J. Korea Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN 1226-0657
Volume 15, Number 4 (November 2008), Pages 423-432

MINTY’S LEMMA FOR STRONG IMPLICIT VECTOR
VARIATIONAL INEQUALITY SYSTEMS

SEUNG HYuN KiM? AND BYUNG-S00 LEED *

ABSTRACT. In this paper, we consider a new Minty’s Lemma for strong implicit
vector variational inequality systems and obtain some existence results for systems
of strong implicit vector variational inequalities which generalize some results in {1].

1. INTRODUCTION AND PRELIMINARIES

In [2], Huang and Fang introduced system of order complementarity problems
and established some existence theorem by using Ky Fan Lemma and then Kassay,
Kolumban and Pales [3] introduced and studied Minty and Stampaccia variational
inequality system by using Kakutani-Fan-Glicksberg fixed point theorem. Recently,
by those works and by using Kakutani-Fan-Glicksberg fixed point theorem, Fang
and Huang [1] provided some existence results for systems of strong implicit vector
variational inequalities, for a constant cone, in reflexive Banach spaces.

In this paper, we consider a new Minty’s Lemma for strong implicit vector vari-
ational inequality systems and obtain some existence results for a system of strong
implicit vector variational inequalities which generalize some results in [1)].

Throughout this paper, unless other specified, X; and Y; are Banach spaces,
K, ¢ X; are nonempty, bounded, closed and convex sets and C; C Y; be pointed,
closed and convex cones with intC; # (b Let T; : K — L(X,, Y) where ¥; = Y2 x Y3,

Va=YsxYy, Vs=YixYoand K = HK,,andh,.szK,—»X (i=1,2,3) be

mappings. A nonempty subset C of a Hausdorff topological vector space X is said
to be a pointed convex cone if

C+XC CC and CN(—C)={0}, for all A>0,
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where 0 denotes the zero vector. If C; C Y; and Cy C Y, are pointed convex
cones, then C7 x 5 C Y; x Y5 is also a pointed convex cone.
Now we consider the following system of strong implicit vector variational in-
equalities of Stampacchia type (SSIVVI-S) and Minty type (SSIVVI-M);
(SSIVVI-S) Find z = (z1,z2,z3) € K such that
(Ti(x), hi(zs, 1s)) 25, 0, for y; € K; (i=1,2,3)
and
(SSIVVI-M) Find z = (z1, T2, 3) € K such that
(Ti(Z:), hi(yi, z3)) <g, 0, for yi € K; (i =1,2,3),
where Cy = Cy x C3, Cp = C3x C1, C3 = C1 x Cy, Ty = (y1, %2, 23), T2 = (21, 42, 73),
T3 = (1, %2, 93)-
Definition 1.1. Let T; : K — L(X,-,)”\'i) and h; : K; x K; — X; be mappings.
{T1,T», T3} is said to be co-pseudomonotone with respect to {hi, ho, h3} if for any
T = (z1,2,23), ¥ = (y1,%2,43) € K,
(Tiz, hi(zi, %)) 25,0 = (Tay, hi(yi, 1)) <g, 0.

Example 1.1. Let X;,Y; =R, K; =[0,10], C; = Ry,

2
Tie) = (xz i ;3,)

hi(xi, yi) = iy; — i(x; + 1)? for all z = (1,22, 73),y = (y1,¥2,¥3) € K.
Let z, y € K such that

.$2
(Ti(z), hi(zi, v3)) = ((1:22:- ;3) (fy; — iz + 1)2)

_ [ 2izR(ys — iz + 1)°) )
- ((1:2 +lx3§J(iyi — i(mi + 1)2)) ZC,- 0.

The inequality above implies
iy — iz + 1)2 >0 = y; > (2 + 1)
S g+ 2y +1 2>y > (2 +1)? >z
It follows that

]
0 il = (y: :ijlz;:a) (iz; — iy + 1)%)
= ((y2 +1ys)(ia:,- —i(y: + 1)2)) SC; 0.
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Hence {T3,7%,T3} is co-pseudomonotone with respect to {h1, ha, h3}.
Definition 1.2. Let T} : K — L(Xi,?i) and h; : K; x K; — X; be mappings.
(1) {T1,T>,T3} is said to be properly co-quasimonotone of Stampacchia type

with respect to {hi, ha, hg} if for all m € N, for all vectors vl o, UM €
moo. mo .

K;, and scalars AL, ---, A™ > 0 with > N = 1 and u; = Y, Nv],
j=1 j=1

(Tis, hi(us, v])) 2, 0 holds for all j, where
Z1 = (uy, T, x3), 2 = (x1,u2,x3) and £3 = (21, T2, u3)-

(2) {Ty,T»,T3} is said to be properly co-quasimonotone of Minty type with

respect to {hy,ho,h3} if for all m € N, for all vectors v}, .-+, v €
m m .

K; and scalars X1, ---) A™ > 0 with > ¥ = 1 and u; = 3 Nv],
=1 =1

(T3, hi(v], wi)) <g, 0 holds for all 4, where
(11_1 - ("]{71:2)173), T2- = (xlavng?)) and m—3- = ($1,$2,’U‘§)

Definition 1.3 ([1}). Let X and Y be Banach spaces, and K be a nonempty, closed
and convex subset of X. A mapping h: K — Y is said to be hemicontinuous if, for
any fixed z, y € K, a mapping L : [0,1] — Y defined by L(t) = h((1 — t)z + ty) is
continuous at 0%, i.e., t{ij& L(t) = L(0).

The following lemma is obtained from Theorem 3.3 in [4].
Lemma 1.1. Let X; be reflexive Banach spaces, and let T; : K — L(Xi,?i), where
171=Y2><Y:o,, )7'2=Y3><Y1 and%:Yl x Ys, and h; : K; x K; — X; be mappings
satisfying the following conditions (i = 1,2, 3):
(1) (Til@), hilws, 22)) € ~C; (i=1,2,3);
(2) for any given x = (x1,z9,73) € K, {T1,T>,T3} are properly co-quasimono-
tone of Minty type with respect to {h1, ha, h3};
(3) hi is continuous.
Then the following variational inequality (VI) has a solution;
(VI) Find zo = (29,29, 23) € [[>_, Kns,, where Ky, = Ki 0\ M; # ¢ for M; are
finite-dimensional subspaces of X; such that

(Ti(z), 9(2:, 22)) <5, 0, z € Ky, fori=1,2,3

where x! = (21,2, 73), 22 = (21, 22, 3) and 23 = (1, T2, 23).



426 SEUNG HYUN KiM? aND Byung-Soo LEg® *

Definition 1.4 ([6]). Let X,Y be Hausdorff topological spaces and T : X — 2V
be a set-valued mapping. T is said to be upper semicontinuous (shortly, u.s.c.) at
zo € X if for any neighborhood N(T'(zp)) of T(xzp), there exists a neighborhood
N(zo) of zg such that

Ve € N(zp),T(z) C N(T(zp)). We say that T is us.c. if T is u.s.c. at every
point ¢ € X.

Lemma 1.2 ([5]). Let X and Y be Hausdorff topological spaces, and F : X — 2
be a multivalued mapping. If Y is compact and F is closed, then F is u.s.c..

Theorem 1.1 ([6, Kakutani-Fan-Glicksberg fixed point theorem]).
Let X be a nonempty compact convez subset of a locally convex Hausdorff topological
vector space E. Assume that T : X — 2X is an u.s.c. mapping with nonempty closed

convez values. Then T has a fized point on X.

Lemma 1.3 ([1]). Let C be a pointed, closed and convezr cone of a real Banach
space E. Then for any, a € —C and b &€ C, we have tya+t3b & C for all t1, t3 > 0.

2. MAIN RESULTS

First, we consider a new Minty’s Lemma for a system of strong implicit vector

variational inequalities.
Theorem 2.1. Let T; : K — L(Xi,?,-), and h; : K; x K; — X; be mappings
satisfying the following conditions (i = 1,2,3); for any given x = (z1,z2,23) € K

(1) {1, T», T3} is co-pseudomonotone with respect to {hy, ho, h3};

(2) h; is bilinear such that h;(a,b) + hi(b,a) = 0 for a,b € K;;

(3) for fized v = (v1,v2,v3) € K, u — (T;(u), hi(ui,v;)) is hemicontinuous

(i=1,2,3).

Then for a given point x € K, the following conclusions are equivalent

() (Tiz), hi(mi, 1)) 24,0, for ui € Ki;

(il) (T:(Z:), ha(ys, 23)) <g, 0, for wi€ Ki; (1=1,2,3).

Proof. (ii) is easily shown from (i) by the condition (1).
Conversely, for any given y = (y1,y2,%3) € K and t € (0,1), let y* = z +t(y — z).
It follows from (ii) that
(Ti(y"), hilyi> 2:)) <g, O-
Now we show that (T;(y?), hi(yl, v:)) 2g, 0 for allt € (0, 1). Suppose that there
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exists some s € (0,1) such that
(Tiy®), hilyi, wi)) 2, O
By Lemma 1.3 and the bilinearity of h;, we have
(Ti(y*), hi(yi, 7)) = (Ta(y®), hi(y5, i + s(yi — 1))
= (Ti(¥°), hi((1 + 5 = 8)37, (1 — s)zi + s33))
= s(Ti(y°), ha(y7, 1)) + (1 = s)(Ti(y®), haly?, 7))
¢ C;,
which contradicts condition (2).
Hence (T;(y), hi(yt, v:)) 2, 0, fort € (0,1). From condition (3), for fixed v € K,
a mapping L; : K — Y; defined by
Li(u) = (Tiu, hi(u;, v;))
for u = (u;,u9,us) € K, is hemicontinuous, i.e., a mapping from [0, 1] to V7
t = (Ti(z + t(y — 2)), ha(mi + t(yi — 2:), v2))
is continuous at 0% for all z,y € K.
Thus
(Tiz, hi(zi, yi)) = tl_i)r(l)i(ﬂ(ft +t(y — x)), hilzi + t{ys — :), 4))
= tgﬁ(ﬂ(ﬁ%m@h%)) 250, VyEK.
O

Now, we consider some existence results for systems of strong implicit vector
variational inequalities.
Theorem 2.2. Let X; be reflexive Banach spaces, T; : K — L(Xi,?i), and h; :
K; x K; — X; be mappings satisfying the following conditions (i = 1,2,3);
(1) (Ti(z), hi(zi, z:)) <g, 0 (1 =1,2,3);
(2) for any given x = (1, x2,z3) € K, {T1,T>,T3} are properly co-quasimono-
tone of Minty type with respect to {h1, ho, h3};
3
(3) for any given x = (z1,x2,23) € K and z = (21,22, 23) € [[ Xi, (Ti(&:), )
i=1
is continuous from the weak topology of Xy, to the norm topology of Y), where
fork=1,1=3, fork=2,1=1 and for k=3, 1 =2, and ¥1 = (x1,-,x3),
Ty = (IEl,.’L'2, ')7 I3 = ('71'2)',1"3) €EK.
(4) h is linear and continuous such that hi(a,b) + h;i(b,a) = 0 for a,b € K.
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Then the problem (SSIVVI — M) is solvable.
Proof. Let A; = {M; : M; is a finite dimensional subspace of X; with K3y, = K; N
3

3 11 Kn,
M; # 0} for : =1, 2, 3. Define a multivalued mapping G : [[ Kp, — 2=t M by

i=1
3 3
G(z) = {wo € HKMi : xp solves problem (VI)} , Vz € HKM.'-
=1 i=1
By Lemma 1.1, (VI) is solvable, G(z) is nonempty. Since K; is bounded, K is

bounded. Now we claim that G(z) is closed. Let ((z7,x%,2%)) be a sequence in

3
G(z) converging to (z9,29,23) € [] Ka;,- Then

i=1
(Ti("), gi(,20)) = (Ti(we), b (20, lim a7))
- <n(xi),nn3.1° hi(z,-,a:?)>
= m (T(e), (25,20} <g, 0.
Hence G(z) is closed. And G(z) is convex, in fact, for z = (x1,72,23), y =
(y1,¥2,¥3) € X and for t € (0,1),
t(z1, T2, 23) + (1 — t)(y1, Y2, ¥3)
= (tz1 + (1 =y, tza + (1 — t)y2, tzz + (1 — t)ys) € G(z),
(Ti(x*), hi(zs, tzs + (1 — )y;))
= (Tu(a*), hi(zi, tzs)) + (Tila"), ha(zi, (1 — t)ys))
= (T3(x"), thi(zi, z:)) + (Ti("), (1 ~ Ohi(z5, %))
= (Ti(e*), hi(zi, 7)) + (1 — t)(Ti(e), hi(2i, i) <g, O.
3 3 3
Hence G(z) is convex. Now we show that G (H K Mi) is closed in ] K, % .Hl K.

i=1 i=1 =

3 3
Let (((z7,x3,73), (W7, ¥3,y%))) be a sequence in ] K, x [] Kpy, such that

=1 =1
nh_)ngo((aylla -’Eg, zg)’ (yil’ yg, yg)) = ((zla z2, $3)7 (yh Y2, y3))’ (y{t’ yg’ yg)
€ G(«¥,25,25),Vn € N.

Now we show that (y1,y2,y3) € G(z1, 22, T3)-

(Ti(z1,%2,25), ha(z1,30)) = ( lim Ti(21, 53, 73), i (21, Bim o) )
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= < lim Tl(zlawgya:.?»)) lim hl(zla y?)>
n—00 n—00
= T}LIIgo(Tl(Zl7wg,%)ahl(zl,y?)) Sal 0.

(Ta(z1, 22, 23), ha(22, ¥2)) = <,}i_{§°T2($1a 22, %3), ha (22, Jim y?) >

= <lim T2(.’l)1,22,l‘§), 1im h2(22’y3)>
= hm (Tg(xl,ZQ,ﬂ:s) h2(22,y2)> <& 0

(T3(z1, T2, 23), h3(23,y3)) = <n1i_§§oT3(ﬂ?1,w2, 23), h3 (23,nli_{goys)>

= ( lim Ty(e}, 72, 25), lim ha(z5,45))
= lim (Tg(ac’f, 2, 23), ha(23,¥3)) <g, 0-

Hence G (H Kyy,) is closed in H Ky, % H Ky, Since G is closed, G has a closed
=1

graph. Smce G is closed and bounded G is u.s.c.. The Kakutani-Fan-Glicksberg

fixed point theorem implies that there exists xg € H Ky, such that

=1
(Ty(xb), hi(zi, 2)) <, 0, Vzi € K (:=1,2,3),
where z} = (21,73, 23), 73 = (1, 29,73) and z§ = (29, zg, 23).
3
For any M := (M;, M2, M3) € [] A;, let Spr be the solution set of the following
i=1

vector variational inequality;
Find z € K such that

(Ti(z"), hi(2i, 7:)) <, 0, Vi € Ky, (i=1,2,3).
3
By the similar argument, Sy is nonempty and bounded for all M € ] K. Denote
i=1
— 3 —
by S the weak closure of Sps in [] X;. Since X; (i = 1,2,3) are reflexive, Sy is

i=1
weakly compact.

3
Let MF € A; for k=1,--- ,n. For any M*F = (M}, M§, M§) € [] Ai for k=1,
i=1
ERLD

Sta € [ Smes
k

where Ly denotes the linear subspace spanned by |J M*.
k

B 3
Hence {Sy : M € [] A;} has the finite intersection property
=1
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ﬂ Sum #0.
Me ﬁ A
i=1
Let

z* = (z1, 23, 23) € Sum.

m
e )

M A;

i=1

We claim that
(Ti(2), hi(zi,27)) <g, 0, Vzi € K; (1=1,2,3),
where z! = (21,73, 13), 22 = (1, 22, 23) and 73 = (x}, 22, 73).

In fact, for any given z; € K;, choose M; € A; such that z;, 7 € M;. Since
z* € Su, there exists a net () = ((2¢,2¥,§)) € Sum converging to * weakly in
Su. Hence (T;(z},), hi(2i,2¢)) <g, 0. By the condition (3),

(T,;(:ci),hi(zi,x;‘)) Sai 0, Vz; € K; (Z =1,2, 3).
O

Theorem 2.3. Let X; are reflerive Banach spaces, T; : K — L(Xi,ﬁ) and h; :
K; x K; — X; be mappings (i = 1,2,3).

(1) for fized v = (v1,v9,v3) € K, u — (T;(u), hi{us,v;)) is hemicontinuous
(i =1,2,3);

(2) for any given © = (x1,%2,23) € K and {T1,T», T3} is co-pseudomonotone
and properly co-quasimonotone of Stampacchia type with respect to {hy, ha,
h3};

(3) (Tilz), hi(wi, zi)) 25, 0 for allz € K;

3
(4) for any given z € K and z = (21, 22, 23) € [] Xi, (Ti(&i), z:) is continuous
i=1

from the weak topology of Xy to the norm topology of 171, where for k =1,
1=3,fork=2,l=1andfork=3,1=2, and I, &2, I3 € K. ;
(5) h is bilinear and continuous such that hi(a,b) + hi(b,a) = 0 for a,b € K;.
Then (SSIVVI —8S) is solvable.
Proof. From the existence results for strong implicit vector variational inequality (in
[4]), there exists z* = (z], x5, x3) € K such that
(Ti(zis), hi(ms, 77)) <g, 0, Vzi € K (1= 1,2,3),

where 1. = (1,23, 23), T2« = (21, T2, 23) and z3, = (27, T2, T3)-
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From conditions (1), (2) and (3) imply that T;(Z}) (i = 1,2,3) satisfy all the
assumptions of Minty’s lemma. Hence,

(Ti(z*), ha(a, 7:)) 25, 0, Vai € Ki (i =1,2,3).
O

By putting h;(z,y) = y — gi(z), where g; : K; — X;(i = 1,2,3), in Theorem 2.2
and Theorem 2.3, we obtain the following Corollary 2.1 and Corollary 2.2, respec-
tively, which extend some results in [1].

Corollary 2.1. LetT;: K — L(Xi,f’i), gi: K; — X; (i =1,2,3) be mappings.
(1) for any given x = (x1,z2,z3) € K, {Th,To, T3} is properly co-quasimonotone
of Minty type with respect to {g1, 92, 93};
3
(2) for any given x € K and z = (z1,22,23) € [[ Xi, (Ti(%:), z:) is continuous
i=1
from the weak topology of Xy to the norm topology of Y;, where for k =1,
1=3,fork=2,1=1and fork=3,1=2, and #1, &2, ¥3€ K. .

Then there ezists * = (z7, 3, z3) € K such that
(Ti(xin), 7 — gi{x)) <5 0, Vzi€ K; (1=1,2,3).

Corollary 2.2. LetT;: K — L(Xi,?,-),gi : K; — X; (1=1,2,3) be mappings.

(1) for fized v = (v1,v2,v3) € K, u — (Ti(u), hi(ui, v;)) is hemicontinuous
(1=1,2,3);
(2) for any given ¢ € K, {T1,T2,T3} is co-pseudomonotone with respect to
{91, 92,93}
(3) for any given z € K, {T1,Ts, T3} is properly co-quasimonotone of Stampac-
chia type with respect to {g1,92,93};
3
(4) for any given z € K and z € [] Xi, (Ti(&:), zi) is conlinuous from the weak
i=1
topology of Xy to the norm topology of Yi, where fork=1,1=3, fork =2,
l=1and fork=3,1=2, and &1, 2, T3 € K. .

Then there exists x* € K such that

(Ti(zir), i — 9ilT7)) 2, 0, Vai € K; (i =1,2,3).
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