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At-site Low Flow Frequency Analysis Using Bayesian MCMC:
I. Theoretical Background and Construction of Prior Distribution
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Kim, Sang Ug / Lee, Kil Seong

Abstract

The low flow analysis is an important part in water resources engineering. Also, the results of low
flow frequency analysis can be used for design of reservoir storage, water supply planning and
design, waste-load allocation, and maintenance of quantity and quality of water for irrigation and wild
life conservation. Especially, for identification of the uncertainty in frequency analysis, the Bayesian
approach is applied and compared with conventional methodologies in at-site low flow frequency
analysis. In the first manuscript, the theoretical background for the Bayesian MCMC (Bayesian
Markov Chain Monte Carlo) method and Metropolis-Hasting algorithm are studied. Two types of the
prior distribution, a non-data- based and a data-based prior distributions are developed and compared
to perform the Bayesian MCMC method. It can be suggested that the results of a data-based prior
distribution is more effective than those of a non-data-based prior distribution. The acceptance rate of
the algorithm is computed to assess the effectiveness of the developed algorithm. In the second
manuscript, the Bayesian MCMC method using a data-based prior distribution and MLE(Maximum
Likelihood Estimation) using a quadratic approximation are performed for the at-site low flow
frequency analysis.

keywords : At-site low flow frequency analysis, Uncertainty, Bayesian MCMC, Prior distribution,
Metropolis—Hastings algorithm, MLE, Quadratic approximation
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o] Al4ke] 7153k Bayesian MCMC(Bayesian Markov Chain Monte Carlo) 83} Metropolis—Hastings &
ALgE7] A%k o] el o] 24 wiE ¥ Bayesian WOl 7 FRE 249 AMAREE P55l
2 g7peeh eE APAREE ARl 7NekA] &2 AP RS Apge] 7]ek AR
8-3Fo] Metropolis-Hastings ¢85S T3t 1 25 Hlaste] A5 fERAd
Atk 3k daglEe] AN A gk AHEE(proposal distribution)E 4
T84S QY E(acceptance rate) S AHAsIY] ASE HdTh APHEES B Ayl
of ZIWkslA] &2 APEERT A B B Rl ol e AAE AAskE Als
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Bahago] el shel 23k ZAM]S o] 88k #9-F4 (maximum likelihood estimation)®

Y ¥ ¥ kU
[
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Lognormal &332} Weibull X3} & 4= 9t}

.M 2 (Gumbel, 1958, Gary, 1987, Nathan and MacMahon,
A5 (low flow analysis)S FETEEo] A7, 1990). TAA A HEES olgslo] HTAA &
s Ao BA W AE . 2 . B8=0] oA Exskr AAEE 4 EH(method of moment), 2%
2 93 Ha fFo] BnE 99 X T S} FA(maximum likelihood estimation)¥s S3 #&
el #ejo] Qe ALgdth W HiE g2 Ao B oy v RFA s AREste] AA Y g
Ha F%F T ATEE 1] 93 B2 AxE0 ' XY BaE FA4dHoF st Y By E
EAqAT EAF A i FH7o] AAD AFE o]E ol-g3sto] Ttz sk A&7 Hreturn period)el 3
g MEA ] At A YERT] st 7 P e 9 (quantile) s FAT ¢ o, HETAHS
&3] ARgEO] Ktk A A4S FAs] flEiA 2 54 A gk ieds AT 5 vk
TU A= F2 A aldE s 3059 Q)= Aot 2o MBS o]&stH SAA A e
o] g3 o el 109 WHEHAT 25 w108 HBAR/Mdeterministic) A g A e AT
HER2A Z)lE 2539)S 2bgste] ARgstal 9lom, HERA Azje] BESA4S 18T = &= &4
ma W g o] b A= 7el 2|4v)7F 10 HlE (probabilistic) 235 AHE == vt =L
S (1Q10)S F=2 Algsla Q) e 93] ER7] fleiA] A ZARA S AREste] dhEfAgl Al
THAE, & B4 A7IAE 5o =W Fa 7 A e cPgstar o2 Y BAANY] S £
g2 HlEFEA el g d(deterministic) #THS ©]§ dstaxt sl= A77F XgE vkt (Stedinger,
st FYEE I 9o wERAAne] Bgaygs ulb 1983; Chowdhury and Stedinger, 1991; Stedinger et
3l 25729 (probabilistic) #ko] o] &%= Alge 2+ al, 1993, Cohn et al, 2001). e} AMAS ALg-3t
oli7] FSt) o] B dgh 24 R} g} 277 AP e g8 BT RaEE APl
7 B4 tigk AxbgHe] A4S AR vkt oA 7374 (normality), A3 (linearity) 52 714
A ZomA HImEA Aite] gege] i slEe ol Aastur, S ATl ol wddH
7} v Aol 7]sitiar & 4 9l A g AHAsAY A FAEE AT A BoE
HEREAS 3slaa} sk A QAo g9 4 &2 JrHReis Jr. and Stedinger, 2005).
o7} FEe Afolve A wlEiEA(at-site frequency TARE ARESE Bl BEAA S gl
analysis)S #4838t A5 AAT = ok A W gto] Bayesian HHS ARERE B B S84 9]
H

o
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wry $-43k 4= It} Bayesian WS AMEEHY)
e APAEFE(prior  distribution) ZH-EH AL
(posterior distribution)& 2Fg&oF sl ©l, °o]&
371 YA e A A o2 A Y] ofEe AEdE
xghEo] vy, ejBR A Z7] AggAedA =
AL A F-3F (conjugated prior distribution)- & 2]-8-3}¢]
APREE g s H R Fete] B 3 B
S UER a2z} sk A7 2eE BE ArK(Vicens et
al.,, 1975; Wood and Rodriguez—Iturbe, 1975a, b). L]
TN AP EE AHE-3 Bayesian H W el ¢
Feto o] AL AnFE FEHORE RIT F 3
= APHEEE AR HA Kok A7 ®ot
AHESE7] 918k A HAS BlojuAl
2 1 7F ge] HeEH] K
A

[o
=

=l o

=R e S

FuelEe ) 2
B4 ol 29-§EwHo] ny Rof So ke A}
|53 9JtHColes and Powell, 1996; Madsen and
Rosberg, 1997; Kuczera and Parent, 1998, Kuczera,
1999; Zhang and Govindaraju, 2000; Thiemann et al.,
2001, Wang, 2001; O'Connell et al., 2002; Vrugt et al.,
2003; Kingston et al.,, 2005; Reis Jr et al., 2005; Reis
Jr. and Stedinger, 2005; Kavetski et al., 2006, Seidou
et al,, 2006; 7, 2007, Lee and Kim, 2007).

e flelld AA G AFEA L] FaAdE =t
3l2 Bayesian WS AFES] A5 MRS &
gatr] gk dwo]l AAES AL dFow
A, 2B 7 ATl HE s AR
2+ Metropolis—-Hastings €alg]&(Metorpolis et al.)
S %83 Bayesian Markov Chain Monte Carlo
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2. Bayesian 23} Bayesian MCMC

Wol =9 el A7k WA wAskn 1 Fol B %
W= RS AR A B7F AR FEHY 35 Ael
AR Sla) B ARRle] SHEo] Wekithz Alolth o]
=o] Helg 402 Lhehiw Bq, (D3} 231, 7]

Azke] BE ARG A% FBUEFS(Probability

BA1LE 19k 20084 1H

density function)® YERNW wo]=9] A= Eq. (2)

s o] E@W 4 otk

Pr(Bj)Pr (A|Bj)

Pr(BJA) = oY)

)y Pr(A|B,)Pr(B;)

Jj=1

7'r(9|a:1,a:2,....,1:n) = 2)

Eq. @A #HWY 70z, 2y, z,) &= AFFEE
(Posterior distribution), -9 &2k #(0) = APdEE
(Prior distribution)2} W™, 1] R G2
A FHEE (Marginal distribution)©] i, - 2219

=
Lo r

flx,l0) - f(z,)0) = 2T = JE BE

al
23 ¢ =3k (Likelihood function)o]t}. Z#]2 & Eq.

Q)R5FE APFEEE gl ARdRE] ol A
st He & 5 glek Z4staat s AlsE v
4 Sl SEURYaE A4EN o)mRY =g
FE FEY F A3, -G APHRES FAFoRH
APFEERNYH FEUEGTY] BeE FESaL B
o EAdE BAE < vk

Bayesian & ©]-83 Xgo] FA4L HFE 1A
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Eare] A Aot ARgARe] A e FkE
£ AAs|ok sh= wdo] Q) o]= Bayesian W
AREEE oA 7P Sk AR Ee] ofn] e}
5= AFglolr) o]#3l g0 & Q13| Bayesian W
2 Be =gl drth

ey 2 ArkeE e st=dlolyie] Wy 5
W GER¥sge HEo] HQ ¢E Metropolis-
Hastings ¢18]Z, Gibbs sampling &318]Z, F3%4
(Importance sampling) <il#]53¥ 2 Bayesian
MCMC 8ol 4213k Bayesian AAFH AT ES

FEo] Ao R Qlste] FMAHEEE AHESHA] &
ol Eq. (2)9] AXte] 7hsatd] HomA A AF
o AL} o] At Bo] AT E Fopil M=
v ghdks] AgHal e AAolth

Bayesian MCMCHH ol gk
chain)¥} EEIFIZE 2
o]-§sto] ALFEEZTEH B
A& Aksks Weltk &, wlaz A
RFre] BAE F38taL o] & s
e EEIIER HE7HS o
°of A4 EAS MAHske
Bayesian At W FollA 71
L1 8E5S Metropolis-Hastings
¢l 7 & Metropolis et al.(1953)<l €]
o} Ht B0 A E A 3] o] &5
I A= E¥(invariant)?]l Yool <
A|eHE¥E (proposal  distribution), ¢& ©]-&3}
2ol Hojd 4 Utk Eg Eg. QA fE
= AR, 7(91D) 7 EWETE 71
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q(6,4116,)1(8)D) = 4(8,08,,,)1(8,,,D) (3)
q(6j+1\0j)7r(0j|D) > q(9j|0j+1)7T(0j+1|D) (4)
Eq. D¢] F-e4& Taoz v 5 e
EA] EAsh=H, ol pE X ar
2o 54 GF 98 & Ao
p(ajy9j+1)q(9j+1|9j)7r(9j|17) :q(9j|9j+1)ﬂ(9j+1|17) ®)

Eq. 5)F poll thste] Aelshd HF4<l Eq. 6)=

38

AS 4= da, pE AYEE(acceptance probability)©]
2 st
. q(aj‘0j+1)77(9j+1lp)
p(9j70j+1)—mln Q(0j+1|‘9j)7r(9j|p) ) (6)

a8BEg QEgEe vRazdANE 75k Aol
R oigh AlQBEE ] kT ARRES] Fhell ]3|
Axkeloj A 52 Tl st 1HTh 2
ArEloZITh ARl AQegEo] AL &
FEAE 7] HalME AL FAAH S5
A = s Fejdow MAsolof & d
At A e o]gsto] FAstA e B
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3. ZRFHY(MLE method): 2k ZAIAIS
0|2et S&taye| 4k

#9-F4 (Maximum Likelihood Estimation, MLE)%
A Z7ro| o] RAGS ¢lole] BEuidlia
3t & Agrt FE2E F e FES UEIE §
S+<(likelihood function)& 3]\‘4%7} HEE 3= gE
5

1ol BAE Adeks Q%] H45 Wyels

7)
=2 = 0
=2 WHE W (jterative method) ¥} 28 WHES ARE
o 7 ¢ Aok 1y SRV o BE
9] Aol & Afele AA 22 A3 Uy
AAF A (global optimum) BT =FR-FHZ
optlmum)§ & Thsde] Bonw, FHit 5o] AR H
I e A9HAs dueEE AHRE davt dth
FEgHpol| wE HAHshyS A&t FA4staxt
e BgE 78 o]Fddle 2] B8-S vER
7] flske] ohg Ad) 2ol 23} AR
<(likelihood function ratio)Z ©]-&
TARL 9 =401 AigkE ZHAok sR Al 9]
o] ¢ [E AMEEke] 231207 wdE 5k

i) o
P
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o
i
)
)

L(D| 9)

lo RL(D| 6)=1o =
& )=loe T o)

©)

=a + b9+ 6022_%[(0_é)2

o]7]4, RL2 “Jtl-$-E(relative likelihood)E e
= Folxl AR, 6= 09 FHAOIAL a, b, e T
ojtt.
53k Meeker and Escobar(1998)% Eq. (9)°ll4] 6 <]
EgAGSs FA437] flste] ven ol A
(normality) & 722 k= thao] ZAM]S AlQket

BA1LE 19k 20084 1H

:Laiﬂi Eq. (10)2.25E] §~ N
olae adA v 22 "Jﬂ‘?‘{}

Bickel and Doksum(1977)2 =
Do) A= F3re] Al
T7F B2 A5l
ZqOV]”“ == A

AR 9 EA]

oXx, Mt
b

HE A+ 24

McMahon(l990) éna
E—’F Weibull ¥

(cumulative distribution

2 bl 5 9

ﬂ%@gﬂ#

=

= AR 9 (shape parameter)©]
R 4(scale parameter)©]th,

Uzs golo] AER] Mol <dolzl 3@47}9} o
A8E Z}O,j%a‘coi Akt 79 A&7

72} dwiet A aksle] 36709 7Q AR



Table 1. Results of PPCC Test

Length Critical value Critical value PPCC tie T
of data at significance level, 0.05 at significance level, 0.01 2t StEnste,
36 0.9638 0.9239 0.9486

& PPCC(Probability-Plot Correlation Coefficient) A]
AU olgste] A Pxo A4HEe FAY
t}. PPCC Algw- Filliben(1975)01 ]3] #1ote
MowM JAH Ausl o) upeh 248 250 4
HAF(r)E A3} =
ojth. At AT,
aclAel A gAS,

001014 A7gstrtar 1788 = AU

BoAgte] 2l EEE Bayesian MCMCHH ¥}
MLE W& 483l A vimiAs 7247 =83t
32 A val Frgto e A HE@AS
gt o oA 7w 1] A H ads BAE)
= Zold, old W3t A= B Ao NS 53l
A3tk F 74 HHe 25 AAE gEUEds
5 o]835t Ao $=FSE e ke b, 2 o
Tl A= 259 Weibull EX25E dojd e
T 7 e BER SdsHAl AMEsEITE 284
Weibull Z23H75 o]&3st $Ed55 YERA s
¥}

L(xla,3) =(g)”ﬁ ) 1exp —i(ﬁ)&} (14)

B i =\ B

Lxla, B)n(e, B)

— 15)
/ f Lx o, B)n(a, B)dadp
0 0

oA71M, 7(a, B) = FEETS} FHEF dgetEd

40

ARZEE 274 Eq (159 AE3sti Metropolis—
Hastings ¢318]5& o]&sto] F 7k ARAREE ©
&% F4AAE Hagtozs ARl 7Nk ARdEE

o A% MELY olF Fsae BA,

¥+= FARA APAEE(nhon-informative prior dis—
tribution) 24 o] FA3tIAl sk Bl uist 1A
el gk AR ARgARY] Faho] HN-gk ol A
L9t FARA APHIEERZE Gelman et al.(2004)9]
A|eket Normal, Log—normal, Exponential, &7}

A8 5 glovt, B ATNAE 2zke] B thstol
Tt 2 FARTRES A§HAL F AL A
= FAdem Sydelsd 44 o] HEHom

)
nla, B) & FEAL A7 b=25,a=159= 3

Awaee] el WelE melstel <o)z Mg

n(a):b— (b=25,a=15) (16)

—a

m(8) = EX )
B

e, B) = (a)m(B) =% (18)
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+ MatlabollA] Al-&38l= K-means &ald&S o83
T (cluster analysis) & BF2=9} 147] A4 <] 3613
AT T, 8 98 i AlQ)wE o]&ste] &
dds) Bokth O 2 FHEA e AE o
S8 1 Aol shte] SHE Fq L

A2 (silhouette) gho] 5

0
s A= Ae A 5 sl

&
>
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Fig. 1. Concept for Construction of Data Based Prior Distribution (Prior II)
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ahe] FEEol 4o} 3

A AR 1Q FFE

g
A AR AR

g Weibull 2%% o|&3ate] thr

1% 714 sel FRHom EolA

Aot g FAAE AEARAAL] HA F

2 o]g3l Ao
25 Weibull

[5

A5 2 A3 77
o] &
0.

o B
=
Q
w
il
ot
o

ol rr ox
. o N o

=<
WG A3} T

Smirmnov A4S
AR AAEA
FAET b, FHET o] 2 Table 29 Z2th
et e HAHE Fak] E AFelA AREE A=
255 Weibull #3229 F4ETF o<}
gk AP RS FES YERNW o A9 2

Time
domain

i
%
i)
rir

A A¥E EEZA|(probability plot) S ©
x| g
b4 dlem) %
5 %942 Kolmogorov-
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Fig. 2. Results of Cluster Analysis
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Fig. 3. Evaluation of Agreement using Probability Plot
Table 2. Results of Estimates by MLE and Test Statistics
Weibull parameters Estimates by MLE p-value
Shape parameter, « Arrival rate (1) = 0.9757 0.8911
(be assumed as Exponential)
Scale parameter, # Scale (a) = 27.1506 0.9756
(be assumed as Weibull) Shape (b) = 1.9189 )
m(a) =exp(—Aa) (19) 6. M|eHtzEo| MA T Metropolis-Hastings
uma|ze| 28N US
b 6 b—1 6 b
ﬂﬂ):g(;) exp *(*” 20) 19| ol wj7ol A AT e uksh 7o) Metropolis-
Hastings &38]5S 337 fslixe= g4 At
b—1 b -3 (proposal distribution)”} Fodhy, HFHog A
() =22 —([£) +x @)
e P = exp a @ A3k Aot 217

el S (acceptance rate) S ARSI
& #S9) Helst gl Chip an
Metropolos-Hastings &18]&%

o] A3 APEES ALE vt

A71M A, a, b= SlA 2zt
o]t

7% 098, 27.15, 1.92
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= 579 ARKEE F Eq. (22)9) 2ol o|HaF At o S flste] HHEARE Al ALERR o
3 (bivariate normal distribution)Z AFE-3 FER (Burn-in=1,000), Burn-in #2 2ej¥ 257} ®lisst
(random walk) FEl] AHEEE AHESISATH A = i hs R B o B o) s L e A
4= Bayesian MCMCHHel ]3] 7% 99,00071¢] 2
(8;,18;) = a, (|8, — 8)) (22) B4 Weibull 2329 JHES o9 FHES 45 e
H Stk
71N, ¢ o|MH A FrEEoln, LuF WelA F daelFe S AT AsiAE folA A
At} sk B4t A-s 3 A ER HFEE wek vpe} o] AYES ALt dart gtk AYE
o] BALS SEzle] WS Ealo] Abgalqlt) o wek ol daE|Fo] W3] gig FHE mao] Al
AFEES ALgsd AESES A= oA g HES oulatn], AfEEe] v Afolls B
0(0,6;41) = a(6;4,16;) 7} Flo} AESHge] o] AF MRS FOl FARA BonR AMEE T A2 2
Hyoul pEEng duao g4 2o Aow gllof st W2 AElEo] YT =& A9 B
Chip and Greenberg(1995)7} Algksk v} glom] & o 5 FHSHEH] slofAl spimgh Ajtte] otz vh
T ME oS0 AR old] oMk ATEED AR 375 S7RIZIA Hol ALtAIRe] YR AojX]= H]
31913, AEES AAste] ARz AL Bl EEAE A Aok Adg AQEES daglse] &
S Ete] 43 3A FAJ S Robert et al.(1994)-2 ¢F 045
9o BAL Bale] OwdE hx] R ALAE £ Gamerman(1997)-> 02914 054Fe]l& A&t A=)
X, AHE¥sF B 7EHOemE Metropolis- 2 A vk vk Fig. 49 84325 fd9E
Hasting €318]5S AH8-$F Bayesian MCMC ol < s 2 A, HdE dagEe] AYES 0422
o3 =Ae Al S Woo] =Ho] spsE) B o A 71E Aol AN G AHE AEEI AR A
Tl dueEe A wEiFE j000Mew = HUT T A
AAatlon, #Hx AEIHE 1,000/ F4= 2
3.6

2 \ \ \ \

) 20000 40000 60000 80000 100000
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Table 3. Statistical Properties of Each Data (at Jindong Station)

T ¢ dat M Standard Coefficient Coefficient Coefficient
ypes ot data can deviation of variation of skewness of kurtosis

Synthetic data
(100 years)

witha =2.8371, 32.6943 13.3770 0.4092 0.3235 2.5272
B=34.4203

Gauged data 32.8461 12.8604 0.3915 0.3788 2.8204
(36 years)

Table 4. Results of

Bayesian MCMC with Prior | and Prior |l

Prior I (Using non-data-based-prior) Prior I (Using data-based-prior)
Parameters

25 % Mean 975 % 25 % Mean 975 %
True alpha 1.9041 25012 3.0102 2.4798 27832 3.1411
(=2.8371) ' : : ' ' '
True beta 31.2311 36.7625 421131 32.8653 342711 36.9877
(=34.4203) : ‘ : : ‘ '
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