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Abstract

In this paper, we consider interval probability as a unifying concept for uncertainty and Choquet integrals with resect
to a capacity functional. By using interval probability, we will define an interval-valued capacity functional and
Choquet integral with respect to an interval-valued capacity functional. Furthermore, we investigate Choquet weak
convergence of interval-valued capacity functionals of random sets.
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1. Introduction

D.Feng and H.T. Nguyen ({2]) studied Choquet weak
convergence of capacity functionals of random sets. We
note that non-additive measures, that is, capacities and
their corresponding Choquet integrals are very useful
tools in the fields of approximate inference, subjective
probability, and decision theory. K Weichselberger([5])
studied the theory of interval probaility as a unifying
concept for uncertainty which is motivated by the fol-
lowing goals; Different kinds of uncertainty should be
treated by the same concept. This applies to
(1) imprecise probability and uncertain knowledge;
(i1 ) imprecise data;

(iii) the use of capacities;

(iv) the concept of ambiguity and its employment in
decision theory;

(v) belief functions and related concepts;

(vi) interpretation of interval-estimates in classical
theory;

(vii) the study of experiments with possibly diverging
relative frequencies;

(vil) non-additive measures(fuzzy measures).

In this paper, we consider an interval probability and
Choquet integrals with respect to a capacity functional.
We remark that an interval probability is an in-
etrval-valued fuzzy measure but the converse does not
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random sets, interval probability, interval-valued capacity functional, Choquet integrals, Choquet weak

hold, in general.

The aims of this paper are to define interval-valued
capacity functionals of random sets and to investigate
Choquet weak convergence of interval-valued capacity
functionals of random sets.

In section 2, we list various definitions and notations
of interval probabilities, random sets, and Choquet in-
tegrals with respect to a capacity functional. In section
3, by using an interval probability, we define inter-
val-valued capacity functionals and discuss their
properies. Furthermore, we investigate Choquet Choquet
weak convergence of interval-valued capacity func-
tionals of random sets.

2. Interval probabilities and Choquet
integrals

Throughout the paper, R is the set of real numbers
and

KR)={[a,blla, b= R and a<b}.

Then a element in [ R) is called an interval number.
On the interval number set, we define(see[34]); for
each pair [gq,8],[c,dlelR) and keR,
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la,b] + [c,d] =[a+c, b+d]
[a,b] - [c,d] =[a-cAa-dAb-cAb-d,
a-cVa-dVb-cVb-d]
[ka, kb], k>0
kla,b] :{

[kb, kal, k<0
[a,b] <[c,d] if and onlyif

a<c andb<d

mléiﬁn[a*i;bi]:

[maxl <i<n®, MAX)<;j<qp bi]

IninlSiSn[a'i;bi] =

[H]inlsiSnai; IninlsiSnbi]'

We note that (I(R),d,) is a metric space, where 4,
is the Hausdorff metric defined by

dy(A, B)= max{sup ,c4inf ,cgla— 8,
SUpP e pinf e 4qla— 8}

for all A,BeI(R). Then it is easy to see that for
la,b],[c,d] € I(R),

dy([a,b],lc,d]) =max {la—dl,|b—d| }.

Let X be a localy, compact, second-countable,
Hausdorff (LCSCH) space. Let ¢ be the class of all
closed sets in X, ¥ the class of all compact sets in X, O
the class of all open sets in X, ¥, =¥— @, and B(X)

the class of all Borel sets in X. We note that B(&) is
the o-algebra classes a generated by @K, K eV and
bo, GE O, where &“={Fe &|FNK=2} and
S.={FedFNG=2 }.

Definition 2.1 ([5]) Let (£2, X, P) be a probability
space and (@, B(®)) ameasurable space.

(1) A measurable mapping S: (2, X, P)—(®, B(®)) is
called a random closed set.

(2) The probability measure @ induced on B(P) is de-

fined by for each B€ B(®), Q(B)=P(S'(B)).

We note that the distribution of a random set S is
uniquely determined by its hitting functional 7% on ¥
such that

Ts(K) = PHwlSw)NK= 2 }), K € W.

From this, it is easy to see that T satisfies the fol-

lowing properties(see[2]):
(7}) T is upper semi-continuous on ¥,

ie, KL,NK in ¥ = Ty(K,)\Ts(K);
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(1) Ty(3)=0 and 0 < 715 < 1;
(T3) Ts is monotone increasing on ¥ and for
KIIK;7 "',K,EW,TLZQ,

Ts(Njo1K;)

S B A )
2 =JcC {12, n}

Let I" denote the class of all the capacity functionals
T on ¥ satisfying (77)-(73) above. Such functionals

are called alternating Choquet capacities of infinite order
or, for brevity, simply capacity functionals. In the
LCSCH space X, the capacity functional 7" can be ex-
tended on B(X) by

T(B) = sup { T(K)| K € ¥, K C B}

for B € B(X). Then we obtain
(T) T is lower semi-continuous on O, ie, G,\G in

0= Ty(GINTHG).

Theorem 2.2 ([2]) Every probability measure ¢ on
(@, B(®)) determine a Choquet capacity functional 7°
on ¥ through the correspondences

Q) T=Qe, VK=Y and
(&) MEe=Qey, Vee0
Conversely, every Choquet capacity functional 7 on
¥ determines a unique probability measure §Q on
(@, B(®)) that satisfies above condition (cl) and (Cz)‘
Let ¢, (Xx) be the class of all bounded real-valued
continuous functions on x

Definition 2.3 ([2]) (1) Let feC 4X)- The Choquet
integral of f with respect to 7 is defined by

(©) [ jar=

+ oo

T(f = t)dt+
[ irtr = - 0l

(2) The sequence of capacity functionals T, converges
in the Choquet weak sense to the capacity 7in xif

() [ far,~(0) [far; vie G

whenever 7, —,_yT as n—>o0,
A subset BC X is called 7-continuous functional
closed set if

B={zlf(z) = a}) = T{zlf(z) > a}).

For a given capacity 7, a family of capacity func-
tionals J C I is said to be 7-tight if for any 7~con—
tinuous functional closed set B and for each g3,
there exists a compact set Az C X such that

sup REJ[R(B) —R(BN KB)] <e,



Definition 2.4

P (- ) on X is called an interval probability if

(i) P(A) = [L(A)7 U(A)]:
0<LA)<UA)<1,VAe X.

() {Ae ZL(4)< P(A) < U(4)} = 2.

([5]) An interval-valued set function

Definition 2.5 ([5])
Q induced on B(®) is defined by for each B(®),
Q(B)=P(s'(B)).

The interval probability measure

3. Interval-valued capacity functionals

In this section, we will define interval-valued ca-
pacity functionals and Choquet integrals with respect to
an interval-valued capacity functional which are differ-
ent to interval-valued Choquet integrals in [3,4] as fol-
lows:

Definition 3.1 (1) For every random closed set .5, an

nterval-valued mapping ?5 is said to be an inter-
val-valued capacity functional if there exist two ca-
pacity functionals 7% and Tji such that

Ty=[Ts, T3]

fdenote the class of all interval-valued capacity
functionals.
(2) Let f € G(X). The Choquet integral of f with

respect to an interval-valued capacity functional

T=[T'. T is defined by

() [ ra=10) [ jar, ) [ far)
(3) The sequence of interval-valued capacity functionals
-T,L dy-converges in the Choquet weak sense to the
interval -valued capacity functional TinX , denoted by

Tn——)dﬂh(" V['T as n—co if

() [ 14T,~,,(0) [ 14T, Vf € G(X)

as n—co,

From Definition 3.1, Definition 2.5, and Choquet's
theorem 2.2, we can obtain the following theorem.

Theorem 3.2 Every interval-valued  probability
measure @ =[Q., @] on (&, B(®)) determine an in-
terval-valued Choquet

T =T, T3)g on ¥ through the correspondences

capacity functional
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(&) T(K)=Q($,), VKEV, and
(C) T(Q)=Qos), VGEO.
Conversely, every Choquet capacity functional T on

¥ determines a unique probability measure Z) on
(6,B(®)) that satisfies above condition {C}) and ().

A compact set K€ ¥ is called a continuity set for T
if and only if

T(K)= T(INT (K)),
where INT (K) is the interior of K. Thus a compact
set K is 7T-continuous if and only if &, is Q
-continuous. Let

3= {Ke ¥ T(x) = TOINT (K))}.

Now we investigate some properties of inter-
val-valued Choquet capacity functionals. From
Definition 2.1, Definition 3.1 and Lemma 1.2([2]), we
obtain the following theorem:

Theorem 3.3 Let xbe an LCSCH space. Then the fol-
lowing statements are equivalent:

(1 —Q_n:>dH‘W Q, that is,

limd,(Q,(K), AK) =0, VKE &

(i) dy—1lim7,(4) =T(4), VA€ I
Theorem 3.4 Let {7, =[7}, T2]} be a sequence of

interval-valued capacity functionals and 7' = [7", %]
an interval-valued  capacity Then

Tn._)dﬂ_ cewI as n—oo if and only if Tp—c_ w1

functional.

for i=1,2 as n—o0,
Proof. We note that

i |(0)[ rati— () [ faTi=0,
V f e G(X) if and only if

in dy(O) [ 74T, (©)f 14T)

n—00

in max,_af (O f s~ (0) [ a7

=0.

Thus, the proof of the theorem holds.

From Definition 2.5, we obtain the following theorem:

Theorem 3.5 Let {Q,=[Q}, Q?]} be a sequence of

interval-valued probability measures and @ = [Q", Q*]

an interval-valued probability = measure. Then
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Z)n—>dﬂ_ W@ as n—oo if and only if Q,f—n,yQi for
i=1,2 as n—oo,

From Theorem 3.3 and Lemma 3.2([2]) and Lemma
3.3([2]), we obtain the following theroems:

Theorem 3.6 Let {7, =T, T2]} be a sequence of

interval-valued capacity functionals and 7'=[7 t T2]
an Interval-valued  capacity  functional. If

T,>a4,-c-wT as n—00, then we have

Q) dy— im T, (B)<T(B), VB e .

n—oo

@ dy— In T,(B)=T(B), VB < O.

n—oo

Proof. (1) By Theorem 3.4, we have
TisowT® for i=1,2 as n—oo,
Thus, by Lemma 3.2([2]), we obtain
dy—lm sup Ty (B) < T'(B), VB € &.

n-—»00

for ;=1 9. The definition of the order operation(<)
imply that

dy—ltm sup T, (B)

n—

< [ lim sup 75 (B), lm sup T} (B)]

n—co n—

=[T, ") =T(B), YBe &.
(2) The proof of (2) is similar to (1).

We also consider the concept of _f“—tight as follows:

Definition 3.7 (1) A subset BC X is called T
-continuous functional closed set if it is both 7" and
T2—continuous functional closed set.

(2) For a given capacity 7 = [T, T%], a family of

capacity functionals YC & is said to be 7-tight if (i)

there exist Y € I (§=1,2) such that I'=Y'xY? and
Y={T'er| 7=|T.7)e I}

is T'-tight for ;=1 9.
From Definition 3.7 and Theorem 3.4([2]), we obtain
the following theorem:

Theorem 3.8 Let {7"'” =T, ]:12]} be a sequence of

interval-valued capacity functionals and 7= [T, T?]
an interval-valued  capacity functional. If

T4, c-wT as n—0 then the sequence { 7, } is

T-tight.
From Theorem 35, Lemma 35([2]) and Lemma

840

36([2]), we obtain the following theorem:

Theorem 3.9 Let {Q,= (@, @]} be a sequence
of  interval-valued

Z) =[Q", @] an interval-valued probability measure.

probability measures and

If Z)n—mﬂ, W@ as n—c0 and the sequence {?n} is
Tftight, then we have
dy— I inf (c)f d‘Tnz(C)ffd‘T,
vf e GX).
dy—in 5w (O dT,= (O 4T,
Vf € GX).

oy

2)

From Theorem 3.3, Theorem 34 and Theorem
3.7([2]), we have the following theorem:

Theorem 3.10 If an—mﬂ_ W@ as n—> and the

sequence {71,1} is ?Z-“—tight, then

T,—4c-wl as n—o0,

From Theorem 3.3, Theorem 3.4 and Lemma 3.8([2]),
the converse of Theorem 3.10 holds.

Theorem 3.7 If Tn_)d,,— o— WT as n—o0, then we

have

Qn—_)d”— W@ as n—o,
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