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CHARACTERIZATIONS OF THE WEIBULL
DISTRIBUTION BY THE INDEPENDENCE OF
RECORD VALUES

SE-Kyung CHANG*

ABSTRACT. This paper presents some characterizations of the Weibull
distribution by the independence of record values. We prove that
; ; ; Xu(n+1)
X ~ Weibull(1, ), « > 0 if and only if Xooi X0 and Xy (1)
for n > 1 are independent. We show that X ~ Weibull(1,a), o > 0
XU (n)

XvU(n+1) = XU (n)
dent. And we establish that X ~ Weibull(1,a), a > 0 if and only
if Xvum+1)+Xu(n)

XU(nt+1) = XU(n)

if and only if and Xy (n41) for n > 1 are indepen-

and Xy (n41) for n > 1 are independent.

1. Introduction

The record value model was introduced by Chandler [4]. Let X,
Xa,- -+ be a sequence of independent and identically distributed (i.i.d.)
random variables with a cumulative distribution function (cdf) F(z)
and a probability density function (pdf) f(x). Suppose U(1) = 1 and
U(n) = min{j|j > U(n — 1), X; > Xyp-1), n > 2}. Then the indices
{U(n),n > 1} are said to be the record times. We say that X; is a first
upper record value and {Xs(,), n > 1} are upper record values.

The cdf of the Weibull distribution is

1—e ™, >0 a>0
(1) F(x)Z{

0, otherwise

A notation that designates that X has the cdf (1) is X ~ Weibull(1, o).
Some characterizations by the independence of the upper record val-
ues are known. Ahsanullah [2] characterized that F(z) = 1—e™ =, z > 0,
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o > 0 if and only if Xy ,) — Xy@m) and Xy(y), 0 < m < n are inde-
pendent. Moreover Ahsanullah [2, 3] characterized if F(z) =1 — (%)ﬂ ,
r > a, a >0, then ))((5((”)) and Xy(m), 0 < m < n are independent.

Above results are characterized by the simple difference form or the sim-
ple quotient form of the upper record values. By the expansion form of
denominator, we can get the Weibull distribution.

In this paper, we will give some characterizations of the Weibull dis-
tribution by the independence of upper record values.

2. Main theorems

THEOREM 2.1. Let {X,,n > 1} be a sequence of i.i.d. random vari-
ables with cdf F(x) which is an absolutely continuous with pdf f(z) and
F(0) =0 and F(z) < 1 forx > 0. Then F(z) =1—¢e*" forxz >0
XU (nt1)

and o > 0 if and only if Xo ) —Xu(m)

n > 1.

Proof. If F(z) =1 —¢e " for > 0 and o > 0, then the joint pdf
fn,n+1(l'7y) of XU(n) and XU(n+1) is
aQJ:an—lya—le—ya
fn,n+1 (‘T7 y) - F(n)

and Xi(,41) are independent for

for0<z <y, a>0andn>1.

. . o XU(n+1) _
Consider the functions V = Koo Xoom and W = Xyqn). It
(v—1Nw w

follows that () = =", Tym+1) = w and [J| = 5. Thus we can
write the joint pdf f, ; (v,w) of V and W as

042(’0 _ 1>anflwa(n+1)7167w“
(2) fV,W(U7w) = [(n)von+l

forv>1,w>0,a>0andn>1.
The marglnal pdf f, (v) of V is given by

/ Jvw(v,w) d

2 v 1)om 1 00 a(nt1)—1 —w®
(3) - (n)va"H/O w ( ) e dw
an(v — 1)en-t

Uom—H
forv>1,a>0andn>1.
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Also, the pdf f,, (w) of W is given by
_ (B()"f(w) _ aw D lemw”
) fwl®) = 0 T = T T
forw>0,a>0and n > 1.
From (2), (3) and (4), we obtain f,. (v)f,, (w) = f,.y (v, w).

_ Xu(nt1) _ .
Hence V = Xot—Xoom and W = Xy (,41) are independent for
n > 1.

Now, the joint pdf f, ., (7,y) of Xy(,) and Xy(,41) is

z))" " r(z
Jrmir (T,y) = (R( ))F(n)( )f(y)

for 0 <z <y, @ >0and n > 1, where R(z) = —In(l — F(x)) and
(@) = £ (R@) = it
. o XU(n+1) .
Let us use the transformation V = m and W = Xy (,41)-
The Jacobian of the transformation is |J| = -3. Thus we can write the
joint pdf f,, . (v,w) of V and W as

O fowloow) = e ((CZ2)) 7 (202

forv>1,w>0andn > 1.
The pdf f,, (w) of W is given by

. by AT w)

I'(n+1)
forw > 0and n > 1.
From (5) and (6), we obtain the pdf f,, (v) of V

nw (R (v—vl)w n—l r (v—vl)w
fV (’U) = ( ( ’U2 (R)()'UJ))n ( )
forv>1, w>0andn>1.

That is,
=g ((# (55 ) )

where R(z) = —In(1 — F(x)) and r(z) = %(R(m)) = 1f§f()x).
Since V' and Ware independent, we must have

(7) R(W) :R(U;1>R(w).
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By the functional equations (see, [1]), the only continous solution of
(7) with the boundary condition R(0) =0 is

R(z) = z“
for z > 0 and « > 0. Thus we have
F(z)=1-¢"
for z > 0 and « > 0.
This completes the proof. O

THEOREM 2.2. Let {X,,n > 1} be a sequence of i.i.d. random vari-
ables with cdf F(x) which is an absolutely continuous with pdf f(z) and
F(0) =0 and F(x) < 1 for x > 0. Then F(x) =1 —e™*" forz >0

and o > 0 if and only if Xu(n)

Kooy - Xoom and Xy (n41) are independent for
n > 1.

Proof. In the same manner as Theorem 2.1, we consider the functions

Xu(n
V = W&}(U(n) and W = Xy q1). It follows that xy(,) = (val),
Ty(ne1) = wand |J| = ﬁ Thus we can write the joint pdf f, . (v, w)
of Vand W as
2,,an—1, a(n+1)—1 _,—w®
v w e
(8) fow (v,w) = T(n)(v + 1)ontt

forv>0,w>0,a>0and n>1.
The marginal pdf f,, (v) of V is given by

(9) fy(v) =

forv>0,a>0andn>1.
Also, the pdf f,, (w) of W is given by

awa(n+1)—1e—wo‘
I'(n+1)

anvomfl

(U + 1)om+1

(10) fw (w) =
forw>0,a>0and n > 1.
From (8), (9) and (10), we obtain f, (v)f,, (w) = f,., (v,w).

_ Xu(n) _ :
>ance V = oo Xo o and W = Xy (,41) are independent for
n > 1.

Now, the joint pdf f, ., (z,y) of Xy () and Xy(pq1) is

z))" r(z
frmir (@, y) = (R( ))F(n)( )f(y)

for0<z<y,a>0andn>1.
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: — Xu(n) —
Let us use the transformation V = Xoo-Xoon and W = Xy (,41)-
The Jacobian of the transformation is |J| = —2

(v+1)%
the joint pdf f, , (v,w) of V and W as

w(r(em)) () fo)
T T 17

Thus we can write

(11) fv,w(v7w) =

forv>0,w>0and n>1.
The pdf f,, (w) of W is given by

2) ) B ()

I'(n+1)
for w > 0and n > 1.
From (11) and (12), we obtain the pdf f, (v) of V

n—1
o= 2l )
forv>0,w>0and n>1.

That is, §
=& ((n(za) )

where R(z) = —In(1 — F(z)) and r(z) = &L (R(z)) = 1f§f()x).

X
Since V' and Ware independent, we must have

o () a()m

By the functional equations (see, [1]), the only continous solution of
(13) with the boundary condition R(0) =0 is

R(z) = z“
for x > 0 and o > 0. Thus we have
F(z)=1-¢"

for z > 0 and o > 0.
This completes the proof. O

THEOREM 2.3. Let {X,,n > 1} be a sequence of i.i.d. random vari-
ables with cdf F(x) which is an absolutely continuous with pdf f(z) and

F(0) =0 and F(x) < 1 for x > 0. Then F(x) =1 —¢e™*" forxz >0
f Xun+1)TXvu(n)

and o > 0 if and only i Xt —Xu ()

n > 1.

and Xy (n41) are independent for
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Proof. In the same manner as Theorem 2.1, we consider the functions

_ XvintXum) _ _ (-Duw
= m and W = Xy(,41). It follows that zy(,) = CER
Ty(ne1) = wand |J| = (1}171‘1’)2 Thus we can write the joint pdf f,, . (v, w)
of V and W as
20&2(1} o 1)o¢n71wo¢(n+l)fle*w°‘
(14) fV,W (Ua w) =

I'(n)(v+ 1)antt
forv>1,w>0,a>0andn>1.
The marginal pdf f,, (v) of V is given by
2an(v —1)on~1
1 —
(15) o) = X
forv>1,a>0andn>1.
Also, the pdf f,, (w) of W is given by
a(n—i—l)—le—wa

I'(n+1)

aw

(16> fw (w) =
forw>0,a>0and n > 1.
From (14), (15) and (16), we obtain f,, (v)f,, (w) = f,,, (v, w).

_ Xum+) T Xum) _ .
Hence V = ety —X0(m and W = Xp,41) are independent for
n > 1.

Now, the joint pdf f, ., (7,y) of Xy(,) and Xy(n41) is

T n—lr T
Frmir (T,y) = (R ))F(n)( )f ()

for0<z<y,a>0andn > 1.
. X X
Let us use the transformation V = % and W = Xy(n41)-
The Jacobian of the transformation is |.J| = —2%

(v+1)%
the joint pdf f,, , (v,w) of V and W as

o (R () r (G S
T(n)(v + 1)2

Thus we can write

(17) fow(v,w) =

forv>1,w>0and n>1.
The pdf f,, (w) of W is given by

(18) i (w) =

forw > 0and n > 1.
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From (17) and (18), we obtain the pdf f, (v) of V

o (m(52)" ' (5)
(v+1)2 (R(w))"

fo(v) =

forv>1,w>0and n>1.

That is,
0= (- () )

where R(z) = ~In(1 - F(x)) and r(x) = £ (R()) = 2.
Since V' and Ware independent, we must have

By the functional equations (see, [1]), the only continous solution of
(19) with the boundary condition R(0) = 0 is
z¢

R(z) =
for x > 0 and a > 0. Thus we have
Flz)=1—e*"
for z > 0 and a > 0.
This completes the proof. O
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