(ug, A2), respectively. Then, we have

t
B V() = VOl +5 [ 1¥i(s) - Yalo)lds
0
< C(lur(®) = u2(®)lzz.5) + 1) = Xe(@®)lz2s), 0<t<S.
Proof. The proof is similar to that of [11, Theorem 3.2]. O

Moreover, the mapping F, A(-) : V — V' must be a first-order Fréchet
differentiable with the derivative

az — b2 (z 8(w+¢)> — bﬁ< %)
F;A<Y)Z: ( 1 oz \~17 oz oz ydz ),
7 Vg
where Y = (3}), Z = ( ) € V. Then, we have the following conditions.

21
22

LEMMA 3.2. For each n > 0, there exists an increasing continuous
functions v, : [0,00) — [0, 00) such that for Y,Y ,Z, P €V,

(£ii1) [(F, 2 (Y)Z, P)yicy]

< { [ ZII[Plly + (Y llv + Dy (1Y ) 1 Z ][]l Pllv, a-e. (0,5),
= L allZIvIPly + (Y v + Dy (Y )| 2w [ Pllw, ae. (0,5),

(£iv)  |FLA(TV)Z = Foa(V)Zlw < CIY =Yl Zl, ac. (0,S).
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Proof. By (1.3) and (2.1), it is seen that

I 25 ) + 5 05 o

< Ozl pllw + ol + gl |2 )
1/2 1/2
< Ol Qwllas + ol ) + Nyl llz2llm)
< ellztllm + Ce(yllar + D(wlZn + D(llzllze + |2alla)

with an arbitrary € > 0. Therefore, (f.iii) holds.
On the other hand, by (1.2) and (1.3),

I (0 -952) -3 (=5

< Cllly = gllzellzellm> + llw — @l |21 ).
Therefore, (f.iv) holds. O
PROPOSITION 3.3. For any fixed A\ € V4, the mapping u — Y (u, \)
from U,q into H'(0,S;V") N L*(0, S;V) is differentiable in the sense
Y(u+ hv,A) =Y (u, \)
h

ash — 0, where u,v € U,q and u+hv € Uyy. Moreover, Z = Z(u, \;v,0)
satisfies the linear equation

— Z in H'(0,8;V) N L*(0,5;V)

(3.2) Cfl—f L AZ - FL(Y (0 \)Z = Bo(Y(w,\) + Gult), 0<t<S,
Z(0) = 0,

where B,(Y (u,\)) = (_b% (Oy%})) and ¢, = v(t)L

2L°

Proof. Let u,v € Uyg and 0 < h < 1. Let V) = Y(up, A) and YV =
Y (u, A) be the solutions of (2.3) corresponding to up, = w + hv and wu,
respectively.

Step 1. {%}h is bounded in H(0,S; V') N L*(0,5;V). Let Y =
>0

%. We consider

dy ~  FyA(Y3) = Fua(Y)
3.3 LAY - T :
@3) gt I

Y(0) = 0.

= G(t), 0<t<S§,



Robust boundary control of chemotaxis reaction diffusion system 463

By (1.3) and (2.1), we have

0 v
(3.4) ’Fuh,,\(Yh)—Fu,,\(Yh)H _ H _ba%<yh ai)
' h v 0 %
o/ 0o, O,
p— —_— < < . .
1055 (55 [ gy, < Cllunllie| 2, < CUYile: e 0,9)
and
Fu)\(Yh) - Fu)\<Y)
3.5 ’ ’ ’
(3.5) - "
— —y Ow wp—w —y 0
(e b (e ) - v (v ) - v (82
) Ju Y
Y — Y Wp — W Yn — Y
<
< (Bl ot | ===+ |27

< C(IVally + 1Y Iy + DY |l ace. (0,5).

Taking the scalar product with ¥ to (3.3) and using (3.4), (3.5), we
obtain that

L P, + ng/(t)H% < CUYA@IE + Y O+ DIY (0)]l3,

2 dt
+ C(IYa®)3 + IG(0115).

Using Gronwall’s inequality, we obtain that
~ t o~
T+ [ 17013
S 2 2 s
< C(HYh(t)H%CX’(O,S;H) I ||Gv(t)H%2(o,s;w)>€f° CUYA®IZ+1Y (O)13+1)d

for all ¢ € [0,S5]. Since v € Uyg, G,(t) € L*(0,5;V"). Hence, 2L is
bounded in H'(0,S;V) N L*(0, S; V).

Step 2. Yhh—Y converges weakly to the unique solution Z = (2) of

.2) n ;05 N , O as h — 0. From Step 1, we see that
(3.2) i Hl(O S; V) LQ(O S; V) h—0.F Step 1 h
Y,—-Y

— Z weakly in H'(0,S; V') N L*(0, S; V)
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and

Yo=Y

(3.6) — Z strongly in L*(0, S;H)

as h — 0. Let us verify that Z = (2) is a solution of (3.2). First, we
show that for ¥ (¢) = (1@83) e C([0,5]; V),
(3.7)
/S <Fu,)\<Yh) — Ea(Y)
0 h

s

W), it = [ 0Z U)ot
V9 0 ’

as h — 0. Indeed, by direct calculation

Fu (V) — Fua(Y)

Tt gz
s 58] )
fun 7
where w; = %4 — 7, and W, = Zy. For ¢y € C([0, S]; H*(0, L)),

s .
[ @)+ g (05 )

C (11| z2(0,5:22) (1wrll L2 (0,5:52) + Dl lleco,sm1)

+ [yl 22 0,5;1) 1102 L2 0,5.1) 191 leo,50;21) )

[ (G M) )t

< CHZlHL? o,S;Hl)Hwh - w”LQ(O,S;Hl)lel‘C([O,S};Hl)-

From (3.1) and (3.6), it is seen that (3.7) holds.
Moreover, since

S
/0 <8a:1:<(yh_ )%>7¢1>(H1)’,H1dt

< Cllyn — yllr20,5.2) 191l L2 (0,511
it is seen from (3.1) that

/S <Fuh7)\(Yh) - Fu,)\(Yh) t dt N / / dt
i . , V/ V %
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Y,—-Y

By the uniqueness, we see that Z = Z. Hence, converges weakly
to the unique solution Z of (3.2) in H(0,5;V")N L*(0,S;V) as h — 0.
NStep 3. X — 7 strongly in H'(0,5;V') N L*(0,S;V) as h — 0.
W = % — Z satisfies

(3.8) ‘Z—VZ + AW — (F ua(Yh) ; FualY) F{L,A(Y)Z)
_ (Fuh,A(Yh)h— Fupr(Yn) Bv(Y)>, 0<t<S.
W(0) = 0.

Applying (1.2), (1.3) and (2.1), we obtain that
Fu,)\<Yh> - Fu,)\<Y)

3.9 —F (Y7
(3.9 | - Lz
< C(IYallv + 1Y llv + DIIW |l + ClIYa = Y% Z]lv, ae. (0,S)
and
F, Y.) — Fu (Y
(3.10) H A h)h ua(Yh) —BU(Y)HV, < O|[Vh — Yl ace. (0,5).

Taking the scalar product of the equation of (3.8) with W and using
(3.9), (3.10), we obtain that
1d — e ~
5 WOl + S IWOI < CAYR@1S + 1Y O + DIV @)l
+C(1Z2®)I5 + DIYat) = Y (@)l

From Gronwall’s inequality,

—_— t —

||W(t)||3{+5/0 W (s)[I%ds < CllYu(t) =Y ()7 0,500 (1 2] 720,500 +1)-
Since Y, — Y strongly in L*°(0,S;H), it follows that Yhh—_y is strongly
convergent to Z in H*(0,5;V") N L*(0,S; V). O

PROPOSITION 3.4. The solution Z(u, \;v,0) of (3.2) satisfies the es-
timates (Yu, v, uy, uy € Uyg):

(3.11) || Z(u, A;v,0)| Lo (0,810)n200,5v) < Cllv(t)|| m2(0,8)
(312) HZ(Ul,)\;U,O) - Z(u27)\;vao)HL2(0,S’;V)
< Ollug(t) — uz(t) || z2 0,9 |v(E) || 2(0,9) -
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Proof. Let Z = Z(u, A\;v,0) be the solution of (3.2). From (1.3) and
(2.1), we have

313) 180 = oa- (45)| 0,

Oy
< olles| 22| < ool i
and
du(t)
(3.14)  1Gu(®)l = lgule, )2 < C (@) + = 2]).

Taking the scalar product with Z to (3.2) and using (f.iii), (3.13), (3.14)
we have

%IIZ(t)II% +alI 2015 < (1Y (w, VIS + Do (uw, MBI Z@)115

se+ @R (e + |20,

where 7 : [0,00) — [0, 00) is some increasing continuous function. Using
Gronwall’s inequality, we obtain

S
1Z2()[2 + 6 / 1Z(6) Bt

.S -
< C||U(t)||§{2(o,5)€'/° Y (@ IB+DZY @M )ds < CHU(t)H%{?(O,S)'

Hence, (3.11) is verified.
On the other hand, let Z; = Z(u;, A\;v,0) (i = 1,2) be the solutions
of
dZ; ,
Z:(0) = 0,

where Y} = Y(uy, \) and Ya = Y (ug, A) are the solution of (2.3) with
respect to (ug, A) and (ug, A), respectively. Then Z3 = Z; — Z, satisfies
the equation

dZs

(3.15)  — =+ AZy = F, \(Y1)Zs = (£, 0(V1) = F, 0 (Y1) 22
+ (F,,(Y1) = F,\(¥2)) 22 + B,(Y1) — By(Y2),
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From (1.3) and (2.1), we have
(316)  [[(Fo (M) = Fi (V1) Zallvr < Clua () — ua(D)[[| 221,
(B17)  [B.) - Bu(¥a)l < Clo(®)[[Vi — Yalloe

Taking the scalar product with Z3 to (3.15) and using (f.iii), (f.iv), (3.16),
(3.17), we obtain that

1d 1)
§E||Z3(t)||3¢ + §||23(t)||$/

< (M@ + eV 15112513 + CU 201V (#) - Ya(t)ll3,
+ ua(t) — w2 ()| Zall3 + 0@ PYa(t) = Ya(®)13,),

where 7 : [0,00) — [0, 00) is some increasing continuous function. Using
Gronwall’s inequality and applying (3.1) and (3.11),

t
12015+ 6 [ 1Z0(5) s <C(IAO = Va0l o0 | Ze o0
s (8) = wa(8) 320.5) | Za 2 0.5
101205 1V2(8) = Ya(®)eio 70
<Cllur(t) = wa(t) a0, 0 () o5
for all ¢ € [0, S]. Hence, (3.12) is verified. O

PROPOSITION 3.5. For any fixed u € U,q, the mapping A — Y (u, \)
from V4 into H*(0,S;V') N L*(0,S;V) is differentiable in the sense
Y (u, A+ hA) — Y (u, \)
h
as h — 0, for \,\ € Vg and A + h\ € V,q. Moreover, Z = Z(u, X 0,0)
satisfies the linear equation
az ~ ~
S AZ=F\(Y(w )2 = B{(Y(w )+ Gy(t),  0<t<S,
Z(0) = 0.
Moreover, the solution Z(u, A; 0, 5\) satisfies the estimates (YA, \, A1, Ay €
Vad)-'
1Z (1, A0, ) || oo 0,800 22 00,5) < ClIA mr2(0,9),

||Z(U7 A1;0,0) — Z(U; A2; 0, 5\)||L2(o,s;1/) < C|M — >\2||H2(0,S)||5\||H2(0,S)-

— Z in H'(0,5;V') N L0, 5; V)
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Proof. The proof is similar to that of Proposition 3.3 and Proposition
3.4. O

PROPOSITION 3.6. There exist ¥ and [ such that, for v > 5 and [ > 1,
we have

(1) VX € Vg, u — J(u, ) is convex lower semicontinuous,
(2) Yu € Upg, A — J(u, ) is concave upper semicontinuous.

Proof. Let J; be the map u — J(u,\) and let Jy be the map A —
J(u, A). To obtain the existence of the robust control problem, we prove
that J; is convex and lower semicontinuous for all A € V4, and J5 is
concave and upper semicontinuous for all u € U,y. Firstly we prove
that the convexity of J; and the concavity of J,. In order to prove the
convexity, it is enough to prove that we have

Ji(u)(w —v) = Ji(v)(uw—v) 2 0
for all u,v € Uuq([2], [12]). According to the definition of .J;,
(3.18)

S
T () (1 — ) — T/ () (1 — v) = /0 (71— Z, D' T(DYy — )}y it

S
+/ <D(Y1 —YQ),DZQ>ydt+/7<U—’U,U—U>H2(07s).
0

Here, J : V — V' is a canonical isomorphism and Z; = Z(u, \;u — v, 0)
and Zy = Z (v, \;u — v,0) satisfies

z; ,
A AZ— F,\(Y)Zi = Bueu(Y) + Gunalt),  0<t<S,

where YV} = Y (u,A) and Yy = Y (v, ). According to (3.1), (3.11) and
(3.12), we have

S S ) 1/2
(3.19) / (2 = 22, D* T (DYa — Ya))yydt < (/ 121 — Zzl!vdt)
0 0

* 5 2 1/2 2
< DI / I(DYz = Ya) 3dt) < Cillu(t) = v(®) o
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and

S

S 1/2
320 [ (00 -, Dzvar < D [ 10 - vlRar)”

5 2 1/2 2
< ([ 1ZalRit) " < Cullu = ol
0

From (3.18), (3.19) and (3.20), we have under assumption v > 5 =
C1 + Oy,
Jy(w)(u —v) = Ji(v)(u—v) = 0

and obtain the convexity of J;. By using Proposition 3.5, we can find [
such that for [ > [ we have the concavity of J,.

As proved in [9, Proposition 3.6], we can obtain the lower semicon-
tinuous of J; for all A € V4 and the upper semicontinuous of .J, for all
uwel ad- O

Then, we have the following result.

THEOREM 3.7. Assume that U,y and V4 are non-empty, closed, con-

vex, bounded subsets of HZ(0,S5) and v > 4 and | > I. Then, there
exists a saddle point (u, \) such that

T(@,\) < J(@ ) < J(u,N) Y(u,\) € Ung X Vi,
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