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WEAK AND STRONG CONVERGENCE OF MANN’S-TYPE
ITERATIONS FOR A COUNTABLE FAMILY OF
NONEXPANSIVE MAPPINGS

YISHENG SONG AND RUDONG CHEN

ABSTRACT. Let K be a nonempty closed convex subset of a Banach space
E. Suppose {Tn} (n = 1,2,...) is a uniformly asymptotically regular se-
quence of nonexpansive mappings from K to K such that (oey F(Tn) #
0. For zo € K, define Tn41 = Mpy1Zn + (1 — Ant1)Tnt1Zn,n > 0. If
An C [0,1] satisfies limp—oo An, = 0, we proved that {z,} weakly con-
verges to some z € F as n - oo in the framework of reflexive Banach
space E which satisfies the Opial’s condition or has Fréchet differentiable
norm or its dual E* has the Kadec-Klee property. We also obtain that
{zn} strongly converges to some z € F in Banach space E if K is a com-
pact subset of E or there exists one map T € {Th;n = 1,2,...} satisfy
some compact conditions such as T is semicompact or satisfy Condition A
or limyp—co d(zn, F(T)) = 0 and so on.

1. Introduction

Let K be a nonempty closed convex subset of a Banach space E. A mapping
T : K — K is nonexpansive if |Tz — Ty|| < ||z —y|| Vz,y € K. Mann {7
introduced the following iteration for 7" in a Hilbert space:

(1.1) Tot1 = An&n + (1 — X)) Ty, n>0,

where {A,} is a sequence in [0,1]. Lately, Reich [9] studied this iteration in
a uniformly convex Banach space with a Fréchet differentiable norm, and ob-
tained that if T" has a fixed point and ¥, o An(1—A,) = oo, then the sequence
{zn} converges weakly to a fixed point of 7. Shimizu and Takabhashi [11] also
introduced the following iteration procedure to approximate a common fixed
points of finite family {Th;n = 1,2,..., N} of nonexpansive self-mappings: for
any fixed u,zg € K,

(12) Tpp1 = Appid + (1 — )\n+1)Tn—§—1In; n > 0.
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Motivated by Shimizu and Takahashi [11], various iteration procedures for
families of mappings have been studied by many authors. For instance, see
[6, 8, 1, 5. In particular, Jung [6] and O’Hara et al. [8] studied iteration
scheme (1.2} for the family of nonexpansive self-mappings {T,;n € N} and
proved several strong convergence theorems.

Motivated by Jung [6] and O’Hara et al. [8], we consider the following
Mann’s type iterative scheme: for a countable family of nonexpansive self-
mappings {T;n € N} and any fixed zg € K,

(13) Tn+1 = >\n+1$n + (1 - /\n+1)Tn+1xn7 n > 0.
In this paper, we prove several weak and strong convergence results by us-

ing a new conception of a uniformly asymptotically regular sequence {T},} of
nonexpansive mappings. Our results is new also even if in a Hilbert space.

2. Preliminaries

Throughout this paper, it is assumed that E is a real Banach space with
norm ||-|| and J denotes the normalized duality mapping from E into 2&" given
by

J(@) ={f € E*\(z,f) = =l IfIl, Izl = I fI},V = € E,

where E* denotes the dual space of FE and (-, ) denotes the generalized duality
pairing. In the sequel, we shall denote the single-valued duality mapping by 7,
and denote F(T) = {z € E;Tz = z}. When {z,} is a sequence in E, then
T, — z (respectively z, — z, x,, = z) will denote strong (respectively weak,
weak*) convergence of the sequence {z,} to z.

The norm of a Banach space E is said Fréchet differentiable if, for any
z € S(E), the unit sphere of E, the limit

ety o]
t—0 t
exists uniformly for y € S(E). In this case, we have
Izl|” +2(h, J(z)) < llz + hl|® < [|2]|* + 2(R, J(x)) + g(||R]})
forall z, h € F, where g(:) is a function defined on [0, 00) such that lim;_,o &2 =
0 ([15)).
A Banach space E is said (i} strictly convez if |z|| = |y|| = 1, = #

y implies M < 1; (ii) wniformly conver if for all € € [0,2], 3. > 0 such
that

gt) _
t

flzll = lyl =1 implies M < 1— 6, whenever ||z —y| > e.
It is well known that a uniformly convex Banach space FE is reflexive and strictly
convex [14, Theorem 4.1.6, 4.1.2].
In uniform convex Banach space, Reich [9] proved the following result which
also is found in Tan and Xu [15, Lemma 4, Theorem 1].
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Lemma 2.1 (Reich [9, Proposition]). Let C be a closed convex subset of a uni-
form convex Banach space E, and let {T,,;n > 1} be a sequence of nonexpansive
self-mappings of C with F = (o F(Tn) # 0. If 21 € C and zpq1 = Tpzp for
n > 1, then for all f1,fo € F and t € {0,1),

(1) limn_,gO tzn — (1 —t) f1 — fo]| emists;

(ii) If the norm of E is also Fréchet differentiable, then lim, oo (Tpn, 1(f1 —
J2)) emists.

The following Lemma can be found in [16, Theorem 2].

Lemma 2.2, Let ¢ > 1 and r > 0 be two fized real numbers. Then a Ba-
nach space is uniformly convex if and only if there exists a continuous strictly
increasing conver function g : [0, 4+00) — [0, +00) with g(0) = 0 such that

Az + (1= Myl < Mz + (1 = Xllyl? — we(Ng(llz —ylI)
for all z,y € B-(0) = {x € E;|lz|| <7} and X € [0,1], where wy(X) = N(1 —
A+ A(L = A,

Note that the inequality in Lemma 2.2 is known as Xu’s inequality.

Now, we introduce the concept of asymptotically regular sequence of map-
pings and uniformly asymptotically regular sequence of mappings, respectively.
Let C be a nonempty closed convex subset, of a Banach space E, and T, : C —
C, n > 1, then the mapping sequence {T,} is said asymptotically regular (in
short, a.r.) if for all m > 1,

im T (Thez) —Thz| =0, Vel

n—0oc
The mapping sequence {T7,} is said uniformly asymptotically regular (in short,
waxr.) on Cif for all m > 1,

lim bup T (Thx) — Tzl = 0.

=R peC
The following lemma was proved by Bruck in [3, 4].

Lemma 2.3 (Bruck [4]). Let C be a nonempty bounded closed convex subset
of a uniformly convez Banach space E and T : C — C' be nonezpansive. For
each € C, if we define Tz = L Z?:Ol Tix, then

lim sup | Tho ~ T{(Thz))| = 0.

n——')OO
Lemma 2.3 has been extended to a pair of mappings (11, Lemma 1].

Lemma 2.4 (Shimizu and Takahashi [11, Lemma 1]). Let C' be a nonempty
bounded closed convex subset of a Hilbert space H and T,S : C — C be two
nonezpansive mappings such that ST =TS8. For each x € C, if we define

Thr = oy 1) Z Z SvT?

=0 i+ =k
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then
lim sup [|Thz — T(Thx)ll =0 and lim sup | Tz — S(Thz)|| = 0.
c c

n—oo € n—oo =

It is easily seen that the mapping sequence {7} appeared in Lemma 2.4
and in Lemma 2.3 is u.a.r.. For more detail, see Refs. [12, 13, Examples].

Let K be a closed subset of a Banach space E. A mapping T': K —
K is said semicompact, if for any bounded sequence {z,} in K such that
[|zrn — Txxn|| — 0 (n — 00), there exists a subsequence {zn,} C {zn} such that
Tn, = 2 € K (i — 00).

A Banach space E satisfies Opial’s condition if for any sequence {z,} in E,
zp, — z (n — 00) implies

limsup ||z, — z|| < limsup ||z, — y||, Yy € E with = # .
n—oo n-—00

A Banach space E have the Kadec-Klee property if every sequence {z,} in
E,as n — oo, z, — x and ||z,|| — ||z|| together imply z, — z. We know
that dual of reflexive Banach spaces with Fréchet differentiable norms have the
Kadec-Klee property (see [5]). But there exist uniformly convex Banach spaces
which have neither a Fréchet differentiable norms nor the Opial property but
their dual have the Kadec-Klee property [5, Example 3.1].

In the sequel, we also need the following lemmas.

Lemma 2.5 (Browder [2]). Let C be a nonempty bounded closed conver subset
of a uniformly conver Banach space E. Suppose T : C — E is nonezpansive.
Then the mapping I — T is demiclosed at zero, i.e.,

Ty =%,y — Txy, — 0 implies z=Tx.

Lemma 2.6 ([5, Lemma 3.2]). Lei E be a uniformly convex Banach space
such that its dual E* has the Kadec-Klee property. Suppose {x,}is a bounded
sequence in E and f1, fa € wy (), where wy,(xy,) denotes the weak limit set of
{zn}. Iflimp_oo fltxn + (1 — t) f1 — fal exists for all ¢t € [0,1], then fi1 = fo.

3. Main results

At first, we will show the approximating fixed point of a uniformly asymptot-
ically regular sequence for nonexpansive self-mappings defined on a nonempty
closed convex subset K of Banach space E.

Theorem 3.1. Let K be a nonempty closed convexr subset of Banach space
E, and {T,} (n = 1,2,...) is uniformly asymptotically regular sequence of
nonexpansive mappings from K to K such that F = (o, F(T) # 0. For
zo € K, define

Tn41 = Ant1Tn + (1 - /\n+1)Tn+1In, n > 0.

An C [0,1] and for any given p € F, then
(1) imp— o0 [|@n — p|| ezists and {z,} is bounded;
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(ii) If limy, w0 A = 0, then for any fized m > 1,

lim [lzy, — Tz = 0;
k{Rande o)

(i) If E is uniformly convex and M, € [a,b] (0 < a < b < 1), then for any
fized m > 1,

nll{l;o en — Tnznl = 0.
Proof. (i) Take p € F, we have
lzn+1 =2l = Ans1(@n = p) + (1 = Aoy 1) (Tns1zn — PN
< Angrll@n = plf + (1 = Ay D) Tp12n -l
< |z —pll

< jlzo = pl.-

Therefore, {||z, — p||} is non-increasing and bounded below, and that (i) is
proved.

(ii) Since {@n} is bounded by (i), then we get the boundedness of {T},+12n}
from

[Tn12nll < [ Tnsrzn — pll + [Ip] < lzn — pll + [Ipll-
Using the condition lim,_.oc An, = 0, we obtain that
(31) Hwn%«l - T.vz+lxn|| = }‘n+1¥§xn d n+1$n|| -0 (ﬂ, - OO)

As {T,} (n =1,2,...) is uniformly asymptotically regular sequence of nonex-
pansive mapping, then for all m > 1,

(3.2) nliml (T (Trs12n) = Tnerza| < lim sup T (T 1) = Ty 1zl = 0,
hade ¥l T OO reC

where ' is any bounded subset of K containing {z,}. Thus,
IZnt1 = Tn@nt1 |l < @01 ~ To1@nll + | T 120 ~ T (Tosr )|
+ | Ton(Trs1%0) ~ TrnTntr |
< 2H$n+l - Tn+1$n“ + HTTHrlxn - Tm{Tn+1xn)”-
By (3.1) and (3.2}, we have
n11_r)1;10 lzn — Thnznll = 0.

(iii) As E is uniformly convex and {z,} is bounded, by Lemma 2.2, we take
g=2andr > sup,cyllza],

Zn+1 = p“z = [[Ant1(@n = p) + (1 = A1) (T 1 %0 — ZD)H‘2
< Anpallzn —pl* + (1= Ay ) Tns 170 —pl?
= A1 (1= Mg )g(llen — Tnrzall)
< lwn — plf® - Ant1(1 = Ans1)g(|n = T @al])-
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Hence, we get
a(l - b)g(“zw{& - 'n+133n“) < Apga (1 — ’\n+1)g(f‘$n - 'n,+133‘n“)
< lzn = pl)* ~ J&nss —pl*
By (i) limp—oo [|zn — p|| exists, we have
a(l = b)g(l|zn — Tnt12xl)) = 0 (n — o).
Since g : [0, +00) — [0, +00) is a continuous strictly increasing convex function
such that g(0) = 0, then
(3.3) Jim[|lzn = Topaznl| = 0.
Consequently, for all m > 1
Nzn — Tin@all < |Zn — Tota1Zal| + 1 Tns 120 — Tin(Tn1z0)||
+ [ Tn{Tnt1Z0) ~ T
< 2lzn = Top1@all + [Tnt1%n — T (Tngr20) |-
Combining (3.3) and (3.2), we have

nlin;@ lzn — Tmanll = 0.

The proof is complete. g

Theorem 3.2. Let E be a reflexive Banach space which satisfies Opial’s con-
dition, and K be a nonempty closed convex subset of E. Suppose {T,,} (n =
1,2,...) is a uniformly asymptotically reqular sequence of nonexpansive map-
pings from K to K such that F := (., F(T,) # 0. For zg € K define

Tyl = )\n+1$n -+ (1 — )\n+1)Tn+1$€n, n > 0.

If An C [0,1] such that lim, 0o Ap, = 0, then as n — oo, {x,} weakly converges
to some common fized point x* of {T,}.

Proof. By Theorem 3.1 (i) and (ii), we have {z,} is bounded and for any fixed
m21,
lim ||z, — Tmzall = 0.

n—oo
We may assume that there exists a subsequence {x,, } of {x,} such that z,, —
x* by the reflexivity of E and the boundedness of {z,}. We claim that z* =
Trz*. Indeed, suppose z* # Tp,z*, from E satisfying the Opial’s condition,
we obtain that
limsup ||z, — z*|| <limsup ||z,, — Tmz”||
K00 )

lim sup(||zn, — mLny, I+ I{Tmznk - Tmf’)*”)

k—oo

IA

< limsup flzn, — z*|.
k—oo
This is a contradiction, therefore z* = T,,z*. Since m > 1 is arbitrary, then
z* € F.
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Now we prove {x,} converges weakly to z*. Suppose that {z,} doesn’t
converge weakly to z*. Then there exists another subsequence {zy,} of {zn}
which weakly converges to some y # z*, y € K. We also have y € F. Because
My, oo ||2n — p| exists for all p € F and E satisfies the Opial’s condition, thus

Jim e, =t = lim flze, -2t < b fen, -yl
= lim {lzg, -yl < lim |z, — 27
j—o00 j—oo

= lim |z, —"|.

TLr X
Which is a contradiction, we must have ¥ = x*. Hence, {z,} converges weakly
to * € F'. The proof is complete. (]

Using the same methods as Theorem 3.2, we can easily obtain the following
theorem.

Theorem 3.3. Let E be a uniformly conver Banach space which satisfies the
Opial’s condition, and K be a nonempty closed convexr subset of E. Suppose
{T.} (n = 1,2,...) is a uniformly asymptotically regular sequence of nonex-
pansiwe mappings from K to K with F = (.o F(T,,) # 0. For zp € K
define
Il = )\n+1$n + (1 - /\n+1)Tn+137n7 n > Q.

If Ap € [0,1] such that limy, oo A, = 0 or Ay, € [a,b] (0 < a < b< 1), then as
n — 00, {x,} weakly converges to some common fized point * of {T),}.

Theorem 3.4. Let E be a uniformly conver Banach space with a Fréchet dif-
ferentiable norm, and K be a nonempty closed conver subset of E. Suppose
{T.} (n = 1,2,...) is o uniformly asymptotically reqular sequence of nonez-
pansive mappings from K to K such that F = ﬂnoozl F(T,) # 0. Forzp € K
define
Tntt = Aps1®pn + (1= Ay 1) Tn12n, n2>0.

If Ap € [0,1] such that imy, oo Ap, =0 or Ay € [a,0] (0 < a < b < 1), then as
n — o0, {x,} weakly converges to some common fized point ©* of {T,}.

Proof. Theorem 3.1 guarantees {x,} is bounded and for any fixed m > 1,
lim |2y = Tmznl = 0.
n—oo

Since E is reflexive, there exists a subsequence {z, } of {x, } converging weakly
to some z* € K and img o0 |2n, — Tn@n, || = 0. By Lemma 2.5, we have
z* € F(T},). Since m > 1 is arbitrary, then z* € F.

Now we prove {x,} converges weakly to z*. Suppose that {z,} doesn’t
converge weakly to z*. Then there exists another subsequence {xy,} of {zn}
which weakly converges to some y € K. We also have y € F'. Next we show
¥ =y

Set A, = Aup1l + (1 — Apo1)Thy1,m > 0, then it is clear that {A4,} is
a sequence of nonexpansive self-mappings of K with F = (2 F(4n) =
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Mowy F(T) # 0 and zp41 = Apz,. Therefore, Lemma 2.1(ii) assures that
Iimy, 00 {5, J{(@* — y)) exists. Hence, we have

Jim (2, j(z" — g)) = Jim (2, 5(o" ~y) = (2", 5@ ~ ),
and
Jim (@, 32~ 9)) = Jim {zn,, 5" = 9)) = (,5(2" = ).
Consequently,
(x*,j(:c* —y)> = (y,j(z* - y)>7
that is |lz* — y|| = 0. We must have y = z*. Thus {z,} converges weakly to
z* € F. The proof is complete. |

Theorem 3.5. Let E be a uniformly convex Banach space and its dual E*
have the Kadec-Klee property, and K be a nonempty closed convexr subset of
E. Suppose {T,} (n=1,2,...) is a uniformly asymptotically reqular sequence
of nonezpansive mappings from K to K such that F := (oo, F(T,) # 0. For
xg € K define

Trt1 = Ap41Zn + (1 — Apt1)Tnt12n, n>0.

If A\n € [0,1] such that limy o0 An = 0 or Xy, € [a,b] (0 < a < b< 1), then as
n — 00, {xn} weakly converges to some common fized point z* of {1}

Proof. As in the proof of Theorem 3.3, we can reach the following objectives:
(1) there exists a subsequence {z,} of {z,} converging weakly to some
z* € F,
(2) the nonexpansive self-mappings sequence {A,} satisfies the conditions
of Lemma 2.1.
Now we prove {z,} converges weakly to x*. Suppose that {x,} doesn’t con-
verge weakly to z*. Then there exists another subsequence {zy, } of {z,} which
weakly converges to some y € K. We also have y € F. Next we show z* = y.
In fact, from Lemma 2.1(i), we have lim, o ||tZn — (1 — t)z* — y|| exists.
Using Lemma 2.6 we obtain y = z*. Thus {z, } converges weakly toz* € F. [J

Corollary 3.68. Let A\, € [0,1] satisfy limp 0 An =0 or A, €{a,b] (0<a<

b < 1). Suppose K is a nonempty closed conver subset of a Banach space E,
and let S,T : K — K be nonerpansive mappings with fized points.

(a) Set Tz = %Z;:S Tiz and v € K, for 2o € K and u € K define
Tn+1 = )\n+1xn + (1 - )\n+1)Tn+1$n; n Z 0.
If E is uniformly convez Banach space which satisfies the Opial’s condition or

has Fréchet differentiable norm or its dual E* have the Kadec-Kiee property.
Then as n — oo, {z,} weakly converges to some fized point z* of T'.

(b) Set T,z = ;(f?)—zz;é irjer STz forn > 1 and z € K. For
zp € K and u € K define

Tyt = An—{-lmn -+ (1 - An+1)Tn+1(L‘n, n > 0.
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Suppose that ST =TS and F(T)F(S) # 0, and E a Hilbert space. Then as
n ~ 00, {z,} weakly converges to some common fized point &* of T and S.

Proof. In case (a), take w € F(T") and define a subset D of K by
D={zeK:|z—wl|<r}

where r = ||w — zg||. Then D is a nonempty closed bounded convex subset of
K and T'(D) ¢ D and {zn}, {Tht12n} € D. Also Lemma 2.4 implies
(3.4) lim sup [Tz — T{Tnx)|| =0,

NS zeD
and {7}, } is an uniformly asymptotically regular sequence of nonexpansive map-
pings on D (see example in Preliminaries or Refs. (12, 13, Example]). It is
clear that F(T) = (oo, F(Ty) (using (3.4) and T, = %E;:é T7). Conse-
quently, using the same proof as Theorem 3.2, Theorem 3.3, and Theorem 3.4,
we can obtain that {z,} weakly converges to z* € P,y C F(T), where
Fp(T)={xeD: Tz =uz}.

As for case (b). Let w € F(T)(F(S), using a similar argument to that
of case (a) we find a nonempty closed bounded convex subset D of K and
T{(D) ¢ D and 5(D) C D. Also Lemma 2.5 implies
(3.5) lim sup ||Tz — T(Tpz)|| = 0 and lim sup ||Tz — S(Thz)| = 0.
aud {T,} is a uniformly asymptotically regular sequence of nonexpansive map-
pings on D (see example in Preliminaries or Refs. [12, 13, Example]). It is clear
that F(T) N F(S) = Moz, F(T») (using (3.5) and T = 25 S ik ST,
The reminder of the proof is the same as case (a}, we can easily get the results.
We omit it. O

Theorem 3.7. Let K be a nonempty compact convex subset of Banach space
E. Suppose {T,} (n=1,2,...) is a uniformly esymptotically reqular sequence
of nonezpansive mappings from K to K such that F .= (\,_, F(T) # 0. For
xp € K define

Tnt+1 = Ang1Tn + (1 - /\n—{»l)Tn%—lxn, n > 0.

(i) If A\ C [0,1] such that lim,_ 00 Ap, = 0, then as n — oo, {zn} strongly
converges to some common fired point z of {T,}.

(i) If E is uniformly convex and Ay, € [a,b] (0 < a < b < 1), then asn — o0,
{zy} strongly converges to some common fized point z of {Tn}.

Proof. (i) By Theorem 3.1(i) and the compactness of K, we see that {z,}
admits a strongly convergent subsequence {z,, } whose limit we shall denote
by z. Then, again by Theorem 3.1(ii), we have z € F(T,) (vm € N). Since m
is arbitrary, then z € F. AsVp € F, lim,,_,o ||z, —p|| exists by Theorem 3.1(i),
z is actually the strong limit of the sequence {z,} itself.

(i) Using the same method as (1), we can easily obtain the result, so we
omit it. O
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From the proof of Theorem 3.7, we can get the following corollary.

Corollary 3.8. Let K be a nonempty closed convex subset of Banach space
E. Suppose {T,} (n=1,2,...) is a uniformly asymptotically reqular sequence
of nonezpansive mappings from K to K such that F := (o, F(T,,) # 0. For
To € K define

Tnt+1 = >\n+lmn + (]- - )\n+1)Tn+1In, n > 0.

If Ant1 is the same as Theorem 3.7, then as n — oo, {x,} strongly converges
to some common fized point z of {T},} if and only if there exists a subsequence
{Tn,} C{an} such that z,, — 2 € F (k — o).

Theorem 3.9. Let K be a nonempty closed convex subset of Banach space
E. Suppose {T,} (n=1,2,...) is a uniformly asymptotically reqular sequence
of nonezpansive mappings from K to K such that F := (oo, F(T,) # 0 and
there exists one map T € {Ty;n = 1,2,...} to be semicompact. For o € K
define
Tn+1 = Ang18n + (1 — Ay 1) Tt 1@, 1> 0.

(1) If A C [0,1] such that lim,—oe Ay = 0, then as n — oo, {z,} strongly
converges to some common fized point z of {T,}.

(ii) If E is uniformly convez and A, € [a,b] (0 < a < b < 1), then as n — oo,
{zn} strongly converges to some common fized point z of {T,}.

Proof. (i) By the hypotheses that there exists one map T € {T},;n = 1,2,...}
to be semicompact, we may assume that T} is semicompact without loss of
generality. By Theorem 3.1 (i) and (ii), we see that {z,} is bounded and
limy oo [|Zn — T12n|| = 0. Using the definition of semicompact, then {z,}
admits a strongly convergent subsequence {z,, } whose limit we shall denote
by z. It follows from Corollary 3.8 that the ultimateness are reached.

(ii) Using the same method as (i), we can easily obtain the result, we omit
it. U
Corollary 3.10. Let \, € [0,1] satisfy limy, 0o A =0 07 Ay, € [a,b] (0 < a <

b < 1). Suppose K is a nonempty closed conver subset of a Banach space E,
and let S,T : K — K be semicompact nonezpansive mappings with fized points.
(a) Set Tnpz = %Z;:Ol Tiz and x € K, for xo € K and u € K define
Tont1l = Ang1Zn + (1 = A1) Tnp1%Tn, 1> 0.

If E is uniformly convexr Banach space. Then as n — oo, {x,} strongly con-

verges to some fized point z of T.
(b) Set T,z = #WZZ;S irj=k S'T7z for n > 1 and z € K. For
zo € K and u € K define
Tp+1 = )\n+1$n + (1 - )\n+1)Tn+1xn; n 2> 0.

Suppose that ST = T'S and F(T)(F(S) # 0, and E a Hilbert space. Then as
n — 00, {x,} strongly converges to some common fized point z of T and S.
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Remark. The condition semicompact in Theorem 3.9 can be replaced by one of
the following conditions, the result still holds.

(9]
(10]
(11]

(12]

(1) there exists one map T € {T,;n = 1,2,...} to satisfy Condition A
([15]), i.e., there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) = 0 and f(r) > 0 for all 7 > 0 such that

o —Tz|| > f(d(z, F(T))

for all z € K, where d(z, F(T)) = inf,cp(p) |l — 2.

(2) thereexistsonemapT € {Tp;n =1,2,...} such that T(K) is contained
in a compact subset of F.

(3) there exists one map T € {T,;n = 1,2,...} such that

lim d(z,, F(T)) =0.
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