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GENERALIZED BIPRODUCT HOPF ALGEBRAS

JUNSEOK PARK*

ABSTRACT. The smash product algebra has been generalized to general
smash product algebra in [3] and we can generalize the smash coproduct
coalgebra to obtain the general smash coproduct coalgebra. It is natural to
replace the smash product and smash coproduct by the generalized smash
product and generalized smash coproduct and consider the condition under
which the generalized smash product algebra structure and the generalized
smash coproduct coalgebra structure will inherit a bialgebra structure or
a Hopf algebra structure. We derive necessary sufficient conditions for the
problem. This generalizes the corresponding results in [7] and [4].

1. Preliminary

Let (H,mpg,ny, Ay,em) be a bialgebra and let (A, m4,7n4) be an algebra
and (C,Ac,ec) be a coalgebra. When we give H-module structure maps
TA: HR®A— A h@ar—— h-aand7c : HRC — C, h@c+—— h-c
and H-comodule structure maps ¥4 : A — H ® A, a — Ya_1 ® ag and
Yo :C — H®C, c— Yc_1 ® ¢y, we make the following definitions.

DEFINITION 1. An algebra (A,ma,n4) is said to be a left H-module
algebra if m4 and ny are left H-module maps and A is a left H-module.
That is, if

(i) A is a left H-module, via 74 : H® A — A, h®@a+— h-a

(ii) Ta(h ® ab) = X(h1 - a)(hsa - b)

(iii) Ta(h® 14) = e(h)1a for all h € H, a,be A.

DEFINITION 2. An algebra (A, my,n4) is said to be a left H-comodule
algebra if m 4 and n4 are left H-comodule maps and A is a left H-comodule.
That is, if
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(i) A is a left H-comodule, viap4 : A — H® A, a+— Ya_1 @ ag

(i) Ya(la) =1y @14

(iii) Y a(ab) = Xa_1b_1 ® agbg for a,b € A.

DEFINITION 3. A coalgebra (C,Ac,e¢) is said to be a left H-module
coalgebra if Ac and e are left H-module maps and C' is a left H-module.
That is, if

(i)C is a left H-module, via7c : H®C — C, h® c+—— h-c

(i) ec(re(h @ 0)) = en(h)ec(c)

(iii))Ac(re(h®c¢)) =3h1-c1 ®hy-co for he H, ce C.

DEFINITION 4. A coalgebra (C, Ac,ec) is said to be a left H-comodule
coalgebra if Ac and eo are left H-comodule maps and C' is a left H-comodule.
That is, if

(i) C' is a left H-comodule, via 9o : C — H @ C, ¢ — Yc_1 ® ¢

(i) (id ® ec)(¥c(c)) = nuec(c)

(iii) (id @ Ac)(Ye(e)) = X(er)—1(c2)—1 @ (c1)o ® (c2)o for h € H, c € C.

2. Generalized smash product algebras

The ”usual” smash product A#H of an H-module algebra A and a Hopf
algebra H has been defined in [1] or [8].

DEFINITION 5. Let H be a bialgebra and A be a left H-module algebra.
Then the smash product algebra A#H is defined as follows: for all a,b €
A, hkeH,

(i) as k-spaces, A#H = A® H. We write a#h for the element a ® h

(ii) multiplication is given by
(a#h)(b#k) = Xa(hy - b)#hak,

and unit 14 ® 1y for all a,b € A and h,k € H.

The smash product algebra can be generalized. Takeuchi constructed a
smash product of a left H-module algebra A and a left H-comodule algebra
D where H is a Hopf algebra [9].

DEFINITION 6. Let H be a bialgebra and A be a left H-module algebra.
Let D be a left H-comodule algebra. The generalized smash product A#% D
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is defined to be A ®, D as a vector space, with multiplication given by
(a#5d) (b#1re) = Ta(d_y - b)#fdoe

and unit 14 ® 1p for all a,b € A and d,e € D.

It is straightforward to show that iy : A — A#LD, a — a#k1p
and ip : D — A#LD, d — 14#%d are algebra maps since A is a left
H-module algebra and D is a left H-comodule algebra.

ExaMPLE 1. H is a left H-comodule algebra via Ay because Apg is
an algebra map. Moreover, the definition of multiplication in Definition 6

reduces to the multiplication in a smash product, and so A#LH = A#H.

PROPOSITION 1. A#L D is an associative algebra with identity element
La#h1p.

Proof. Let m : (A#% D) @ (A#E5D) — (A#% D) be the multiplication
in A#LD.
We check that m is associative. Now for a,b,c € A, d,e, f € D
m(m @ id)((a#fd) @ (b#5e) ® (c#5 )
— Sm((Sald—1 - H#thdoe) @ (45 ))
= Ya(d_1 - b)((doe)-1 - c)#F (doe)o f
= Ya(d_1 - b)((do,—1e—1) - )#E((dooeo)f (- D is a left H-
comodule algebra.)
=Ya(d—1 - b)((do,—1 - (e—1-¢))#E(dooeo)f (.- Ais aleft H-module.)
=Ya[Y((d_11-b)((d_12- (e_1-¢)|#E5doleof) (.- D is a left
H-comodule.)
=Ya[d_1 - (b(e—1 - c))]#Edo(eof) (.- Ais aleft H-module algebra.)
— Sm((athd)) @ (Sble1 - J#theof)
— m(id @ m)(ohd) © (bithe) @ (A £).
We check that (1a#%1p) is unit. For any a € A, d € D we have
(a#Ed)(1a#51p) = Xa(dy - 14)#5do1p
= Yae(d_1)1a#5%dy (. Ais aleft H-
module algebra.)
= Ba#fXe(d-1)do
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= a#hd.
(1La#i1p)(a#fd) = 1a{(1p)-1 - a}#5(1p)od
=X1a(ly -a)#51pd (- D is aleft H-
comodule algebra.)
= a#kd. (. Aisaleft H-module.)
This completes the proof. O

3. Generalized smash coproduct coalgebras

In [4], Montgomery introduced smash coproduct of a bialgebra H and a
right H-comodule coalgebra C, although we use H instead of H°P since we
will be using left and not right comodule algebras. This is in fact a formal

dual version of the usual smash product.

Definition 7. Let H be a bialgebra and C be a left H-comodule coalgebra.
The smash coproduct C#H of C and H is a coalgebra described as follows

forallce C, he H,

(i) as k-spaces, CfH = C @ H. We write cth for the element ¢ ® h

(ii) comultiplication is given by
A(cfh) = X(c1fica,—1h1) ® (c2,08h2),

and counit ecyp(cfh) = ec(c) ® e (h).

It is straightforward to show that 7¢ : C4H — C, cth — cep(h) and
7wy CtH — C, cth —— ec(c)h are coalgebra surjections.

ExXAMPLE 2. Let H be a bialgera and V' be a vector space over k. Then
V is a trivial left H-comodule by ¥y (v) = 1®wv with the trivial H-comodule
structure any coalgebra C' over k is an H-comodule coalgebra. Observe that
CtH = C ® H as coalgebras in the trivial case, and that the tensor product
structure arise only from the trivial actions.

The smash coproduct algebra can be generalized. Caenepeel constructed
a smash coproduct of a right H-module coalgebra C' and a right H-comodule
coalgebra E where H is a Hopf algebra [2]. Although we use a bialgebra H

instead of a Hopf algebra H and we will use a left H-comodule coalgebra C'
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and a left H-module coalgebra E. Our definition is different from the one
in [2].

DEFINITION 8. Let H be a bialgebra and C' be a left H-comodule coal-
gebra. Let E be a left H-module coalgebra. The generalized smash coprod-
uct CHEE is defined to be O ® E as a vector space with comultiplication

given by

ACﬁgE(CﬁJLLIG) = Y(c1tfiea,—1 - €1) ® (c20tfre2)

and counit
ecyt p(cife) = ec(c)er(e)
forallce C,ec E.
The maps ¢ : C5E — C |, cthe — eg(e)c and mg : CtLE — E |
cthe — ec(c)e are coalgebra maps, and (7o @ mg) - A = Ioge p-
ExaMpPLE 3. H is a left H-module coalgebra via my because mpy is a
coalgebra map. Moreover, the definition of comultiplication in Definition 8

reduces to the comultiplication in a smash coproduct, and so Ct5% H = C#H.
PROPOSITION 2. (CtLE, Acyrp, €yt p) s a coalgebra.

Proof. Since C is a left H-comodule, we have

Ye 1 ® Co,—1 & Co,0 = 20_171 (%9 C-1,2 ®cy, CE C (1)
Since C' is a left H-comodule coalgebra, we have
Y1 ®co1 ®@cgo = ey, 1@ a1 @ C1o® a0 (2)

Replacing ¢ by ¢z2 in (1), we have

Y291 ®C220-18C2200=2C22-11QC2_-12®¢c220 (3)
Replacing ¢ by ¢y in (2), we have

22,1 ® 20,1 ®C20,2 = 2C2,1,-1C2,2,—1 @ €2,1,0 @ €220 (4)
We check that Acﬂfﬁ 1 18 coassociative. Now for ce C' ;e € E |

(Acyr g ®id)Acye p(ctfe)

= (Acyr p @ id)(B(crtfrez,—1 - e1) @ (c20877e2))
= YAcyr plcitfes,—1-e1) @ (c2 087 e2)

=Y[(e1athc12, -1 (ca,—1-€1)1) @ (c12085 (c2,—1 - €1)2)] ® (c20thea)
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= 2[(0111%162,1,71 . (02,2,71 ce1)1) ® (02,1,0111%1(02,2,71 e1)2)]®
(caa0tfes) (.- C is a coalgebra.)

=Y[(e1tcan 1 (c22,-11-€11)) ® (ca10tfc20 12-€12)]
®(canotlea) (. Eis aleft H-module coalgebra.)

= E[(Clﬁ[ﬁCZl,—l : (02,2,—1,1 : 61)) ® (62,1,0ﬁ£102,2,—1,2 : 62,1)]
®(caootlean) (.- E is a coalgebra.)

= 2(0111%(02 1,-1€2,2,—1 1) : 61) & (02,1,011%102,2,71,2 : 62,1) & (02,2,011%
e22) (. Eisa left H-module.)

= Z(Clﬁ (02,1,—1 2,2,—1) e1) ® (02,1,0ﬁlf102,2,0,—1 : 62,1) ® (02,2,0,011%[
e2,2) (by (3))

= E(C1ﬁH(C2, 1)-e1)® [(02,0,111%62,0,2,—1 ce21) ® (02,0,2,0ﬂ1[§62,2)]
(by (4))

= X(cififea,—1 - €1) @ Agyr pcoffes)

= (id ® Ay p)(B(crffyea,—1 - €1) ® (ca0tre2))

= (id ® Ay p)Acyt p(ctire).
We check that ECHL E is a counit. Now for ¢ € C,e € E, we have

(id® 5cngE)AcngE(Cﬁ1Lqe) = (id® EcugE)(E(ClﬁﬁC&—l ce1)®
(c2,08F€2))

(crtfrea,—1 - e1) ® ecyr p(ca0tfre2)

(c1tbca 1 e1) ®ec(can)er(e)

(c1 Hsc(CQ 0)c2,—1-€(ea)er) ®1

(c1tbe(ca)ly -e) @1 (- Cis a left H-comodule coalgebra.)

by
by
by
by
by

(e(c2)ertifre) © 1
= (cthe)® 1.

A similar computation shows that

(et m ® id)ACﬁgE(Cﬁljfle) = 1@ (cte).
This completes the proof. ]

With the smash coproduct in hand, Radford defined the biproduct in [7].
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4. Generalized biproduct Hopf algebras

DEFINITION 9. Let H be a bialgebra and let B be a left H-module
algebra and a left H-comodule coalgebra. The biproduct B x H of B and
H is defined to be B#H as an algebra and B#{H as a coalgebra.

With the generalized smash coproduct in hand, we can define the gener-
alized biproduct.

DEeFINITION 10. Let H be a bialgebra. Let B be a left H-module algebra
and a left H-comodule coalgebra. Let D be a left H-comodule algebra and
a left H-module coalgebra. The generalized biproduct B x4 D of B and D
is defined to be B#% D as an algebra and BfE D as a coalgebra.

EXAMPLE 4. H is a left H-comodule algebra via Ay because Apg is
an algebra map. H is a left H-module coalgebra via my because my is a
coalgebra map. From Example 1 and Example 2, B xf{ H = B x H called
the biproduct.

PROPOSITION 3. Assume that ep(1p) = 1. Then ey, p Is an algebra
map if and only if ep and ep are algebra maps and YXep(d_1 - b)ep(dy) =
ep(d)ep(b) for alld € D, b € B.

Proof. First, assume that ¢ BxLp is an algebra map. Then
sBXIL{D((b xg d)(V xz d)) = EBng(b X d)eBng(b, xg d'),
epxp(le xf 1p) = 1p.
By the definition
epxrp(1B X% 1p) = ep(lp)en(lp) = 1i.
Since ep(1lp) = 1k, ep(lp) = 1i.
epxLp((b X d)(V xf d)) = €pxLp(Xb(d—1 - V) X g (dod')) =
Yep(b(d—q1-b))ep(dod’),
et p(b X depr p (b x5 &) = ep(B)en(d)zp)en (d).
Let d =1 and d’ = 1. Since D is a left H- comodule algebra,
Yep(b(ly -0))ep(lplp) =ep(b)ep(1p)es(V)en(1p).
ep(bb’) =ep(b)ep(l).
Therefore ep is an algebra map. Let b =1 and b’ = 1. Since B is a left

H-module algebra and D is a left H-comodule,
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Yep(1p(d-1-1p))ep(dod’) = Xep(1p(en(d—1)1p))ep(dod)
=ep(lp)ep((Ben(d—1)dp)d') =ep(1p)ep(dd’) = ep(dd’).
ep(dd)=eg(1p)ep(d)eg(1p)ep(d) =ep(d)ep(d).
Therefore ep is an algebra map.
Yep(b)ep(d—1-b)ep(do)ep(d) =ep(b)ep(d)ep(b )ep(d).
Choose b € B, d’' € D such that 0 # ep(b) € k, 0 # ep(d’) € k because
e # 0 and ep # 0. Then
Yep(d—1-V)ep(dy) =ep(d)ep(b).
Conversely, assume that e and €p are algebra maps and Yep(
d_1-b)ep(dy) =ep(d)ep(b) holds for b € B, d € D.
epxyp((bxf )V xf d)) = Xep(b(d—1 - V'))ep(do)en(d)
=Yep(b)ep(d_1-b)ep(dy)ep(d)
=ep(b)ep(d)ep(t/)ep(d’)
= 5B><§{D(b X d)5Bng(b/ xg d').
and
epxrp(1 X3 1p) = ep(lp)ep(1p) = 1 - 1 = 1.

This completes the proof. O

COROLLARY 1. Assume that eg(h-b) =cpg(h)ep(b) forallh € H, b€ B
and ep(1p) = 1. Then ep, ¢ p is an algebra map if and only if ep and ep

are algebra maps.

LEMMA 1. Let H be a bialgebra. Let B be a left H-comodule coalgebra.
Then

(i) ¥b_1 @by =X ep(bi)ba,—1 @ bag=Xep(ba)br,—1 ® bio
(11) by @by =X by eg(ba,—1) @ boo=2ep(bi,—1)b1o ® bo
(i1i) L(ab); ® (ab)e = Xaby ® by

(v) E(ab)_1 @ (ab)g = Tab_1 @ by,

foralla € k and b e B.

Proof. (i): Since B is a coalgebra, 15 (b) = ¥ p(Xep(b1)b2) = Xep(b1)b2 _1®
ba,o and ¥p(b) = Yp(Xep(ba)br) = Xep(ba)bi,—1 ® b1 .
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(ii): Since B is a left H-comodule , ¥ ey (b2, —1)b2o = ba.
(iii),(iv): Since Ap and ¢ p are k-linear maps,

Y(ab); ® (ab)e = Ap(ab) = aAp(b) = Xab; ® bs,

Y(ab)_1 ® (ab)g = Yp(ab) = app(b) = Lab_1 ® by. O

LEMMA 2. AB(b) = Z{bl Xﬁlp}@){{fp(bgy_l'(lD)l)bzoXIL{(1D)2),b € B.

Proof.

2(b1 x77 1p) @ (ep(b2,—1 - (1p)1)b2,0 X7 (1p)2)

=3(by x5 1p) ® (e (b2,—1)ep((1p)1)b2o X% (1p)2) (.- D is a left
H-module coalgebra.)

= X(b1 xf 1p) @ (em(b2,—1)b2,0 ¥ ep((1p)1)(1p)2)

=3(by xE 1p) ® (ba x& 1p) (- B is a left H-comodule.)

= Yb ® ba

— Ap(b). 0

PROPOSITION 4. Assume that ep(lp) = 1x. Then ABng(lB x L
1p) = (1p xf 1p) ® (1p x§ 1p) and e 1 p(1p Xf; 1p) = 1y if and only
if ¢B(1B) =1g®1pB, AB(lB) =1p®1p and AD(lp) =1p®1p.

Proof. First, assume that ABng(lB xE1p) = (1pxk1p)@(1pxLlp).
S{(1e)1 x5 (18)21 - (10)1)} © {(Ln)20 xb (1p)2} = (1z Xk 1p) ®
(1p xk 1p).
By the Lemma 2,
Ap(1p) =2{(1)1 xf 1p} @ {ep((18)2,-1 - (1n)1)(1B)20 X% (1p)2}
= (1p xf 1p) ® (en(1p)1p xf 1p)
=(1p x5 1p)® (1p xk 1p) (by the assumption.)
=1p®1p.
Since H is a left H-comodule algebra via Ay and H is a left H-module
coalgebra via mpg, we can replace D by H. By the assumption
S{(1p)1 ¥z (18)2, -1} @ {(1B)20 X 1u}
= (IpxE1m)@(IpxE1g) i 1rr399999930095ee e (20)
Since e, p(lp xL1p) =14 and ep(1p) = 1, we have eg(1p)

= 1g.
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Yp(lp) =3ep((18)1)(1B)2,-1 ® (1B)2,0 (by Lemma 1.)
= ¥{1p xf en((1p)1)(18)2,—1} ® {(1B)2,0 X7 Lur}
=X(1g xbep(1p)lu} @ {15 x5 1y} (by 20.)
=g xE1g)® (1 x5 1y)
~ 1y ®1p.
Ap(1p) =%(1p)1 ® (1p)2
= ¥(1p x (1p)1) ® (1 x§ (1p)2)
=3{1p xf 1g - (1p)1} ® {1p xf (1p)2}
=2{lp xgz ((1p)-1- (1p)1)} ® {(1p)o x (Ip)2} (. ¥m(ls)=
lg®1p.)
=2{(1p)1 7 (15)2,—1 - (1p)1)} ® {(1p)20 X (Ip)2} (. Ap(lp) =
lp®1p.)
=X(1p x5 1p)® (1 x& 1p) (by the assumption.)
~1,®1p.
Conversely,
{1 xf (1e)2,-1- (1p)1)} ® {(1)2,0 X3 (1p)2}
=3{1p x7 ((1p)-1- (1p)1)} ® {(1r)o xf (1p)2} (. Ap(lp)=
lp®1p.)
=3{1p xf (1g - (Iph} ® {1 xf (Ip)2} (- ¥5(lp)=1n ®1p.)
=(1p xf (1p)1) ® (15 xf (1p)2)
=(pxE1p)o (1 xE1p). (- Ap(lp)=1p®1p.)
Therefore Ap, 1 p(1s ¥} 1p) = (15 X7 1p) ® (1p X7 1p).
Because Ap(lp) =1p®1p, 15 = Xep((1p)1)(1p)2 = ep(1p)1p.
Since B is a k-vector space, (1) = 1i. Therefore ep, . p(1p

XIL{1D) = 1k-
LEMMA 3. ABng is multiplicative if and only if
X
X
= 2[b(d-1-V')]1 xf [b(d-1 - V')]2,-1 - (do1d})
®[b(d-1-V')]2,0 X7 do,2d5
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where b,b' € B and d,d € D.

Proof. From the relation
Apxrp((b xpd)(V xgd)) = Apyxrp(b X d)Apyzp(V/ xg d')
and the direct calculation of
Apyxr p(b X d)Apyzp(Vf xg d')
= (Bby Xfy by —1 - d1 @ by o Xf; da)(Bb] Xy by 1 - dy @by g XF dby)
= (b1 xf [bo,—1 - du]) (V) X7 [ _q - di]) @ (b0 X7 d2) (D0 X1 db)
= Sbi([ba,—1 - di]-1 - b)) Xf [bo,—1 - diJo[bh,_ - d1] @ boo[da,—1 - ) g]
x B ds odl
and
App pl(b X d)¥ X )
= Apyr p(Eb(d—1 - b') x i dod’)
= B[b(d—1 - V')]1 xf [b(d—1 - V")]2,—1 - (dod')1 @ [b(d—1 - V')]2,0 XFy (dod')2
= B[b(d—1 - V')]1 xf [b(d—1 - V")]2,—1 - doad) @ [b(d—1 - ¥)]2,0 X Fy do,2d3

we have the desired result. O

PROPOSITION 5. Assume that ABng is multiplicative. If ep is an al-
gebra homomorphism and eg(h - b) = eg(h)ep(b) for all h € H,b € B.
then

Yp x5 (b_y -dy) (V1 -dy) @ bo(da,—1 - b)) x% daody
=Ylp x5 [b(d_1-V)]_1- (do1d}) @ [D(d_y - b)]o x % do od)
where b,b’ € B and d,d € D.

Proof. Assume that ¢p is an algebra map and eg(h-b) = ey (h)
ep(b). We will apply ep to the left-hand tensorands of the equation of in
Lemma 3 (x).
Sep(bi([ba,—1 - di]-1b1))1p xf [b2,—1 - di]o(bh, ;- d}) @ bao(da,—1-
bh) X1 (da,0db)
= Yep(bi)en([ba,—1 - di]-1)en(¥)1p Xf [b2,—1 - di]o(by, - d1)®
ba,0(da,—1 - by 0) X7 (d2,05)
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= X1 xgep(bi)en((ba,—1 - di]-1)[b2,—1 - diJoen (V) (b, _y - d})®
ba,0(dz,—1 - b ) Xf1 (d2,0d5)

= X1p xf ep(b)[bo,—1 - dilep(0y)(by,_ - di) @ bao(da,—1 - b o)
xL(daodh) (. D is a left H-comodule.)

= X1p xf (ep(bi)ba,—1 - di)(ep(V)bh, _y - d}) @ bao(da,—1 - b )
x L (daodh) (by Lemma 1.)

= ¥lp xf (b-1 - d1)(b_; - d}) @ bo(da,—1 - b)

x L dy odb.

Sep[b(d—1-0)hlp xf [b(d—1 - V')]2,—1 - (do,1d}) @ [b(d—1 - ¥)]2,0
x L d od)

= ¥lp xf [b(d—1 - V)]-1 - (do,1dy) @ [b(d—1 - V')]o xf7 do2dy (by
Lemma 1.) O

PROPOSITION 6. Assume that ¢p(lp) =1y ® 1 and Ap(1p) =1p ®
1p. The equation in Proposition 5 holds if and only if

(i) L1 x& (W) 1 - d @ (b )g x5 1p =21 xE (b1 - 1p) (04
d') @ bobly x5 1p.

(i) S1p x5 (d_y - b')_1 - (do1d}) @ (d_1 - V' )o x; doodl
=Yl xEdi(b ;- d}) ®@da,_1 by xE daod

where b,b' € B and d,d’ € D.

Proof. First, note that (i) follows from Proposition 5 by letting d=1.
Since D is a left H-comodule algebra,

S1p xh (boy - 1p) (b - d) @ bo(Ls - b)) Xy d
=31p xj b1y - b)]-1 - (d1) @ [b(1y - V)]0 xF d-

Since B is a left H-module,
Y1p xE (b_q-1p) (b, - d}) @ boby x & df
=Xl xf (00')_1 - dj @ (bb')o x% db.

If apply ep to the right-hand tensorands of the above equation,
Y1p xE (b_y - 1p) (b4 - d}) @ boby x& 1p
=Xlg xE (B0)_1-d @ (bV')o x4 1p.

Note that (ii) follows from Proposition 5 by letting b=1.
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Sip xL di(b, - d}) @ do_1 - by xL daod)

=Yg xE 1y -d)(V_ - dy) @ 1p(de, 1 b)) xE daod)

=X1p x7 ((1g)-1 - di)(b_y - dt) ® (1B)o(d2,—1 - by) Xf7 d2,0d5

= X1p xg [Ip(d-1-¥)]-1 - (do1d1) ® [Lp(d—1 - V)]0 xF do,2d)(by
Proposition 5.)

= S1p xL (d_y V)1 - (doad)) @ (d_y - ¥)o xb dood).

Conversely, assume that (i) and (ii) holds.

S1p b [b(d_t - )] 1 - (doad)) @ [b(d_y - 0))o X% do.od)

= ¥1p xh (o1 - 1p)[(doy - V)1 - (dod})] @ bo(d_y - b')o XY do.2d)
(by (i)

= S1p xL (b_y - 1p)di(V - d}) @ bo(da—1 - by) ¥k doody,  (by (ii).)

=¥1p xf (-1 1p)((1p)-1 - di)(b_; - d}) @ bo(1p)o(d2,—1 - b)

x L dy od)
= X1p %7 ((b(1p))-1 - d1) (b - d}) @ (b(1p))o(da,—1 - by) X7 da,ods
(by ().)
= Sl xb (boy - d)(Vy - d}) @ bo(da—1 - by) XY da.odl. O

COROLLARY 2. Assume that Ap,r Is multiplicative. If ep Is an al-
gebra map, eg(h -b) = eg(h)ep(b)for all h € H, b € B, h-1p =
EH(h)lp, wB(lB) =1y ®1p and AD(ID) =1p ® 1p then

S1p xb (b1 -d) @by x5 1p =1 xb d@b xk 1p,be B,d € D.

Proof. By Proposition 6 (i),
S1pxhbb)_1-d @b )oxL1p = S1pxk (b_1-1p) (b, -d')@bobly x &
Let ¥ =15 and d’ = d. Then
Sl xk (o1 -1p)d @by x5 1p =X1p xE (b_1 -d) @ by x}; 1p.
Since h-1p =e(h)1p, Xlp xL (b_1-1p)d®by xk1p =1 xE d®
bxb1p. O

PROPOSITION 7. Assume that Ag,r. p is multiplicative. If $d_,
ep(do) =ep(d)ly and ep(dd’) = ep(d)ep(d’) for all d,d’" € D then

E[b(d_l . b,)]l XH 1D ® [b(d_l v )]2 XH dod = Zblb, 1D ® bz(d_l .
b,) x L dod’
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where b,b' € B and d,d € D.

Proof. Applying €p to the second tensorand of the equation in Lemma 3
(%), we compute it by Lemma 1 (i) and (ii).

S[b(d—1 - 01 xf ep([b(d—1 - V')]2,—1 - (do,1d}))1p @ [b(d—1 - V)20
x L dy od)h

= B[b(d—1 - V)]s xf7 emr([b(d—1 - V')]2,~1)en(do,1)en(d1)1p @ [b(d—1-
V)20 x5 do2dy (- D is aleft H-module coalgebra.)

=3b(d_1 V)1 xE 1p@[b(d_1-V)]2 xE (do)d’ (.- B is a left
H-comodule.)

Sb1[(b2,—1 - d1)-1 - b)) xf epl(ba,—1 - d1)o(bh _y - d1)]1p @ b,0[(d2,—1-
b,0)] X1 da,0dy

= 301 [(b2,—1 - di)—1 - b1] xf7 ep((b2,—1 - di)o)ep(by,—y - d1)1p
®ba,o[d2,—1 - by o] XF da,ody (by the assumption. )

= Bb1[(bg,—1 - d1) -1 - b1] x5 ep((b2,—1 - di)o)em (bh _1)en(di)1p®
baolda,—1 - by o] xf; daody (D is a left H-module coalgebra.)

= by [(ba— - dy)—1 - By) x5 ep((ba—1 - da)o)1p ® baolda 1 - (B))]
xLdyod  (by Lemma 19, (ii).)

= Dby [e(ba_1 - di)ly - b)) x5 1p @ baolda_1 - U] x& daod’ (by the
assumption.)

= Yby[e(be,—1)e(di)1y - V] x5 1p @ baglda,—1 - by] xk daod (- D
is a left H-module coalgebra.)

= bty x5 1p @ ba(d_q - by) xE& dod’. (by Lemma 1, (i),(ii).) O

PROPOSITION 8. Assume that A(1p) = 15®1p. The equation in Propo-
sition 7 holds if and only if

(i) A(bb') = Lbyb @ bybh.

(i) X(d—1 - V)1 x5 1p @ (d_1 - V)2 x4 dod' = 3b) x5 1p @ (d_y-
bh) x % dod'.

where b,b' € B and d,d’ € D.

Proof. (=) Note that (i) follows from Proposition 6 by letting d =
1, d=1.
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S[b(1p)-1 -0 %% 1p @ [b(1p)-1-b)]2 xF (1p)o
=3b1by xE1p @ ba((1p)_1 - b)) xE (1p)o.
Since D is a left H-comodule algebra,
Y101 xE1p@b(1g-0)]2xk1p = Bb1by xE1p @by (15 -04) x5 1p.
Since B is a left H-module,
N(bb)1 xE 1p @ (bb)a xE 1p = Bb1by x5 1p @ babhy x5 1p.
Therefore
E(b')1 @ (bb')2 = Xb1b) @ babs.
Note that (ii) follows from Proposition 7 by letting b = 1. Since A(1p) =
lp®1g,
Y(d_1-0) 1 xE1p@(d_y V)2 xE dod = S0 xE1p @ (d_y1 - bh) x% dod'.

(<) Sb(d_q -1 xE1p @ [b(d_1 - b)]2 x4 dod’
= Zbl(d_l . b/)l XI}'I 1D ® bg(d_l . b/)2 X% dod/ (by (1))
= Zblbll XI]_'I 1p® bg(d,1 . blz) X% dod’ (by (11)) O

LEMMA 4. Assume that Apyr p Is multiplicative. If ep is an algebra
map and eg(h-b) = e (h)ep(b) for all h € H and b € B then
Yb(dy 1) x5 dyod) @ 1p xE dodhy = 3b(d_1 - V') xE do1dj®
1p xL& dood.

Proof. Apply ep to the third tensorands of the equation of in Lemma 3
(%)
Sbi([ba,—1 - di]—1 - b1) Xfy [b2,—1 - di]o(by, 1 - di) @ ep(ba0)em (d2,—1)
ep(by)ln x L dy od)
= Bb1(ep(b2,0)[b2,—1 - di]—1 - b1) X7 [bo,—1 - dao(Vh 1 - d}) @ e (d2,—1)
ep(by o)1 xf; daody
= Bbi[ep(b2,0)(b2,—1 - d1)]-1 - b)) X3 [ep(b2,0)(b2,—1 - d1)]o(bh, _y - d})®
er(da,—1)ep(by0)1p X% daody (by Lemma 1 (iv))
= Bb1([ep(b2)di]—1 - 0)) xf [en(b2)dilo(ep(by)d)) ® 1 xfr dady
(. D is a left H-comodule and B is a left H-comodule coalgebra
bra.)

= 261(8B(b2)d1,_1 . bll) Xé d170(€B(b/2)d/1) ®1p Xé dgdé (by Lemma
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1 (iv))
= Z&B(bg)bl(dL_l . 6B(b/2)b/1) XI}'I d170d/1 ®1lp XI}’I dgd/Q
= Zb(d17_1 . b/) X% d170d/1 & 13 X% dzdé

Sb(d-1 - 0)]1 xg ([b(d—1 - ¥)]2,-1) - (do1d}) @ ep([b(d—1 - b)]2,0)15
x L dg od)
= B[b(d—1 - V)] xf ep([b(d-1 - V)]2)1p - (doad}) ® 1p X7 do2dy
(. B is a left H-comodule coalgebra.)
=3b(d_1 - V) x5 do1d; @ 15 xk do od). O

COROLLARY 3. Assume that ABﬂ%;D is multiplicative. Suppose that cp
is an algebra map, eg(h-b) = eg(h)ep(b), Xd_1ep(dy) = ep(d)ly and
ep(dd') =ep(d)ep(d’) for allh € H, b€ B d,d € D. Then

Ed_l-b,X%lp(@lB X%dOZbIX%IlD@lB X[éd

PROPOSITION 9. Assume that AB%D is multiplicative. Suppose that
ep Is an algebra map, eg(h-b) =g (h)ep(b), h-1p = ey (h)lp, ¥vp(lp) =
1g®1p, Ap(lp) =1p®1p, Xd_1ep(dy) =ep(d)ly, ep(dd’) =ep(d)ep(d)
forallh € H, be B d,d € D. Then

P4 X% (b_l . d) ® bg X% 1p = E(b_l . d)_l S Xﬁ (b_l . d)o ® bg XIL{ 1p
for all b,b’ € B, d € D.

Proof. E(b_l 'd)_l - X% (b_l . d)o ® bo X% 1p
=%d_1-b xEdy®bxE1p (by Corollary 2)
=V xk dobxL1p (by Corollary 3)
=3 xL (b_1-d) @by xE 1p (by Corollary 2.) O

THEOREM 1. Let H be a bialgebra over a filed k, and suppose B is an
algebra in gy M and a coalgebra in M such that eg(h-b) = ey (h)ep(b) for
allbe B, h € H. Suppose D is an algebra in " M and a coalgebra in g M
such that h-1p =eg(h)lp, ep(1p) = 1 and Xd_1ep(dy) = ep(d)1y for
alld € D, h € H. Then the followings are equivalent ;

(a) (BxyD, MpuL p, Np#t p, ApyL p, Epst p) is a bialgebra.
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(b) ep and ep are algebra maps, Ap(lp) =1 ® 1, Ap(lp) =
1p® 1D,7/}B(1B) = 1y ® 1g, and the identities
(i) Blp xg7 (b1 - di) (b - dy) @ bo(da,—1 - by) X7 d2,0ds
= ElB XIL{ [b(d_l . b/)]_l . (don/l) X [b(d_l . b/)]o le{ doygdé.
(11) E[b(d,1 . b/)]l X% 1p® [b(d,1 . b/)]z X% dod = EbleX%
]-D X® b2(d_1 . b,2) X% dod/
(111) sy X[H (b_1 d) ® bg X% 1p = E(b_l i d)_1 -V X[é (b_l
d)o ® bg X% 1p

hold for b,b" € B and d,d’ € D.

Proof. (a)=(b). ep and ep are algebra maps by Corollary 1 and Ag(1p) =
1p®1p, Ap(lp)=1p®1p and ¥p(lp) = 1y ® 15 by Proposition 4. The
equality (i) follows from Proposition 5, the equality (ii)follows from Propo-
sition 7 and the equality (iii)follows from Proposition 9.

(b)=-(a). By Corollary 1, ¢ By p is an algebra map, and by Proposition
4 to show that A ByL p s an algebra map we need only from that A ByL D 18
multiplicative. But for this it suffices to show by Lemma 3 that,

Elb(d—1 - 0")]1 x ([b(d—1 - b')]2,-1) - (do,1d)) ® ([b(d—1 - b')]2,0) X do,2d5

= Xb1b) X [ba(d_1 - b5)]—1 - do1d] & [ba(d—1 - b5)]o X do2dy (by (ii)

where d' = 1p)

= Zb1by X [bg,—1 - da][by _y - d] ® baolda,—1 - b5 o] X daody (by (i)

= b1 ([b2,—1 - da]—1 - 1) X [b2,—1 - daJo[by, 1 - di] ® bao[da,—1 - b5 o] X

dz,0dy (by (iii)). O

THEOREM 2. Let H, B and D be as Theorem 1. Then the followings are

equivalent:

(a) (BXD, mpyt p, MpyLp, Dpyt p, Epyr p) I a bialgebra.
(b) ep and ep are algebra maps, Ap(1p) = 1p® 1p, Ap(lp) =1p ®
1p,v¥p(1g) =1y ® 15 , and the following identities hold :
(i) S1p xL ()1 -d @ (b )g x5 1p =X1p xE (b_1 - 1p) (04
d') @ bobly xE 1p
(i) X1p xL& (d—1 - V') -1 - (do1d}) @ (d—1 - V')o x L do odly = Xdy (b4
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d)) @ da._1 - bly x dood,

(iii) Ap(bV') = Shby @ byb),

(iv) S(d_1 - V)1 x5 1p @ (d_y - b)g xb dod’ = SV, x& 1p @ (d_1-
by) xL dod'.

Proof. 1t follows from Proposition 6, Theorem 1 and Proposition 8. [

DEFINITION 11. In case (B Xﬁ D,mB#éD,T]B#gD, ABﬁII_‘ID7€BﬁII_’ID

) is a bialgebra we say the pair (D, B) is admissible.

THEOREM 3. Suppose that (D, B) is admissible. If B has an antipode
Sp and D has an antipode Sp then B x% D is a Hopf algebra with antipode
given by

S(bxk d)=%(1p x5 Sp(b_1-d)(Sp(b) x5 15).

Proof.
B(S(b x g d)1)(bxf )2

S(S(br %k bo 1 - d1))(bao XL da)

= B[2{1p xf Sp(b1,—1 - (b2,—1 - d1))H{SE(b10 x 7 1p}](b20 x 1 d2)

=X[{1p xf Sp((b1,-1b2,—1 - d1)}{SB(b1,0 X 1} (b20 X d2)

= X[{1p x% Sp(b_y - di)}{Spbos x4 1p (boo x5 d2) (- Bisa

left H-comodule coalgebra.)

=3{1p xf Sp(b_1 - d1)}[(Sp(bo1 X 1p)(bo,2 X f; d2)]

= 3{1p xf Sp(b-1 - d1) H{ESp(bo,1)((1p)-1 - bo2) xF (1p)oda} (by
definition)

=3{1p x% Sp(b_1-d1)}{SB(bo1)(1 - bo2) xk 1pda} (- Disa
left H-comodule algebra.)

= 2{1p x5 Sp(b_y1 - di)}{Sp(bo1)bo2 xL da}.

=Y{1p xk Sp(b_1 - d1)H{ep(bo)1p xk da} (.- Sp is an antipode.)

= {15 x4 Sp(ep(bo)o_i - di)H1p xk do}

=3{1p x% Sp(ep(b)1ly - di)}{1p x& d2} (.- B is a left H-comodule
coalgebra.)

=Yep(b){1p x4 Sp(1g - di)H{1p xE do}
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Yep(b)(1p xk Sp(di))(1p xE do) (- D is a left H-module.)
Yep(b)[215{(Sp(di)-1 -1} x4 (Sp(di))od2] (by definition.)
Yep(b){1pen((Sp(di))-11p x4 (Sp(di))od2} (. B is a left
H-module algebra.)
= Sep(b){1s x4 eu((Sp(d1))-1)(Sp(d1))odz}
=Yep(b)(1p x4 Sp(di)dz) (. D is a left H-comodule.)
=ep(b)(1p xf ep(d)lp)
= ep(b)ep(d)(1p xf 1p)
=ce(bxk d)1pyL p-
Therefore %(S(b x7; d)1)(b xf7 d)2 = e(b < d)1px1 p-
S(b x4 d)rS((b < d))
S(by L bo 1 -d1)S(ba2o xk da)
S(by X b1 - d1)[2{1p xf (b20,-1 - d2)}{SB(b2,00) X 1D}]
S(by Xf7 b2, 1,1 - d)[{15 X7 Sp(ba,—1.2 - d2) }{SB(b20) xF 1p}]
(" B is a left H-comodule.)
B[(by xfr ba, 11 -d1)(1p X7 Sp(ba, 1.2 - d2))](Sp(b2,0) X37 1D)
S[b1((b2,~1,1-d1)—1-18) xf (b2,—1,1 - d1)oSp(b2,—1,2 - d2)](SB(b2,0)
xL1p) (by definition)
= Y[biena((ba,—1,1 - d1))1p xf (b2,—1,1 - d1)oSp(ba,—1,2 - d2)](SB(b2,0)
xE1p) (. B is aleft H-module algebra.)
= X[y xfen((ba,—1,1-d1)-1)(b2,—1,1 - d1)oSp(ba,—1,2 - d2)](SB(b2,0)
xE1p)
=X[by x4 (ba,—11-d1)Sp(ba—12 - d2)](Sp(b2o) x5 1p) (- Disa
left H-comodule.)
= X[by x4 (b2, —1-d)1Sp((b2,—1 - d)2)](SB(b2o) x5 1p) (- Disa
left H-module coalgebra.)
=3 x5 ep(ba,—1-d)1p)(Sp(b20) x5 1p) (.- Sp is an antipode.)
=3(by x5 e (ba,—1)ep(d)1p)(Sp(b2o) x5 1p) (.- D is a left H-
module coalgebra.)
= Xep(d) (b1 xf; 1p)(Sp(en (b2,—1)b2,0) X7 1p)
= Yep(d)(by x5 1p)(Sp(be) x& 1p) (- B is a left H-comodule.)
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= Yep(d)(Zb1((1p)—1-Sp(b2)) x% (1p)olp) (by definition.)

= Yep(d)(bi(1m - Sp(b2)) X 1plp)

= Yep(d)(b1Sp(b2) x5 1p) (- B is a left H-module.)

=ep(d)(ep(b)1p x5 1p) (- Sp is an antipode.)

= 5B(b)€D(d)(1B xf 1p)

=e(bxf d)lpyr p-

Therefore %(b xE& d)1S((b x4 d)2) = e(b xk d)lpyz p- O
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