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In-phase/quadrature (I/Q) imbalances, which are 
generated by non-ideal transceiver components, are 
inevitable physical phenomena that cause the 
performance of practical communication systems to be 
degraded. In this paper, we provide a new closed-form 
expression for the bit error rate of hierarchical M-ary 
phase shift keying with I/Q phase and amplitude 
imbalances and analyze the effect of I/Q imbalances on 
BER performance over an additive white Gaussian noise 
channel. 
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I. Introduction 

Hierarchical modulation divides transmitted messages into 
two or more classes and assigns each class a degree of 
reliability according to its importance [1]. The process exists to 
ensure that all receivers receive the most important information, 
and that only receivers with better reception conditions receive 
more inconsequential information [2]. In accordance with the 
increasing interest in digital video broadcasting (DVB) systems 
and wireless multimedia services, hierarchical modulation has 
recently been accepted as standard for DVB-T and DVB-S 
systems by ETSI [3]-[6]. 

There have been various studies of bit error rate (BER) 
expressions of hierarchical modulation schemes, such as 
hierarchical M-ary phase shift keying (H-MPSK) and 
hierarchical M-ary quadrature amplitude modulation (H-
MQAM) [2], [7]-[10]. Specifically for H-MPSK, Alouini [2] 
derived the exact recursive BER expression with in-
phase/quadrature (I/Q) balance using the Pawula function from 
[11]. In practical communication systems, BER performance is 
affected by imbalances in I/Q phase and amplitude, which are 
attributed to an imperfect 90-degree phase shifter and unequal 
filter gains, respectively [12]. Previous works have focused 
primarily on I/Q balance. However, a method was recently 
developed to obtain the error probabilities for an arbitrary two-
dimensional (2-D) signal constellation with I/Q imbalances 
using the 2-D Gaussian Q-function [13]. Although the method 
provided in [13] is exact and general, its extension to the 
acquisition of a closed-form expression for average BER is 
more complex and time consuming. 

The purpose of this paper is twofold. We first provide a new 
closed-form expression involving the 2-D Gaussian Q-function 
for the BER of H-MPSK. Then, we investigate the effect of I/Q 
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phase and amplitude imbalances on BER performance over an 
additive white Gaussian noise (AWGN) channel. First, we 
derive and analyze the BER expressions for the k-th bit of H-
4/8/16PSK signal constellations when Gray code bit mapping 
is employed. Regular patterns of significant parameters in the 
k-th bit error probability are observed while the BER 
expression is developed. We then determine a function to 
simply generate a regular pattern, which is used to present a 
new average BER expression for H-MPSK with I/Q phase and 
amplitude imbalances. Finally, we analyze the effect of I/Q 
imbalances on BER performance. 

II. System Model 

In H-MPSK with [ ]1 2 1 2, log ,M N N Mθ θ θ −Θ = =  the 
highest priority bit is assigned to the most significant bit (MSB) 
position, and the lowest priority bit is located in the least 
significant bit (LSB) position. The highest priority bit yields the 
binary PSK constellation and the next priority bits yield the 
quadrature PSK (QPSK) constellation. The H-MPSK 
constellation is generated with increases in the number of signal 
points. As an example, Fig. 1 shows the H-8PSK signal 
constellation [2]. The symbols “×” and “+” denote fictitious 
symbols, while “○” represents actual transmitted symbols; 2θ1 
represents the angle between the “+” symbols, which include the 
first and second priority bits that are centered around the fictitious 
“×” symbols; and 2θ2 represents the angle between the symbols 
in the H-8PSK constellation that are centered around the 
fictitious “+” symbols [2]. Additional angles, including θ3 and θ4, 
will be introduced as the number of signal points is increased.  

 
 

Fig. 1. H-8PSK signal constellation. 
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Fig. 2. Correct region for a signal point of H-MPSK with I/Q 
imbalances.
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The transmitted signals are assumed to be Gray-encoded. 

Figure 2 shows a signal point of H-MPSK with I/Q 
imbalances. To find an exact and general BER expression for 
the H-MPSK signal with I/Q imbalances, we use the two 
dimensional joint Gaussian Q-function [14]. The probability 

{ }_ 1 2r jP φ φ≤ Ω ≤  that a signal point Sj falls into the shaded 
region in Fig. 2 can be obtained, as given in [15], as 
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where φ1 and φ2 are the angles between I+ and ( )1, 2iX i+ = . 
In Fig. 2, Y1 and Y2 have joint Gaussian distribution, as given in 
[13], with 
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where Yi (i=1, 2) is perpendicular to the decision boundary   
Xi (i =1, 2); Es is the symbol energy; ( )0,1, 2, , 1j j Mψ = − is 
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the phase of the transmitted signal point; α  and β  are the I- 
and Q-channel filter gains, respectively [13]; φR represents the 
degree of I/Q phase imbalance; and sinIQ Rρ φ= is the 
correlation coefficient of the I- and Q-channels [16]. 

In (2), the phase ( )jψ  and angle pair (φ1, φ2) vary with the 
position of the signal points. Therefore, we first obtain the 
phase ( )jψ  and angle pair (φ1, φ2) for the k-th bit of every 
transmitted signal point in H-4/8/16PSK. Then we observe the 
regular patterns resultant from phase and angle values being 
varied. From the patterns, we finally provide the exact and 
general BER expression of H-MPSK. We used a similar 
method to obtain the closed-form expression for the BER of 
uniform rectangular QAM [17]. 

III. Generalized BER Expression of H-MPSK 

In this section, we first consider the signal constellations of 
H-4/8/16PSK with I/Q imbalances to determine the decision 
boundaries for the transmitted symbols and obtain the closed-
form expressions for the BERs of H-4/8/16PSK with I/Q 
imbalances. Then, we generalize a new BER expression of H-
MPSK with I/Q imbalances by analyzing the BER expressions 
of the k-th bit of H-4/8/16PSK.  

1. H-4PSK 

Figure 3 depicts the signal constellation of H-4PSK with I/Q 
phase and amplitude imbalances. As shown in the figure, in 
which sj (j=0, 1, 2, 3) represent signal points, I/Q imbalances 
cause shifts in the signal points, alterations in the Euclidean-
distance between points, and finally, degradations in the BER 
performance.  

As stated previously, BER computation is contingent upon 
the identification of the phase ( )jψ  and angle pair 1 2( , )φ φ  of 
each signal point. We define the phase vector as 

0 1 1[  ]H MPSK Mψ ψ ψ− −Ψ = ⋅⋅⋅ , which contains the phases of 
each signal point. The phase vector for H-4PSK is given as 

4 1 1 1 1[    2 ]H PSK θ π θ π θ π θ−Ψ = − + − .        (4) 

In this paper, we assume that the MSB is the first bit (bk, k=1). 
Since the decision boundary varies with the k-th bit (bk) in a 
symbol, the angle pairs 1 2( , )φ φ can be obtained as follows. 

For the first bit (b1), the decision boundary is simply the Q+ 
axis. For instance, the error regions for the first bit of a signal 
point s0 are 2- and 3- quadrants as shown in Fig. 3; therefore, 
the angle pair 1 2( , )φ φ for the first bit of s0 is ( / 2, 3 / 2)π π . 
Consequently, when k=1, the angle pairs 1 2( , )φ φ  for every 
signal point can be obtained as 

 

Fig. 3. H-4PSK signal constellation. 
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For the second bit (bk, k=2), the decision boundary is the 
I+axis. The error regions for the second bit of signal point s0 are 
3- and 4-quadrants as shown in Fig. 3. Thus, when k=2, the 
angle pairs 1 2( , )φ φ  for every signal point can be obtained as 

2
1

2
2

, when 0,
2

0
, when 1.

b

b

π
πφ

φ
π

⎧⎛ ⎞
=⎪⎜ ⎟

⎛ ⎞ ⎪⎝ ⎠= ⎨⎜ ⎟
⎛ ⎞⎝ ⎠ ⎪ =⎜ ⎟⎪⎝ ⎠⎩

            (6) 

The BER of H-4PSK can simply be computed using (1) and 
(2) with the angles determined in (5) and (6). 

2. H-8PSK 

The results from the case of H-4PSK can be extended to  
H-8PSK. In the case of H-8PSK, we have 3 bits per symbol. 
Figure 4 shows the signal constellation of H-8PSK with 

8 1 2[  ]θ θΘ =  in the presence of I/Q phase and amplitude 
imbalances. The phase vector for H-8PSK is given as 
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Fig. 4. H-8PSK signal constellation. 
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The angle pairs 1 2( , )φ φ for the decision boundaries 
corresponding to each bit can be obtained as follows.  

For the first bit (b1) and the second bit (b2), the decision 
boundaries are identical to those of H-4PSK. Therefore, the 
angle pairs 1 2( , )φ φ  of both bits for every signal point are as 
given in (5) and (6). 

For H-8PSK, there are two separate regions of the third bit 
(bk, k=3), which together result in its incorrect detection. For 
example, as shown in Fig. 4, two error regions exist for the 
third bit of s0. Let l be the number of separate regions. The error 
probability that a received signal falls into one of the separate 
regions can be obtained using a 2-D Gaussian Q-function. 
Another 2-D Gaussian Q-function can be used to obtain the 
error probability of other regions. Accordingly, l implies the 
number of 2-D Gaussian Q-functions required to determine the 
error probability of a signal. In H-8PSK, l =2. Therefore, unlike 
the first and second bits, two angle pairs 1 2( , )φ φ determine the 
decision regions of the third bit, which are given as 
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The BER for H-8PSK can be expressed in terms of two 2-D 
Gaussian Q-functions by using (1) and (2) with the angles 
determined by (5), (6), and (8). 

3. H-16PSK  

For H-16PSK, we have 4 bits per symbol. Figure 5 shows  

 

Fig. 5. H-16PSK signal constellation. 
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the signal constellation of H-16PSK with 16 1 2 3[   ]θ θ θΘ =  
in the presence of I/Q imbalances. The phase vector of the 
signal points of H-16PSK is 
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The angle pairs 1 2( , )φ φ for the BER computation of the first 
three bits (bk, k=1, 2, 3) are identical to the angles found in   
H-8PSK, and they are shown in (5), (6), and (8), respectively. 

For the fourth bit (bk, k=4), as shown in Fig. 5, there are four 
separate regions (l=4) resulting in incorrect detection of the 
fourth bit in H-16PSK. Thus, the four angle pairs 
corresponding to the four regions are given as 
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The BER of the fourth bit (b4) can be computed with four  
2-D Gaussian Q functions and the overall BER of H-16PSK 
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can be obtained using (1) and (2) with the angles determined in 
(5), (6), (8), and (10).  

4. Regular Patterns in Developing BER Expression 

As mentioned at the end of section II, the development of a 
generalized BER expression is contingent upon two parameters, 
namely, the phase ( )jψ  and angle pairs 1 2( , )φ φ . These 
parameters vary with the transmitted signal points. From (4), 
(7), and (9), we set the generalized form for the elements of the 
phase vector 0 1 1[  ]H MPSK Mψ ψ ψ− −Ψ = ⋅⋅⋅  as 

( )
2

,
log 1

1
1 , 0,1, 2, , 1,i j

M
B

j j i
i

A j Mψ π θ
−

=

= ⋅ + − ⋅ = −∑  (11) 

where Aj and Bi,j can be found by analyzing their regular 
patterns. 

A. Regular Pattern of Aj 

The regular pattern of Aj can be observed. As shown in Table 
1, Aj terms have the values of 0, 1, and 2, which are repeated 

2log 22 M − , 2log 12 ,M − and 2log 22 M −  times, respectively. The 
total number of Aj terms is equal to M, and as M doubles, the 
run-length of each term doubles where *, *,…, * denotes the 
run. Finally, from these results, the function to generate the 
coefficient Aj for any M and j can be found by 

4 2 , 0,1, , 1,j
j jA j M

M M
⎢ ⎥ ⎢ ⎥= − = −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

       (12) 

where x⎢ ⎥⎣ ⎦  denotes the largest integer less than or equal to x. 

Table 1. Regular pattern of the coefficient Aj. 

M Aj, j = 0, 1, 2,…, M–1 

4 0 1 1 2 

8 0 0 1 1 1 1 2 2 

16 0 0 0 0 1 1 1 1 1 1 1 1 2 2 2 2 
. . . 

. . . 

Table 2. Sign variations of θi. 

M θi, i =1, 2,…, log2M-1 j=0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15…M-1
4 θ1 + – + – 

8 
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+ + – – + + – – 
– + – + – + – +  
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. . . 
. . . 

. . . 
 

B. Regular Pattern of Bi, j 

Table 2 shows the sign variations of θi. When i=1, the sign 
of θi begins with “+”. For other values of i, the signs of the first 
terms of θi starts with “-”. When i=log2M-1, the pattern of   
“- +” is repeated M/2 times. The run-length of the signs for the 
same value of i doubles as M increases twofold. 

Table 3 shows the regular patterns of exponent Bi,j required to 
determine the sign of θi. The first term of Bi,j for i is 

Bi,j = 
0, 1,
1, 1,

i
i

=⎧
⎨ ≠⎩

                  (13) 

and when i=log2M-1, the terms increase by 1 with j. The total 
number of terms is equal to M, and for the same value of i, the 
run-length of each term with exponent Bi,j doubles as M 
increases twofold. Thus, from these properties, we can find a 
general expression for exponent Bi,j for any M, i , and j: 

2, log 1
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2i j M i

jB
i+ −

⎢ ⎥ ⎢ ⎥= + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
           (14) 

where 21, 2, , log 1, and 0,1, , 1.i M j M= − = −  

Consequently, the generalized form for the elements of the 
phase vector can be expressed as 
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where 
21 2 log 1( , , , )M Mθ θ θ −Θ = . 

The angle pair for each bit of H-MPSK can be generalized 
by (15). For the first and second bits, the angle pairs 
corresponding to the j-th signal points (sj) of H-MPSK can be 
rephrased as follows: 
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For other bits ( , 3)kb k ≥ , the angle pairs corresponding to 
the j-th signal points (sj) can be expressed with the phase vector 
of H-2k-1 PSK. Thus, according to bit values (0 or 1), the angle 
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 Table 3. Regular pattern of Bi,j. 
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where 1
1

2
(2 , , )k

k j −
−Ω Θ can be obtained from (15), and l denotes 

the number of 2-D Gaussian Q-functions determinable by 
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2
k

kl
⎢ ⎥− +⎢ ⎥⎣ ⎦= .                 (20) 

The above results for the angle pairs are based on the 
consistency of the bit format for a Gray-coded signal 
constellation. 

5. Another Expression of Regular Patterns Using a 
Recursive Algorithm 

In this subsection, we present another expression of regular 
patterns using a recursive algorithm. Consider the phase vector 

4 1 1 1 1[    2 ]H PSK θ π θ π θ π θ−Ψ = − + − as the basis. By 
applying the recursive algorithm to (7) and (9), they can be  

rewritten as 

{ }
1 1 2 1 1 2
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1 2 1 2 1 2 1 2 1 2

1 2 1 2 1 2

4 4

[     
 2  2 ]
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θ θ θ θ π θ θ π θ θ π θ θ
π θ θ π θ θ π θ θ

−
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Ψ
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= Δ Ψ Ψ

  

(21)
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respectively. When 1 2 3[ ...]X X X Xψ ψ ψΨ = and 

1 2 3[ ...]Y Y Y Yψ ψ ψΨ = , { },X YΔ Ψ Ψ  is defined by 

{ } 1 1 2 2 3 3
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,

... , even.
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(23) 

Finally, from (21) and (22), the phase vector for H-MPSK is 
obtained as  

2 2 1 2 2 1
2 2

,
m m m m m m

H MPSK

M MH PSK H PSK
θ θ θ θ θ θ− − − − − −

−

− −
← + ← −

Ψ

⎧ ⎫
⎪ ⎪= Δ Ψ Ψ⎨ ⎬
⎪ ⎪⎩ ⎭

, 

(24) 

and the angle pairs for , 3kb k ≥  can be more easily obtained 
as follows: 
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6. Average BER Expression of H-MPSK 

An average BER expression over N bits of H-MPSK can be 
obtained as 

( ) ( )
1

1 ,
N

b
k

P e P k
N =

= ∑                        (27) 

where Pb(k) is the BER of the k-th bit, which can be obtained 
by 

( )
1 2

1 1
1 2

0 0 1 2

[ ] [ ]1 , ;
[ ] [ ]

M l

b Y Y
j n

E Y E YP k Q
M Var Y Var Y

ρ
− −

= =

⎛ ⎞
= − −⎜ ⎟⎜ ⎟

⎝ ⎠
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The arguments of the Q-function in (28) can be obtained 
from (2) with the signal phases and angle pairs given in (15)-
(19).  

Another BER expression for H-MPSK can be obtained by 
applying equation (9) in [13] to equation (14) in [13]. The 
resulting expression differs from the final expressions (27) and 
(28) in this paper, which are obtained by finding the regular 
patterns of the phase information, namely, the phase ( )jψ  
and angle pairs 1 2( , )φ φ . The changeable phase information is 
not obtained from the method provided in [13]. Also, when 
equation (14) of [13] is used, we require the M(M-1) statistical 
calculations of (2) to get the BER results, but the results of (27) 
and (28) can be obtained from only the 

k
M l⋅∑  calculations. 

Calculation of the BER results for H-MPSK from (27) and 
(28) is consequently less complex and time-consuming than 
from equation (14) in [13]. 

IV. Numerical Results and Analysis  

The evaluation of the numerical results for the provided BER 

expression is compared and analyzed based on two criteria. For 
I/Q balance, our BER results are compared to those of [2], and 
for I/Q imbalances, the effect of I/Q imbalances on the BER 
performance of H-MPSK is investigated. To this end, H-
16PSK with 16 [ / 4.2, / 8.6, /17.5]π π πΘ = is considered, and 
the values of parameters 5Rφ = and r=0.9, 1.1 are used since 
typical values achievable with careful design are 5Rφ = and α 
or β =1.1 [12], where r = α / β is the gain ratio [19]. 

First ,  for I /Q balanced H-16PSK with 16Θ =  
[ / 4.2, / 8.6, /17.5]π π π , the BER results obtained by (27) and 
(28) are compared with the results of [2]. As shown in Fig. 6, 
although the final expressions of this paper and [2] differ, we can 
confirm that the numerical results of both are clearly the same. 
Figure 7 shows the BER for I/Q balanced H-16PSK and 
 

 

Fig. 6. Comparison of the results of (28) with the results of [2] for 
I/Q balance.
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Fig. 7. Effect of I/Q imbalances on the BER of H-16PSK. 
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I/Q unbalanced H-16PSK with 5Rφ = and r = 0.9, 1.1. As 
shown in Fig. 7, for r=1.1, since the minimum distances 
between the decision boundary of the first bit (b1) and the 
signal points increase as I/Q imbalances increase, the BER of 
the first bit for the I/Q unbalanced H-16PSK is gradually 
improved. However, the average BER is degraded as I/Q 
imbalances increase, because the BERs of other bits (bk, k=2, 3, 
4) for I/Q unbalanced H-16PSK are degraded. For r= 0.9, the 
minimum distances between the decision boundary of the first 
bit (b1) and the signal points decrease as I/Q imbalances 
increase. Thus, the BERs and average BER of all bits (bk, k=1, 
2, 3, 4), including the first bit, are degraded as I/Q imbalances 
increase. Figure 7 also shows the effect of I/Q imbalances on 
the BER performance of an H-MPSK system to be quite 
serious for all but the first bit (b1). Figure 7 also shows excellent 
agreement between the results of the analytical expression and 
the Monte Carlo simulation. 

V. Conclusion 

In this paper, we provided a new closed-form expression 
involving the two-dimensional Gaussian Q-function for the 
BER of H-MPSK with I/Q phase and amplitude imbalances 
over the AWGN channel. We first obtained the phases of all 
transmitted signal points and the angle pairs for the k-th bit of 
the signal points in H-4/8/16PSK. We then observed the 
regular patterns of varying angle values. Finally, we provided 
the exact and general BER expression of H-MPSK based on 
the observed patterns. The provided BER expression for H-
MPSK with I/Q phase and amplitude imbalances can be 
readily applied in numerical evaluation of various cases of 
practical interest of unbalanced I/Q H-MPSK systems. This 
positive attribute is afforded by the common availability of 
mathematical software packages capable of directly computing 
the two-dimensional Gaussian Q-function, and because the 
phases and angle pairs which vary with the positions of signal 
points can be simply obtained using the function provided to 
generate a regular pattern and a recursive algorithm. 
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