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》Balancing the equation of the reaction is a matter ofmathematics only.< 

M. J. ten Hoor, J. Chem. Educ. 74 (1997), 1367

요 약. 이 논문에 화학반응식 균형을 맞추기 위한 새로운 유사 역행렬법이 기술되었다. 여기에 제공된 방법은 

Moore-Penrose 유사 역행렬을 사용한 Diophantin 행렬식의 중해에 기초를 둔다. 방법은 전형적인 여러 화학반응식에 시 

험적용되었고 폭넓은 균형연구에서 모든 반응식에 매우 성공적이었다. 이 방법은 아무 제한없이 성공적으로 적용되고, 
또한 새로운 화학반응식의 타당성에 대한 검증력도 있고, 만일 새식이 타당하다면 화학식 균형을 이룰 것이다. 여기서 

다루어진 화학반응식들은 소수산화수를 지닌 원자를 포함하고 있다. 또한, 화학반응식의 확장된 행렬의 안정성에 대한 

화학반응식의 안정성의 필요충분조건을 이 연구에 소개하였다.

주제어: 유사 역행렬, 화학반응식 균형 맞추기, 안정성

ABSTRACT. In this work is given a new pseudoniverse matrix method for balancing chemical equations. Here offered 
method is founded on virtue of the solution of a Diophantine matrix equation by using of a Moore-Penrose pseudoinverse 
matrix. The method has been tested on several typical chemical equations and found to be very successful for the all 
equations in our extensive balancing research. This method, which works successfully without any limitations, also has 
the capability to determine the feasibility of a new chemical reaction, and if it is feasible, then it will balance the equation. 
Chemical equations treated here possess atoms with fractional oxidation numbers. Also, in the present work are intro
duced necessary and sufficient criteria for stability of chemical equations over stability of their extended matrices. 

Keywords: Pseudoinverse Matrix, Balancing Chemical Equations, Stability

1. INTRODUCTION

Chemical equations are the most exploited part of 

theoretical as well as industrial chemistry. Every 

chemistry instructor doubtless has his favorite tech

nique of balancing equations. Chemical equations 

are commonly written for two purposes: to show 

the probable reaction products, and to show the 

quantities of materials that enter into reaction. It is 

fortunate indeed that an extensive and comprehen

sive knowledge of sub-atomic phenomena is not 

essential in the balancing of equations. Every stu

dent, which has general chemistry as an obligatory 

subject, is bound to come across balancing chemi

cal equations. It is highly important for chemistry 

student to be able to write and balance chemical 
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equations readily and accurately. Actually, balancing 

chemical equations provides an excellent demon

strative and pedagogical example of interconnec

tion between stoichiometrical principles and linear 

algebra.

A chemical equation is a symbolic representa

tion of a chemical reaction. The substances initially 

involved in a chemical reaction are called reac

tants, but the newly formed substances are called 

the products. The products are new substances with 

properties that are different from those of reactants. 

Classically, chemical reactions encompass changes 

that strictly involve the motion of electrons in the 

forming and breaking of chemical bonds, although 

the general concept of a chemical reaction, in par

ticular the notion of a chemical equation, is applica

ble to transformations of elementary particles.

A chemical equation is not only the shorthand 

writing of the chemist, but it should be a mental 

picture of an actual reaction. To the observant 

investigator, the equation should immediately 

remind him as to the physical nature and properties 

of the reactants, viz., color, state, etc., as well as the 

chemical result and its physical nature. Thus, a 

great deal of significance should be attached to the 

writing of chemical equations. The part of chemi

cal mathematics called Stoichiometry deals with the 

weight relations determined by chemical equations 

and formulas. According to it, the balancing of 

chemical equations is important in this area. Since a 

chemical reaction, when it is feasible, is a natural 

process, the consequent equation is always consis

tent. Therefore, we must have a nontrivial solution 

and we should be able to obtain it assuming its 

existence. Such an assumption is absolutely valid 

and does not introduce any error. If the reaction is 

infeasible, then the only solution is a trivial one, i. 

e., the all coefficients are equal to zero.

2. HISTORICAL SURVEY

During the past years, numerous articles have 

appeared in scientific literature relative to the bal

ancing of chemical equations. In this section is 

made a short survey of selected articles for balanc

ing chemical equations. The selection criteria for 

references were intentionally wide, in order to 

include a large variety of topics. Balancing chemi

cal equations in the scientific literature is consid

ered from four points of view: mathematical, 

computational, chemical and pedagogical.

Now, shortly we will describe these glances.

• Jones for the first time in mathematics proposed 

the general problem for balancing chemical equa- 

tions.1 Krishnamurthy in his article2 gave an alge

braic approach for balancing chemical equations 

founded on virtue of a generalized matrix inverse. 

Little bit late Das3 offered a simple scholarly tech

nique, which was discussed in.4,5 One other technique 

for balancing chemical equation over an integer 

programming approach is given in,6 while in7 by 

using of a reflexive generalized inverse matrix is 

solved the general problem of balancing chemical 

equations given in.1 The newest mathematical results 

for balancing chemical equations and their stability 

over a nonsingular matrix method are obtained in.8 

Actually, to date in mathematics and chemistry 

there are only three strictly formalized consistent 

mathematical methods for balancing chemical 

equations, particularly they are the methods given 

in7,8 and right now presented method in this work, 

while other so called methods in chemical sense 

have a limited usage, and they are useful only for 

particular cases, especially for balancing chemical 

equations which possess atoms with integer oxida

tion numbers.

• In chemistry there are many published articles,9-29 

which consider the use of computers for balancing 

chemical equations. All of these computational meth

ods use some commercial softer packet.

• University textbooks of general chemistry gen

erally support the ion-electron technique as basic 

procedure for balancing chemical equation, because 

it makes the best use of fundamental chemical prin

ciples. Also, some authors advocated other tech

niques, which involve less algebraic manipulation 

that may deserve attention - particularly in classes 

of chemistry and chemical engineering majors.30-56

Several simple chemical equations are solved by 

elementary algebraic techniques in.45,57-62 Bottom
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ley published the earliest article that makes use of 

the linear algebra method.63 A set of various modi- 

Hcations, which implement this approach, is docu

mented in.31,44,45,64-66 The case when the chemical 

equation has no unique solution received consider

able attention in the education articles.18,67-79 The 

equation represents two or more independently 

occurring reactions can be combined in varying sto

ichiometric ratios.80,81 Fixed ratios of reagents, observed 

experimentally in particular cases, are equivalent to 

a restriction on the coefficients that make a unique 

solution.18

It is necessary to stress out that balancing chemi

cal equations by inspection is equivalent to using 

the algebraic method or a computerized matrix alge

bra approach.82,83 The valence change method30,84-106 

and the ion-electron method85-88,92,100,107-113 are also 

simple algebraic inspection techniques, subjected to 

exactly the same controls and limitations as the 

algebraic and matrix methods. Here it is good to 

emphasis that first Karslake in114 considered balanc

ing of ionic chemical equations. Actually, the tech

nique suggested by Garcia115 can reduces the number 

of algebraic steps for ion-electron method. Above 

both mentioned methods - the valence change 

method and ion-electron method begin by estab

lishing the relative proportions of reagents tak

ing part in separate oxidation and reduction 

components of a redox reaction. Then, each tech

nique uses a lowest common multiplier to 

enforce a principle of conservancy - for instance, 

conservation of oxidation number change in the 

case of the oxidation number method. Johnson in 

his article116 defined the equivalent term oxida

tion stage change on this subject.

Stout in117 presented three redox reactions as puz

zles. Each one can be shown as simple redox sys

tem, which may easily be balanced using here 

offered method. After this article was published, the 

followed other debatable articles with critical 

accent.118-123

• Balancing chemical equations through the peda

gogical point of view is given in the articles.112,124-133 

This approach is very interesting for the education 

of chemical research. A check of the hypothesis 

that formal reasoning and a sufficiently large men

tal capacity are required to balance more complex 

many-step equations is made over a test to determine 

level of intellectual development, mental capacity, 

and degree of field dependence/field independence 

of the students.134

3. PRELIMINARIES

Now we will introduce some well known results 

from the matrix algebra. Throughout, the set of 

m^n matrices over a field will be denoted by Rm海.

Definition 3. 1. The Moore-Penrose pseudoin

verse A of a matrix AeRmXn is the unique matrix 

satisfying the following criteria: AAA = A, A^AA 

=A+, (AA+)t = AA+, (A+A)t = A+A.

Suppose the matrix A has full rank, then

A = [서护肆 and rank A = n n A+ = A-1,

A =岛摭肆(m > n) and rankA = nn A+ = (4A)-1At, 

A = [%]g (m < n) and rankA = m nA = AT (AA1, )-1.

If the matrix A does not have full rank, i.e., A is 

an mxn matrix and rank A = r < min(m, n), then 

pseudoinverse A+ can be constructed from the sin

gular value decomposition A = UDVT by A+ = VDU T.

Also the Moore-Penrose pseudoinverse A+ of a 

matrix A, we can derive on this way. There do 

always exist two matrices C =[胡 g and D = [d^L肆 

of rank r, such that A = CD. Using these matrices it 

holds that A+ = Dt(DDt)-1(C tC) -1C t.

Pseudoinverse matrix A+ of a matrix A was inde

pendently defined by Moore135 and Penrose136. If 

the matrix A+ satisfies first two equalities of defini

tion 3. 1, then it is called a reflexive generalized 

inverse of A, denoted by A . This matrix is not 

unique.

Definition 3. 2. The characteristic equation of an 

n^n matrix A is the equation in one variable 人

det(A - XI)= 0 (3.1)

where det() denotes a determinant and I is an nxn 

identity matrix.

Definition 3. 3. The polynomial

a# + an_ ]^n-1 + ••• + 아 人 + % = 0 (3.2)

which results from evaluating the determinant (3.1) 

2008, Vol. 52, No. 3



Ice B. Risteski226

is the characteristic polynomial of the matrix A.

The above polynomial of degree n>1 with real 

coefficients a (0 < i < n), where a芦0, by the funda

mental theorem of algebra has n (not necessarily 

distinct) roots 人],X》,...,人“.

Definition 3. 4. The roots of the characteristic 

polynomial (3. 2) are precisely the eigenvalues of 

the matrix A .

Definition 3. 5. The reaction matrix has the fol

lowing format A\B = [A；B  ̂+ 5), where A = [이〃冲 

(r < m) and B =[妇心(s < m).

Definition 3. 6. An extended matrix

ExtA；B = AB (3.3)
\OI_

of (r+ s )x(r+s) dimension, is singular f det(ExtA|B)= 

0，where A = [이(r < m), B = [妇心 (s < m), I is 

the identity matrix of (r + s - m)x(r + s - m) dimension 

and O is a zero matrix of (r + s - m)xm dimension.

In8 is treated the non-singular case.

Let b(Ext4；B) = {為,1<i < k} be the spectrum of 

ExtAjB. Let | • | denotes a vector norm in Rk.

Definition 3. 7. The Lozinskii measure 卩 on Rn 

with respect to | • | is defined by

卩(ExtA；B)= lim (|I + pExtA"이 - 1)/p. (3.4) 
pT0 +

Definition 3. 8. The Lozinskii measures of ExtAjB 

=[a〃kp with respect to the three common norms

|x|s = sup |시,

|x|i = A |시,

|x|2 = (乙 | 시2)1/2, (3.5)

are

卩8 (ExtA岡=sup•(為+乙糖|毎〔)，

卩i(ExtA岡=sup(% + £讷〔臨)，

岡(ExtAB) = stab{[(ExtAB) + (ExtA；B)T]/2}, (3.6)

where

stab(ExtA；B) = max{人,2e o(ExtA|B)}

is the stability modulus of ExtA；B and T denoting 

transpose.

Definition 3. 9. The extended matrix ExtA；B is 

stable if stab(ExtA；B) < 0.

4. MAIN RESULTS

In this section we will give a completely new 

method for balancing and stability of chemical 

equations. Given analysis is done for arbitrary 

chemical equation presented in its general form.

Proposition 4. 1. Any chemical equation may be 

presented in this form

= (4.1)
z=l 广 1 I

where x (1< j <r) and y (1< j<s) are unknown 

rational coefficients, W1 and Q1 (1<i<m) are chem

ical elements in reactants and products, respec

tively a〃 (1<i<m; 1< j<r) and b (1<i<m; 1<j<s) 
are numbers of atoms of elements W and Q, 

respectively, in j-th molecule.

Proof Let there exists an arbitrary chemical 

equation from s distinct elements and m + n mole

cules

= 但 (4.2)

7=1 戸 1

where 与二中七中%…"旳(1<j<r) and 0 = 

Q、Q%・“Q初物(1< j < s). Then previous expression 

becomes

Z XjW'd・烫啊=t yjQ'M(4.3) 

j=i ./=i

Now, if we write the above equation in a com

pact form, then immediately follows (4.1).

The coefficients xp y satisfy three basic princi

ples (corresponding to a closed input-output static 

model137,138)

• the low of conversation of atoms,

• the low of conversation of mass, and

• the time-independence of the reaction.

Theorem 4. 2. The chemical equation (4.1) can 

be reduced to the following Diophantine matrix 

equation

Ax = By, (4.4)

where A=[a^mxr is a matrix of the reactants, B= 

[b〃h>〈s is a matrix of the products, xT=(xt, x2, .., x) 
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and jJ=(y, y，…,y) are column vectors of unknown 

coefficients and T denotes transpose.

Proof. If we develop the molecules of the reac

tion (4.1) in an explicit form, then we obtain a 

matrix of the reactants A

m

耳=Z 寸(1 <J < r) (4.5)
i - 1

wW 叩,火LK、、…町、…初.R“w-* all -* o21 -* an\ -* -* -* anil -* d\r -1 a2r -* anr
aU 02 "' 电

A a21 a꼬 … a2r
W w

%n a柜 "' air wm
and a matrix of the products B

Q*q 貌 i- q 爲 q" 角꼬… f - 服 逆紙… 管y 
但1 bn - 外

B 妇 b鈍 - b為
q 
q

妇 b成 - bms q

From the above development we obtain that

and

m

®y = Z 毎"'(1 <J < s) (4.6)
i-1

If we substitute (4.5) and (4.6) into (4.2), follows

r m s m

Z x，Z %泌=Z yZ 耻
j-1 i-1 j-1 i-1

or
mr ms

Z W Z aj = Z Q' Z b，必
i-1 j-1 i-1 j-1

i.e. , the above expression holds if only if

r

j-1

s

ai产j = Z b'j - i - m)
J-1

(4.7)

(4.8)

(4.9)

Last equation if we present in a matrix form, 

actually we obtain (4. 4).

Now we will prove the following result.

Theorem 4. 3. Let AeRmXr and B@Rm写 The 

matrix Diophantine equation (4. 4) is consistent if 

and only iffor some A+

Gy = 0, (4.10)

where

G = (I - AA )B. (4.11)

If this is the case, a representation of the general 

solution is

y = (I - G G)u (4.12)

and

x = ABy + (I - A+A)v, (4.13)

with arbitrary vectors u u Rsx1 and v u R"1.

Proof. Matrix equation (4. 4) is consistent if and 

only if there exist vectors xURrx1 and jURsx1 such 

that

Ax - By = 0. (4.14)

From (4. 13) we have Ax = AA By, since A(I - 

AF) = 0. Thus, from (4. 14) follows

Ax - By = AA+By - By=- (- AA+By=- Gy, since (4. 11).

(4.15)

On the other hand, from (4. 12) it follows that

Gy = G(I - G G)u = 0, since G = GG G. (4.16)

Immediately, from (4.16) and (4.15) follows (4.4).

Remark 4 4 This theorem generalizes the theo

rem proved in7. By the above theorem, a century old 

chemistry problem of balancing chemical equa

tions in a general form is completely solved.

Definition 4. 5. Chemical equation (4.1) is sta

ble if stab(ExM；B) < 0.

Lemma 4. 6. For any nonsingular matrix U and 

any vector norm | • |, with the induced Lozinskii 

measure 卩，| Ux\ defines another vector norm and its 

induced matrix measure 卩訂 is given by

卜나(Ext시B) = 卩 [U(Ext4；B)UT. (4.17)

Proof. The proof of this lemma follows directly 

from the definition 3.7.

Theorem 4. 7. For any matrix ExtAjBeR it 

holds

stab(ExtAB) = inf{卩(ExtAB),卩 is a Lozinskii 

measure on Rn}. (4.18)

Proof. The relation (4.18) obviously holds for 

diagonizable matrices in view of (4.17) and the first 

two relations in (3.6). Furthermore, the infimum in 

(4.18) can be achieved if the matrix ExtAjB is 

diagonizable. The general case can be shown based 

on this observation, the fact that ExtAjB can be 
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approximated by diagornzable matrices in and the 

continuity of 卩(•), which is implied by the property

仙⑴ - M羽 < 点- 시.

Remark 4. 8. From the above proof it follows that

stab(Ext4B)=inf{&JU(Ext4B)U」], detU砰 0}.

The same relation holds if 卩 is replaced by 山.

Corollary 4. 9. Let ExtA[BeR. Then stab(Ext4；B) 

<0。卩(Ext4；B) < 0 for some Lozinskii measure 卩 
on Rn.

There are more results for stability criteria obtained 

in the works.139，140

For the matrices A and B given in the theorem 

4.2, let rankA\B=p and kerA\B=K, where ker 

denotes the nullity or kernel of matrix A；B. Accord

ing to141, the deterministic approach is important, 

since it enables us to classify the chemical reaction 

as:

1° infeasible when the nullity of the reaction 

matrix A\B is zero;

2° unique (within relative proportions) when the 

nullity of the reaction matrix A\B is one; or

3° non-unique when the nullity of the reaction 

matrix A；B is bigger than one.

Possible cases of balancing chemical equations 

are the following

1. If m> r + s = p, then k = r + s - p = 0, i. e., triv

ial solution x, y = 0, the reaction is infeasible.

2. If m> + s, p = r+s - 1, then k = r + s - p = 1, unique 

solution x, y 느 0, i. e., the reaction is feasible and is 

unique.

In practical terms this means that the general pro

cedure for obtaining these coefficients is to solve 

the system of linear equations derived from the 

principles of conservation of matter and charge, 

applied to the reaction element-by-element.

3. If m>r + s, p< r + s - 1, then k = r + s - p > 1, 

k(>1) linearly independent solutions x, y 느 0, i. e., 

the reaction is feasible and is non-unique.

4. If m < r + s, p < m, then k = r + s - p>1, k (>1) 

linearly independent solutions x, y > 0, i. e., the 

reaction is feasible and is non-unique.

Last two kinds of the reactions are puzzling in 

that they exhibit infinite linearly independent solu

tion all of which satisfy the chemical balance, and 

yet they are not all chemically feasible solutions for 

a given set of experimental conditions. A unique 

solution is obtained by imposing a chemical con

straint, namely, that reactants have to react only in 

certain proportions.

5. AN APPLICATION OF THE MAIN RESULTS

In this section will be applied above method on 

many chemical equations for their balancing. All 

chemical equations balanced here appear first time 

in professional literature and they are chosen with 

an intention to be avoided to date all well know 

chemical equations which were repeated many 

times in the chemical journals for explanation of 

certain particular techniques for balancing of some 

chemical equations using only atoms with integer 

oxidation numbers.

1° First we will consider an infeasible reaction, i. 

e., the case when the nullity of the reaction matrix is 

zero.

Example 5. 1. Consider this equation

X Co(NH3)sSO4I+x MgBr+x MnO+x HHPO4

+ X KBr=y K’PQ+y 京。玦旗顷出3 MgI2

+ y4 HO+y NO+y6 MnSO. (5. 1)

By the schemes 

coNHSOI
Mg
Br
而P
K
 

5
1
0
0
0
1
4
0
0
0
1
0
0
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I
 

I
 

I
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I
 

I
 

I
 

I
 

I
 

I
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0
2
0
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0
0
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0
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0
0
0
0
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0
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0
0
0
0
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0
0
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^
0
0
0
 

寸
0
%

〉宀
 0
0
0
0
4
0
0
0
0
1
3

B

.1  찌

乂 o
o
o
o
o
o
o
l
o
o
l
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0
3
0
4
0
0
0
0
1
0
 

Q
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 o
o
o
o
l
o
o
o
l
o
o
 

点
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君 0
0
0
0
0
0
1
2
0
0
0
 

ro
sH

N
)o

1
5
^
1
4
1
0
0
0
0
0

A

are determined the matrix of reactants A and the 

matrix of the products B, an according to it the
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reaction matrix A\B obtains the form

1.00 0 0 0 0 0 1.00 0 0 0 0
5.00 0 0 0 0 0 6.00 0 0 1 0
15.0 0 0 3 0 0 18.0 0 2 0 0
1.00 0 0 0 0 0 0.00 0 0 0 1
4.00 0 1 4 0 4 0.00 0 1 2 4

A/B = 1.00 0 0 0 0 0 0.00 2 0 0 0
0.00 1 0 0 0 0 0.00 1 0 0 0
0.00 2 0 0 1 0 2.98 0 0 0 0
0.00 0 1 0 0 0 0.00 0 0 0 1
0.00 0 0 1 0 1 0.00 0 0 0 0
0.00 0 0 0 1 3 0.00 0 0 0 0

The rank of the above matrix is p = 11. Since the 

nullity of the reaction matrix is k = r + s - p = 5 + 6 

-11 = 0, then we have only a trivial solution x, y = 

0, that means that the reaction is infeasible.

2° Next, we will consider the case when the 

chemical reaction is feasible and is unique, i. e., the 

nullity of its reaction matrix is one. Here we will 

balance many special chemical equations with a 

goal to show the power of the offered mathemati

cal method.

Example 5. 2. As a next example to illustrate 

above method, we will balance this chemical equa

tion

X Pt(NH)BrNO + X Cu(NH)KNO3 + x BeCO3 

= y C4H0^U.98+^2 C니003)2+丁3 Pt°+^4 B^)9NO2 

+ y K&O + y BeO + y HNQ. (5. 2)

From the schemes given below

[ioo] 0.000 0 1 0.00 0.00 0 0
2 2 0 0.000 2 0 1.00 0.00 0 1
3 3 0 50.00 0 0 0.00 0.00 0 1
1 0 0 0.000 0 0 1.99 0.00 0 0

A 一 3 3 3 Ml R - 14.98 6 3 2.00 1.00 1 3
0 1 0 0.000 1 0 0.00 0.00 0 0
0 1 0 0.000 0 0 0.00 1.97 0 0
0 0 1 0.000 0 0 0.00 0.00 1 0
0 0 1 44.00 0 0 0.00 0.00 0 0

The reaction matrix A|B, according to the defini

tion 3. 5 obtains the form

1 0 0 0.000 0 1 0.00 0.00 0 0
2 2 0 0.000 2 0 1.00 0.00 0 1
3 3 0 50.00 0 0 0.00 0.00 0 1
1 0 0 0.000 0 0 1.99 0.00 0 0
3 3 3 14.98 6 3 2.00 1.00 1 3
0 1 0 0.000 1 0 0.00 0.00 0 0
0 1 0 0.000 0 0 0.00 1.97 0 0
0 0 1 0.000 0 0 0.00 0.00 1 0
0 0 1 44.00 0 0 0.00 0.00 0 0

The rank of the above matrix is p = 9. Since the 

nullity of the reaction matrix is k = r + s - p = 3 + 7 

-9 = 1, then we have only a unique solution, that 

means that the reaction is feasible. Next, we will 

determine the solution x, y.

The Moore-Penrose pseudoinverse A+ = (ATA)-1AT 

of the matrix A is

183 44 66 183 12 -161 -161 -18 -18
688/+= -161 44 66 -161 12 183 183 -18 -18 ,

-18 -72 -108 -18 168 -18 -18 92 92

and the matrix G has this form

688 G = (688 I - AA+) B =

-2687.76 1.00 469.00 -432.17 305.17 6.00 -146.00
-10751.04 692.00 -188.00 328.44 -134.68 24.00 104.00
18273.44 -1026.00 -282.00 -539.34 -202.02 36.00 -188.00
-2687.76 1.00 -219.00 936.95 305.17 6.00 -146.00
-9314.44 564.00 324.00 152.12 88.36 -56.00 216.00
-2687.76 345.00 125.00 252.39 -372.51 6.00 -146.00
-2687.76 -343.00 125.00 252.39 982.85 6.00 -146.00
-1164.64 -846.00 -486.00 -228.18 -132.54 428.00 -324.00
29107.36 -846.00 -486.00 -228.18 -132.54 -260.00 -324.00
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are determined the matrix of reactants A and the 

matrix of the products B, i. e.,

Required vectors y and x, according to (4.12) and

(4.13) are
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,=(/- G G)u =

0.0348595041
0.5130378112
0.1356805781
0.0681811950
0.2604252849
1.5338181820
0.2031799611

0.1356805781
and x = A^By + (/ - A+A)v = 0.5130378112 .

1.5338181820

Now immediately follows balanced equation in 

its conventional form

2, 45, 1) = 57,

队(ExtA；B戶max (10, 10, 5, 108.98, 9, 4, 4.99, 

2.97, 2, 6)=108.98,

卩 2{[Ext시B + (Ext4；B)T]/2} = 35.111.

Since ^2 {[ExtA|B+(ExtA|B)T]/2}>0, according to 

the definition 4.5 the chemical equation (5.2) is 

unstable.

Example 5. 3. The chemical equation

X PKNH^BrNQ+x [4Fe(CN^3-3Fe(CN^2]+x ^H0O15 

+X Cu(NO)+x5 KBeOzy CuCNH^KNQ+y BeCQ 

+y K.97Fe(CN)6+y4 PtQ+y B^6NQ+y6 HNQ

(5.3)

0.1356805781 Pt(NH)BrNQ+0.5130378112 Cu 

(N^3)KNQ+1.5338181820 BeCQ= 0.0348595041 

Q4Ho^.98+0.5130378112 Cu(NQ)+0.1356805781 

PtQ+0.0681811950 B^NQ+0.2604252849 ^70+

1.5338181820 BeO+0.2031799611 HNQ.

Since the reaction matrix A\B has a rectangular 

format, according to definition 3. 6, we will extend 

it to a square matrix by adding a new row. To do 

that, we will add the following vector-row (0, 0, 0, 

0, 0, 0, 0, 0, 0, 1) as a 10th row, such that ExtA\B 

obtains this form

ExiA/B =

0 0 0.000 0 1 0.00 0.00 0 0
2 2 0 0.000 2 0 1.00 0.00 0 1
3 3 0 50.00 0 0 0.00 0.00 0 1
1 0 0 0.000 0 0 1.99 0.00 0 0
3 3 3 14.98 6 3 2.00 1.00 1 3
0 1 0 0.000 1 0 0.00 0.00 0 0
0 1 0 0.000 0 0 0.00 1.97 0 0
0 0 1 0.000 0 0 0.00 0.00 1 0
0 0 1 44.00 0 0 0.00 0.00 0 0
0 0 0 0.000 0 0 0.00 0.00 0 1

The eigenvalues of the matrix [ExtA\B + (ExtA\B)T]/2 

are “=35.111,為=-33.595, ^=7.769, ^ =1.630,注 

1.140,為6=0.919,為7=0.205, ^=-1.285, ^=-1.087, 

為0= -0.807.

The Lozinskii measures of ExtA\B given by 

(3.6) with respect to the three common norms (3.5) 

are

卩 8 (ExtA\B) = max (2, 8, 57, 2.99, 36.98, 2, 2.97, 

like a characteristic case will be balanced too.

From the schemes given below 
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are determined the matrix of reactants A and the 

matrix of the products B.

The reaction matrix A\B, according to the defini

tion 3. 5 obtains this form

&B =

0.00 0.00 0 0 0 0 0.00 1 0.00 0
18.0 0.00 2 0 2 0 6.00 0 1.00 1
0.00 50.0 0 0 3 0 0.00 0 0.00 1
0.00 0.00 0 0 0 0 0.00 0 1.96 0
0.00 15.0 6 2 3 3 0.00 2 2.00 3
7.00 0.00 0 0 0 0 1.00 0 0.00 0
18.0 44.0 0 0 0 1 6.00 0 0.00 0
0.00 0.00 1 0 1 0 0.00 0 0.00 0
0.00 0.00 0 2 1 0 3.97 0 0.00 0
0.00 0.00 0 1 0 1 0.00 0 0.00 0

The rank of the above matrix is p = 10. Since the 
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nullity of the reaction matrix is k = r + s - p = 5 + 6 

-10 = 1, then we have only a unique solution, that 

means that the reaction is feasible. Next, we will 

determine the solution x, y.

The Moore-Penrose pseudoinverse A+=(ATA)-1AT 

of the matrix A is 

3821829615 A+ =

530923221 661977522 654140313 530923221-175464270
7914996 123779502 -48555612 7914996 -39240720

-18772587 -45218394 29117439 -18772587 13543215
-271169424-152766738 -354633372-2기 169424 637257480 

70185708 -869이 384 -60307176 7이 85708 71450960

55404972 -683523900 -271169424
51402897 68554350 -12114684

-10122084 49154760 9177498
-84802788 185745600 303818211 

140371416 70185708
31392576 15696288

-10834572 -5417286
-509805984 -254902992

109874016 44172600 -254902992 1471571078 735785539 

1.0653080872 
0.0208499800

and x = ABy + (/ - A+A)v = 0.0320088416 .
1.2365580746 
0.9079895101

Now immediately follows balanced equation in 

its conventional form

1.0653080872 Pt(N^3)BrNO+0.0208499800 

[4Fe(CN)-3Fe(CN^] + 0.0320088416 C4HoO5 + 

1.2365580746 Cu(NOX + 0.9079895101 KBeO2 

=1.2365580746 Cu(N^3)KNO+0.9079895101 BeCO3 

+ 0.1459498604 ^7Fe(CN), + 1.0653080872 PtO2 

+ 0.5435245343 Br/O + 1.0866921189 HN0.

According to the definition 3. 6, extended matrix 

obtains the form

and the matrix G has this form

3821829615 G = (3821829615 I - AA+)B =

1139731002.00
-803^80696.。。

-799162944.00
1139731002.00
$7486 고740.00
그34300654.0。-5488412135.04 
712163775.00 289110156.00

一4834012고 552
1845272340.96

2565326544
-48340122552
-933567342.40

-2629185165.00
1650524550.00
1783528350.00

-2629185165.00
-1131087940.00

-그4135300.00
-1641138600.00
3485478540.00 -1842615048.00 1910859372.48
1669236275.00 498862203&00 3781386588.23

-1076296670.00 2827518596.0。-569563組91.66

ExtA/B =

1 0.00 0.00 0 0 0 0 0.00 1 0.00 0
2 18.0 0.00 2 0 2 0 6.00 0 1.00 1
3 0.00 50.0 0 0 3 0 0.00 0 0.00 1
1 0.00 0.00 0 0 0 0 0.00 0 1.96 0
3 0.00 15.0 6 2 3 3 0.00 2 2.00 3
0 7.00 0.00 0 0 0 0 1.00 0 0.00 0
0 18.0 44.0 0 0 0 1 6.00 0 0.00 0
0 0.00 0.00 1 0 1 0 0.00 0 0.00 0
0 0.00 0.00 0 2 1 0 3.97 0 0.00 0
0 0.00 0.00 0 1 0 1 0.00 0 0.00 0
0 0.00 0.00 0 0 0 0 0.00 0 0.00 1

3641834934.00
.1096484442.00
-955676193.00
-179994681.00
532719070.00
493965108.00
904386900.00

-1003345536.00
-426175256.00
-213087628.00

-1351658495.16 
-1156605852.12 
-1308663759.48 
6139127550.2가

483911309.20 
-425680179.12 
1322148144.00 
-590256150.96 
-387129047.36 
-193564523.68

-789725025.00
198603765.00
226220040.00

-789725025.00
167860800.00
297487890.00
314293500.00

-1404372330.00
-134288640.00

-67144320.00

Required vectors y and x, according to (4.12) and

(4.13) are

y = (I - G G)u =

1.2365580746 
0.9079895101 
0.1459498604 
1.0653080872
0.5435245343 
1.0866921189

The eigenvalues of the matrix [ExtAB + (ExtA|B)T]/ 

2 are “=59.824, k2=21.786, ^=-10.767, ^=5.648, 

^=-4.030, “=-2.045, “=-0.940, ^=-0.044,為=1.678, 

“o=0.831, “i=1.059.

The Lozinskii measures of ExtAjB given by (3.6) 

with respect to the three common norms (3.5) are

卩 8 (ExtA；B) = max (2, 32, 57, 2.96, 39, 8, 69, 2, 

6.97, 2, 1) = 69,

队(ExtA；B) = max (10, 43, 109, 9, 5, 10, 5, 16.97, 

3, 4.96, 6) = 109,

卩 2{[ExtA；B + (ExtA；B)T]/2} = 59.824.

Since ^2 {[ExtAjB + (ExtA|B)T]/2} > 0, accord

ing to the definition 4.5 the chemical equation (5.3) 

is unstable.

Example 5. 4. We will now balance this equation
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X] KAu(CN)2 + x AgRuAuTe8 + x FeJSQ^ + x4 

NSe+x wo+x NaCO + x HCO + x hci = 

y [RuJoHNWCiMHO + y 아HAuNa&os, + 

y [WCl4(NSeCl)L + y ^8Fe(CN^ + y AuO + 

y TeO + y Ago + y NO〃 (5.4)

tion 3. 5 obtains this form

The matrix of reactants A is
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The reaction matrix A\B, according to the defini-

A；B =

1 0 0.00 0 0 0 0 0 0.00 0.00 0.00 3.98 0 0 0 0
1 1 0.00 0 0 0 0 0 0.00 1.00 0.00 0.00 2 0 0 0
2 0 0.00 0 0 1 1 0 30.0 4.00 0.00 6.00 0 0 0 0
2 0 0.00 2 0 0 0 0 6.00 0.00 2.00 6.00 0 0 0 1
0 1 0.00 0 0 0 0 0 0.00 0.00 0.00 0.00 0 0 1 0
0 1 0.00 0 0 0 0 0 1.00 0.00 0.00 0.00 0 0 0 0
0 8 0.00 0 0 0 0 0 0.00 0.00 0.00 0.00 0 1 0 0
0 0 2.00 0 0 0 0 0 0.00 0.00 0.00 1.00 0 0 0 0
0 0 3.00 0 0 0 0 0 0.00 7.00 0.00 0.00 0 0 0 0
0 0 12.0 0 3 3 3 0 6.00 1.00 0.00 0.00 3 3 1 2
0 0 0.00 4 0 0 0 0 0.00 0.00 2.00 0.00 0 0 0 0
0 0 0.00 0 1 0 0 0 0.00 0.00 2.00 0.00 0 0 0 0
0 0 0.00 0 0 2 0 0 0.00 1.96 0.00 0.00 0 0 0 0
0 0 0.00 0 0 0 2 1 36.0 3.00 0.00 0.00 0 0 0 0
0 0 0.00 0 0 0 0 1 2.00 0.00 10.0 0.00 0 0 0 0

The rank of the above matrix is p = 15. Since the 

nullity of the reaction matrix is k = r + s - p = 8 + 8 

-15 = 1, then we have only a unique solution, that 

means that the reaction is feasible. Next, we will 

determine the solution x, y.

The Moore-Penrose pseudoinverse A+=(ATA)-1AT 

of the matrix A is

94083728A+=

"厲1地 11980320
I8152D 1225424 

1157760 11404^0 
業43고MS -2S96O64 
3762720 3706560 
我"渤次龄3硕 
^5S7456O -57S6B80

15511840 I945&944 
*231530 -290432 

-300I5J6 1852416 
-3IO2S68 55165M 
-9754992 6020352 
7615008 1啲处IE 

15230016 -9399296
5$7456O 57S6SS0-15230016 卯麹?邪

-LS1520 -181S30 -1452160 
1406944 1406944 11255552 

-17瑚-I72S0
36304 36304 290432

-56160 -5&1钮-4492SO 
43840 4抑羽 350720
87680 87680 701440

-S76BQ -S76R0 -701440

초3155쵸。
邱60 

8244608 
■463104

-35*1704 
-70S9408 
70R9403

3473280
-51840

-1254240
18720

-9729472
145216

3762720
-56160

-5874560
87680

-5874560
87680

5874560
-87680

12396912 3363648 -926208 -10090944 -3544704 -3544704 3544704
-694656 250848 20762640 -752544 1174912 1174912 -1174912

-30272832 10931856 -3010176 61288160 -11520288-11520288 11520288
-5317056 1920048 2349824 -5760144 40354288 -6687576 6687576

-10634112 3840096 4699648 -11520288 -13375152 33666712 -33666712
10634112 -3840096 -4699648 11520288 13375152 13375152 80708576

and the matrix G has this form

94083728 G = (94083728 I - AA+)B =

-37依6864.00 -67948582.40
-370479056.00 25745068.80 
520438048.00

-147865088.00-108717731.84
4187808.00 

다8고 7153G。。
33502464.0。

358573824.00-123389272.32
537860736.00

-194227 側.00
73932544.00

582682454.00
31122208.00
31122208.00

-311 고2고0&。0

129819488.64

-390076.80
-390D76.80

-3120614.40

-8572998400 113908890.24
-84450432.00 -256655625.60
146991200.00
-6190099颂

I 고 79552.00
I 그7955고.。。

10236416.00
-34235136.00
-51352704.00

18544032.00
30950496.00

-5563 근。%.。。

473502187.52
-97B10668.16
54358865.92

고9343고。04.48
81806257.92- 101311648.00
81806257.92- 101311648,00

-81806257.92 101311648.00

3664 호# 2 둬.80 
3 과73093&88 

3888721,60 
3 둰8둰72L60 

3110977280 
82128182,40 

-1793331&40 
-9204700.80 

-17365469,44 
호?614102.40 
-4514163고。 
-451416320 
4514163.20
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5214880.00
-6096832.00
-790283200
8343808.00

-11311712.00 92658064.00

1435760.00-1695046400
10096.00 46697472.00

-3020144.00-31322272.00
곤297216.00 48146240.00 

252992.00 
그52992.00 

2。그3936,00

-20197920,00
165462528.00
쇠031563곤.00
32316672.00

-2507008.00
-2507008.00 -11311712.00 -1425664.00

-20056064.00 3590032,00 -11405312.00
-24743808.00 -19905408.00 -6692736.00-17159424.00
-37115712.00 -29858112.00 니0039104.00 -25739136.00
13402896.00 10782096.00 3625232.00 9294688.00
16158336.00 -4171904.00 -1148608.00 -24073120.00

•40208688.00 -32346288.00 -10875696.00 -27884064.00
171910400-3927776.00

obtains the form

53472.00 -12그21728.00
53472.00 -12221728.00 -3927776.00 1719104.00

-5347ZOO 122217 盅00 3927776.00 -1719104.00

ExtA/B =

-
0 0.00 0 0 0 0 0 0.00 0.00 0.00 3.98 0 0 0

ol

1 1 0.00 0 0 0 0 0 0.00 1.00 0.00 0.00 2 0 0 0
2 0 0.00 0 0 1 1 0 30.0 4.00 0.00 6.00 0 0 0 0
2 0 0.00 2 0 0 0 0 6.00 0.00 2.00 6.00 0 0 0 1
0 1 0.00 0 0 0 0 0 0.00 0.00 0.00 0.00 0 0 1 0
0 1 0.00 0 0 0 0 0 1.00 0.00 0.00 0.00 0 0 0 0
0 8 0.00 0 0 0 0 0 0.00 0.00 0.00 0.00 0 1 0 0
0 0 2.00 0 0 0 0 0 0.00 0.00 0.00 1.00 0 0 0 0
0 0 3.00 0 0 0 0 0 0.00 7.00 0.00 0.00 0 0 0 0
0 0 12.0 0 3 3 3 0 6.00 1.00 0.00 0.00 3 3 1 2
0 0 0.00 4 0 0 0 0 0.00 0.00 2.00 0.00 0 0 0 0
0 0 0.00 0 1 0 0 0 0.00 0.00 2.00 0.00 0 0 0 0
0 0 0.00 0 0 2 0 0 0.00 1.96 0.00 0.00 0 0 0 0
0 0 0.00 0 0 0 2 1 36.0 3.00 0.00 0.00 0 0 0 0
0 0 0.00 0 0 0 0 1 2.00 0.00 10.0 0.00 0 0 0 0
0 0 0.00 0 0 0 0 0 0.00 0.00 00.0 0.00 0 0 0 1

Required vectors y and x, according to (4.12) and

(4.13) are

j = (7 - (7 +G)u =

0.0710721984
0.1656824131
0.0679331915
0.7731845945
1.4913322357
0.5685775876
0.0710721984
1.0 간 10754간30

and X = A^By + (/- A+A)v =

3.0772746861
0.0710721984
0.3865922972
0.0339665957
0.1358663829
0.1623687648
1.1170850360
0.8214763117

Now immediately follows balanced equation in 

its conventional form

3.0772746861 KAu(CN^2+0.0710721984 AgRuAuTe8 

+ 0.3865922972 Fe(SO) + 0.0339665957 NSe + 

0.1358663829 WO + 0.1623687648 N^CQ + 

1.1170850360 HCQ + 0.8214763117 HCl = 

0.0710721984 成侦(二(耳凡)3]。2・6耳0 + 0.1656824131 

CHAuN^6OS + 0.0679331915 [WC^(NSeCl)]2 

+ 0.7731845945 ^8Fe(CN) + 1.4913322357 AuO 

+ 0.5685775876 TeQ + 0.0710721984 AgO + 

1.0210754230 NQ.

According to the definition 3. 6, extended matrix

The eigenvalues of the matrix [ExtAB + (Ext4；B)T]/ 

2 are “=28.656, ^=-24.826, ^=9.278, k4=-6.650, 

^=-6.847,人 6=5.301,人7=4.806, ^=3.495,為=-3.389, 

為 o=-2.805, 서1=1.297, Xn=-0.937, ^3=0.759, ^4=-0.312, 

人5=0.040, 서6=0.134.

The Lozinskii measures of ExtAjB given by (3.6) 

with respect to the three common norms (3.5) are

(ExtA；B) = max (4.98, 5, 44, 19, 2, 2, 9, 3, 10, 

37, 6, 3, 3.96, 42, 13, 1) = 44,

队(ExtAB) = max (6, 11, 17, 6, 4, 6, 6, 2, 81, 17.96, 

16, 16.98, 5, 4, 2, 4) = 81,

卩 2{[ExtA；B + (Ext4；B)T]/2} = 28.656.

Since ^2 {[ExtAjB + (Ext4；B)T]/2} > 0, accord

ing to the definition 4. 5 the chemical equation (5.4) 

is unstable.

Example 5. 5. Also, we balanced this very inter

esting chemical equation

20666316 C6<H39C^Cu^27Q9S+5103865732 C^HA^ 

MnQP+1457092800 q4H4QS^Ti+1457092800 

Q4H4FeBrClQ+711775332 ^^00^^?^+10333158 

A^CoNQv+7117753320 ClF+9670698616 HNQ 

+ 2152394100 H2O+146703788 SQ=4371278400 

^H4BiN2QP+1423550664 C^HFN^2Pt+2967406141 

C44H44QO+20666316 CuCoQ+41624000 As^NPS’ 

+5103865732 MnQ+4371278400 SiQ+1457092800 

TiFeC^7+5103865732 AuQ+711775332 O^Q.

(5.5)

According to the definition 3. 6, extended matrix
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obtains the form tion 3.5 has the form

Ext"=

69 44 44 44 44 o o 0 0 0 44 44 44 0 0.000 0 0 0.00 0 0
39 34 44 34 32 0 0 1 2 0 34 32 44 0 0.000 0 0 0.00 0 0

0 0 0 3 0 00000 1 0 0 0 0.000 0 0 0.00 0 0
27 0 0 0 0 2 0 1 00 2 1 00 2.000 0 0 0.00 0 0
19 3 3 5 8 1703 1 2 2 0 10 4 0.000 2 2 0.00 1 3
0 2 0 0 2 00000 2 2 00 1.000 0 0 0.00 0 0
0 0 0 0 0 0 1 000 0 5 00 0.000 0 0 0.00 0 0
0 0 0 0 2 00000 0 1 0 0 0.000 0 0 0.00 0 0
1 0 0 0 0 00000 0 0 0 1 0.000 0 0 0.00 0 0
0 0 0 0 0 20000 0 0 0 1 0.000 0 0 0.00 0 0
0 0 0 0 0 80000 0 0 0 0 1.986 0 0 0.00 0 0
7 0 0 0 0 0000 1 0 0 0 0 7.000 0 0 0.00 0 0
0 10 0 0 00000 0 0 00 0.000 1 0 0.00 0 0
0 0 3 0 0 00000 0 0 00 0.000 0 1 0.00 0 0
0 0 10 0 00000 0 0 0 0 0.000 0 0 1.00 0 0
0 0 0 1 0 00000 0 0 0 0 0.000 0 0 1.00 0 0
6 0 0 1 0 0 1 000 0 0 00 0.000 0 0 5.97 0 0
0 2 0 0 0 00000 0 0 0 0 0.000 0 0 0.00 2 0
0 0 0 0 2 00000 0 0 0 0 0.000 0 0 0.00 0 2
0 0 0 0 0 00000 0 0 0 0 0.000 0 0 0.00 0 1

69 44 0 6 3 0 0 0 1 0 1 69 44 0 2 0 0 0 0 0
66 32 0 0 0 0 0 0 0 0 0 63 32 0 0 0 0 0 0 2

3 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0

16 6 0 6 0 1 3 2 0 5 2 13 0 24 0 1 1 3 3 0
0 2 0 0 3 0 0 0 1 0 0 0 4 0 2 0 0 0 0 0
0 2 0 0 0 0 0 0 0 2 0 0 0 4 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1.99 0 0
0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 2 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0
0 0 0 6 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 6.96 0 0 0 0 0 0
0 0 0 0 0 0 2 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 2 0 0 0 0 0 0 0

The eigenvalues of the matrix [ExtA|B + (Ext4；B)T]/ 

2 are 為=143.364, \=-41.450,為=14.630, ^=-11.150, 

底=11.154,為=-6.730,為=4.060,為=-3.424,為=-3.357, 

서0=3.432, 서i=-2.112, 為2=2.481, ^3=1.348, ^4=1.453, 

為5=0.544, 서]6=-0.614, 서7=-0.575, 서8=-0.137, 서]9=0.090, 

서 或=-0.006.

The Lozinskii measures of ExtAjB given by (3.6) 

with respect to the three common norms (3.5) are

卩8(Ext4；B) = max (377, 296, 4, 35, 85, 9, 6, 3, 2, 

3, 9.986, 15, 2, 4, 2, 2, 13.97, 4, 4, 1) = 377,

队(Ext£B) = max (168, 86, 95, 88, 90, 29, 2, 5, 

3, 3, 85, 85, 98, 6, 11.986, 3, 3, 7.97, 3, 6) = 168,

卩 2{[Ext4；B + (ExtA；B)T]/2} = 143.364.

Since ^2 {[ExtA|B+(ExtA|B)T]/2}>0, according to 

the definition 4. 5 the chemical equation (5.5) is 

unstable.

Example 5. 6. An other chemical equation which 

we balanced is the equation

103213240 C69HAsBQ6+5108088 CH2NQ^2Rh+ 

21220962 AgAuRuTlTe9+8776350 Fe(SCOX+ 

17552700 La(CN)+61083396 CaO+4388175 S^O+ 

17552700 SiO+20432352 ISCN+12444612 PO+ 

141449244 CQ=103213240 C69H3AsBQ3+10216176 

Q4HINRh+8776350 Ca56FeLaPS^SiO24+21220962 

Au(CN)2+21220962 AgO+10610481 Ru2O+10663800 

Tl] 99ᄋ+190988658 Te0+73090452 HS. (5.6)

The reaction matrix A\B, according to the defini

The eigenvalues of the matrix [A；B+(A；B)T]/2 are 

為=131.840, ^=-24.264, ^=15.402, ^=-13.779,為 

=-8.097, 서 6=4.189, 서7=3.564, ^=-3.485, ^=-2.396, 

為o=1.459,為[=-1.347,為2=-1.023,為3=0.923,為4= 

0.748, 서5=0.449, 서6=-0.722, 為7=-0.513, 서 8=0.116, X19 

=0.011, 서 2o=-0.075.

The Lozinski i measures of A\B with respect to the 

three common norms are

卩 8 (A；B) = max (239, 195, 6, 8, 86, 12, 8, 3, 2, 2, 

3, 2.99, 10, 4, 8, 3, 7.96, 3, 3, 3) = 239,

队(A；B) = max (158, 88, 13, 20, 7, 2, 5, 3, 4, 7, 3, 

152, 83, 41.96, 5, 2, 3, 4.99, 4, 3) =158,

队{[A；B + (A；B)t]/2} = 131.840.

Because ^ {[A|B+(A|B)T]/2} >0, that means that 

the chemical equation (5. 6) is unstable.

Example 5. 7. It will be benefit for us if we bal

ance some little bit bigger chemical equation, for 

instance like this

76152 Q5H2MgNO+9528 [PtC^(NSeCl)L+ 

1574253 HN0+ 1248508 RuPQ + 624290 NiCl2 

+ 761917 (NH^POjUMoQ + 548066 PdC^ + 

19056 AgCsCK + 9528 C^P^O + 19056 KFe(CN)6 

+ 14292 CrI3 + 14292 BeSiQ + 6352 BiAt + 624290 

Mg(SCO)4 + 624290 {[P(C,H)LAgL = 6352 Bi + 

624290 Ni(SCO)4-{[P(C^5)]Ag} + 14292 BeCSiCrKO7 

+ 42876 K(CN) + 9143004 MoQ + 700442 RuMg(CN)6 

+ 548066 RuPdCk + 2010425 H3PO4 + 19056 AtCs2 

PbKPtAgFeCli5 + 4800 NS^)7 + 5084463 HO.
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(5. 7)

According to the definition 3.6, extended matrix 

obtains the form

Ext"=

55 0000 000060004 72 0 76 120600 0 0.00 0
72 0100 12 00000000 60 0 60 000003 0 0.00 2

1 0000 000000001 00 0000100 0 0.00 0
4 2 100 300060000 00 0020600 0 2.00 0
5 03404000400304 00 4703004 0 2.00 1
0 2000 000000000 00 0000000 1 0.00 0
0 10002 042000000 00 00 0 006 0 15 0.000
0 2000 000000000 00 0000000 0 3.97 0
0 00 10 000000000 00 0000110 0 0.00 0
0 00 10 100000000 40 4000001 0 0.00 0
0 000 1 000000000 00 1000000 0 0.00 0
0 0000 12 00000000 00 0001000 0 0.00 0
0 0000 010000000 00 0000010 0 0.00 0
0 0000 001000000 20 2000000 1 0.00 0
0 0000 001200000 00 0000000 2 0.00 0
0 0000 000200000 00 0000000 1 0.00 0
0 0000 000040000 00 0 1 1 0000 1 0.00 0
0 0000 000010000 00 0000000 1 0.00 0
0 0000 000001000 00 0100000 0 0.00 0
0 0000 000003000 00 0010000 0 0.00 0
0 0000 000000100 00 0100000 0 0.00 0
0 0000 000000100 00 0100000 0 0.00 0
0 0000 000000010 0 1 0000000 0 0.00 0
0 0000 000000030 00 0000000 1 0.00 0
0 0000 000000004 00 4000000 0 0.00 0
0 0000 000000000 00 0000000 0 0.00 1

The eigenvalues of the matrix [Ext4；B+(Ext4B)T]/ 

2 are 서=112.534, 為=-45.894, 為=22.466, ^,=-22.572, 

^=-11.987, 서6=11.234, ^=-5.757, ^=-5.367, 서二 

5.011, 서o=3.199, 서i=-2.849, 서2=2010, 서3=1.948, 

서]4=-1.549, 서]5=1571, 서6=1.269, 서]7=1.042, 서8=-1.070, 

서9=0.814, 서 o=0.614, ^!=-0.809, 서 2=0.516, ^3=-0.398, 

서24=0.154, 서25=-0.091, 서26=0.012.

The Lozinskii measures of ExtAjB given by (3.6) 

with respect to the three common norms (3.5) are

卩JExtAB) = max (222, 210, 3, 26, 84, 3, 39, 5.97, 3, 

11, 2, 13, 2, 6, 5, 3, 7, 2, 2, 4, 2, 2, 2, 4, 8, 1) = 222,

卩 i(ExtA；B) = max (137, 16, 5, 6, 3, 68, 5, 4, 8, 

17, 4, 5, 4, 13, 138, 1, 151, 12, 6, 4, 14, 8, 8, 23, 

7.97, 4) = 151,

卩 2{[ExtA；B + (ExtA；B)T]/2} = 112.534.

Since ^2 {[ExtA|B+(ExtA|B)T]/2}>0, according to 

the definition 4. 5 the chemical equation (5.7) is 

unstable.

Example 5. 8. Also we balanced this chemical 

equation

1044 (N^3)[P(MoOo)L + 4356 LaHgTlZrS + 

10048 AgRuAuTe8+8776 CHAuN^OS + 252000 

KAu(CN)2 + 31500 MgFe^SO} + 5024 PbCQ +

22550 Sn(AsO) + 67650 BeSiQ + 67650 CuCsCl3 

+ 10947 N2SiSe + 248050 CaAlE, + 22550 BiA^ + 

32841 WO + 140336 HC(O + 145556 HCl= 67650 

CaBeAsSAtCsF|3 + 10048 [Ru(Q0HN)]C^-6HO 

+ 32841 [WC^(NSeCl)^ + 12528 (NH^MoQ + 63000 

KFe(CN)(, + 2512 N^C^O + 31500 MgSO + 4356 

LaTlS + 4176 N^PO + 5024 AgPbO + 67650 SnSO4 

+ 180400。定 + 2200 H^8S + 4356 ZiQ + 33825 

CuQ + 124025 ALO + 11275 B^O + 78597 SiO2 

+ 135412 AuO + 80384 Te0. (5.8)

Also, the above equation is unstable.

Example 5. 9. This balanced chemical equation

17592 (N^3X[P(MoOo)L + 339756 PrHgTlZrS6 

+ 675522 InZnCeCl” + 189456 AgRuAuO^ + 

152916 C4HAuL^OS + 5714424 心侦顷 + 714303 

MgMnJSQ) + 94728 PbCrQ + 558068 S^(WO4) + 

1674204 BeSiQ + 1674204 CuCsC，+ 337761 N2SiSe + 

6138748 CaAlE + 558068 Bi& + 1013283 Te2O 

+ 2214804 HCO + 3462564 HClO = 1674204 

CaBeWSAtCsF|3 + 189456 Ru(C0HN)C^H2O6 

+ 1013283 TeRLJNSelnCL) + 211104 (NH^MoOq 

+ 1428606 KMn(CN)6 + 675522 CeC，+ 47364 

L^C^O + 714303 MgSO + 339756 PrTlS + 

70368 L^PO + 94728 AgPbO + 1674204 SnSO4 

+ 4464544 CaF + 169878 HgS + 339756 ZrO + 

837102 CuQ + 3069374 Alq + 293720 Biq + 

2011965 SiO + 3028398 AuQ + 1515648 OsO + 

675522 ZnO, (5.9)

is unstable too.

3° Next, we will consider the case when the 

chemical reaction is non-unique, i. e., when the nul

lity of its reaction matrix is bigger than one.

Example 5. 10. Last considered equation in this 

work will be this equation

x NH4CKO4 + x HNO3 + x HCl = y HClO + y 

NOCl + y NO + y NO + y HO + y Cl〃 (5.10)

From (5. 10) follows this system of linear equa

tions

x + x = y + 2y + 2y,

2008, Vol. 52, No. 3



236 Ice B. Risteski

4x + x + x = y + 2y, 

x + x = y + y + 2y, 

4x + 3x = 4y + y + y + 3y + y.

The general solution of the above system is

y = 4x + x + x - 2y, y = - 3x - x + 2y - 2y, 

y = 15x /2 + 3x/2 + 2x - 4y + y/2, 

y = - 11x /2 - x/2 - 2x + 3y + y/2.

where x, x, x, y and y are arbitrary real numbers.

Now, the balanced equation has a form

x NH4ClO4 + x HNQ + x HCl = (4x + x + x - 

2y) HClQ + (- 3x - x + 2y - 2y) NOCl + (15x/2 

+ 3x/2 + 2x - 4y + y/2) NO + (- 11x /2 - x2/2 - 2x 

+ 3y + y/2) NQ + y HO + y Cl”

where x, &, x, y and y are arbitrary real numbers.

A particular case of equation (5. 10) for y = 0 is solved 

in8, but there the author balanced this equation 

on completely different way by using of non

singular matrix method. So, it is the mathematical 

consideration of this equation, but for chemical pur

poses stoichiometric coefficients must be unique.

Now, if we employ here offered method we 

obtain that only possible chemical equation is this 

equation

30 NH4ClO4 + 2 NOCl + 12 Cl? = 11 HClQ + 

6 NO + 5 NO + 10 HNO + 45 HCl + 27 HO, 

which actually is a particular case of the chemical 

equation (5.10) for x=1, x ^1/3, x=-3/2, y=9/10 

and y=-2/5.

Also, in the article78, is balanced a particular case 

for x =34, x=36, x=8, and y=y=0.

6. CONCLUSION

The practical power of the matrix procedure as 

the most general tool for balancing chemical equa

tions is demonstrable. By this method are balanced 

completely new classes of chemical equations with 

atoms, which have fractional oxidation numbers. 

Research shown that employed pseudoinverse 

matrix method founded on virtue of the solution of 

the Diophantine matrix equation works perfectly 

for the all chemical equations.

Actually, this method is unique method both in 

mathematics and chemistry, which generalize to 

date the all known methods and particular tech

niques for balancing chemical equations cited in the 

bibliography given below. In other words speaking, 

the mathematical method given here is applicable 

for the all possible cases for balancing chemical 

equations, does not matter what kind of atoms they 

possess - fractional or integer oxidation numbers. 

Also, this method determine and r + s - p linear 

independent solutions when k 느 1, i.e., when the 

reaction is feasible and is non-unique. This is the 

main advantage of the method in relation of other 

known particular methods and techniques.

For all considered chemical equations which 

have a unique solution is made stability analysis, 

and as shown results all of them are unstable. This 

stability analysis is founded on virtue of the Lozin- 

ski measures of extended matrix.
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