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ABSTRACT. In this paper, we first define a new kind of two-weight-A}3 (A1, A2, 2)-weight,
and then prove the imbedding inequalities for A-harmonic tensors. These results can be
used tQ,study the weighted norms of thevhomotopy operator T from the Banach space
L?(D, l) to the Sobolev space W P(D, lil), 1=1,2,--- ,n, and to establish the basic
weighted LP-estimates for A-harmonic tensors.

1. Introduction

Throughout this paper, we always assume that {2 is a connected open subset of R",
n > 2. We write R = R'. Balls are denoted by B and ¢B (o is a real positive number) is
the ball with the same center as B and with diam(oB) = odiam(B). The n-dimensional
Lebesgue measure of a set E C R™ is denote by |E|. We call w(z) a weight if w € L},.(R"™)
and w > 0 a.e.. For 1 < p < oo and a weight w(z), we denote the weighted LP-norm of a
measurable function f over E by

Z 1/p
1fllp, &, we = ., |f(@)[fwdz

where « is a real number. vV v

Let e1,e2,--- ,en be the standard unit basis of R”. Let ' = l(R") be the linear
space of [-vectors, spanned by the exterior products er = e;; Aes, A---Aey,;, corresponding
to all ordered I-tupigs / E(\ipig,-u yi), 1 <ip <ig <<y <m,1=0,1,--- ,n. The
Grassmabalgebra Vv = ! p a grade@ algebra with respect tp/the exterior products.
Fora= a'e;e and 3= fBler € , the inner product in  is given by

<
(a,8)= o'p’
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with summation over all I-tuples I :\ﬂl’iQ\/“ ,4;) and all integers [ = 0, 17 - ,n. We

define the Hodge star operator x : — by the rule x1 VAR ANex A+ Aep and
a8 = [ Axa =, 6)(*1)\931" all a,8 € . The norm of & €  is given by the formu@
la)? = (Q,Cz) s/ (@A xa) € =R. T, Ho@ge star is an isometric isomorphism on

. -1 (n ).
with x: " — and * % (—1)

A diff entlal l-form w on Q i a de Rham current (see [13, Chapter III]) on ©Q with
valuesjn “(R™). We use D'(R2, ') to denote the space of all differential I-forms and
LP(, ') to denote the I-forms

X >
w(z) = wr(x)dzr = Wiyig-ip (®)dTsy N dxiy N+ Adxy,
I

V
with wr(x) € LP(Q, R) for all ordered I-tuples I. Thus, LP(€, ') is a Banach space with
norm o) '
z 1/p VA > =p/2
|olp o= |w@)de =@ wr(@)|* daA
Q Q

11/17

Vv
For w e D'(, '), the vector-valued differential form

Ow Ow
Vw = 8%1 ’ ’ axn
: . . 1o Vi o o
consists of differential forms dw/dz; € D'(Q, '), where the partial differentiation is ap-
plied to the coefficients\of w.
Siyilarly, WLUQ l) is used to denote the Sobolev space of [-forms which equals
LP (9, l) N LY (9, l) with norm

: -1
[@llw i@, Viy = diam(Q) " [[wllp, @ + [Vellp, o

V
The notations W27 (Q,R) and W,LP(Q, ') are gglf-explanatory. For 1 < p < co and a

loc loc

weight w(z), the weighted norm of w € WHP(Q, ~ ') over Q is denoted by

p, 2, we + [|Vwl

(1.1) ollwr.p o, Vi), we = diam(€2) ™" [lw] P2 W

where @ is a real number. We denote the exterior derivative by.\¢d : D'(Q,Vl)v—>
D'(Q, "Nforl=0,1,---,n. Its formf\x}. adjoint operator d* : D'(€, ') — D'(Q, Y
is given by d* = (71)"1Jrl sdxon D'(Q, "N, 1=0,1,---,n

Consider the following .A-harmonic equation

(1.2) d* A(z,du(z)) =0
. . A\ V, . .
for differential forms,where A4 : Q x “(R"™) — “( R") satisfies the conditions

(1.3) Az, €)] < alé]"™" and (A(z,€),€) > [

\Y/
for almost every = € € and all £ € Z(R”), Here a > 0 is a constant and 1 < p < oo is
a fixed exponek{p associated with (1.2). A solution to (1.2) is an element of the Sobolev
-1
space WL P(9, ) such that
z

(A(z,du),dp) =0
)
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VvV
for all o € WhP(Q, l_l) with compact support.

Definition 1.1. We call v an A-harmonic tensor in €2 if u satisfies the A-harmonic
equation (1.2) in .

A differential I-form u € D’( Vl) is called closed if du = 0 in Q. Similarly, a
differential (I + 1)-form v € D'(Q, ') is called coclosed if d*v = 0. Clearly, the A-
harmonic equation is not affected by adding a closed form to w. Therefore, any type of
estimates aboug 4 must be modulo a closed form.

Ifw:Q — ' then the value of w(x) at the vectors &1, &, -+ ,& € R™ will be denoted

by w(x; &1, ,&). The following lemma appears in [11].
Lemma 1.2. Let D C R™ be c\})ounded conu@@ domam To each y € D, there corresponds
a linear operator K, : C=(D, ') — C>®(D 1Y defined by
Z,
(KyW)($,£17 o ,El) = tlilw(tx +y— tyv r—Yy, 617 o 7€l—1)dt

0

and the decomposition
w=d(Kyw) + Ky(dw).

V V
A homotopy operator T : C*°(D, l) — C*(D, lil) is defined by averaging K, over
all points y in D

(1.4) Tw= o(y)Kywdy,
D
R
where ¢ € C§°(D) is normalized by , ¢(y)dy = 1. Then we have the following decompo-
sition:
= d(Tw) + T(dw).
V
If we define the I-form wp € D'(D, ') by
z

wp = |D|71 w(y)dy, forl=0, and wp =d(Tw), for [ =1,2,---,n
D

VvV
for all w € LP(D, l), 1 < p < oo, then
wp =w — T(dw).

By substituting z = tz + y — ty, (1.4) reduces to
Z
(1.5) Tw(z,§) = w(z((zz—2),§)dz,
D

where the vector function ¢ : D x R™ — R" is given by
z

C(z,h) =h b STH1 4 8)" (2 — sh)ds.
0

Integral (1.5) defines a bounded operator

Al PaN

T:LS(Dv )_)WLS(D, ), l:1727"'7n
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with norm estimated by
[Tullw. <oy < C|D|[lulls, p-

In recent years many interesting results concerning geometric and analytic properties
of solutions to the A-harmonic equation (1.2) has been established, see [1]-[9]. The purpose
of this paper is to prove some new weighted imbedding inequalities for solutions to the
A-harmonic equation (1.2) and establish some weighted norm estimates for the homotopy
operator T'. These inequalities are important tools in generalizing the theory of Sobolev
functions to differential forms and estimating the upper bounds of LP-norms of differential
forms. These results can also be used to study the integrability of differential forms and
estimate the integrals for them.

2. Local A}3(\1, A2, Q)-weighted imbedding inequalities

Definition 2.1. We say a pair of weights (w:(z),ws(z)) satisfies the A}3 (A1, Az, Q)-
condition for some r > 1 and 0 < A1, A2, A3 < 00, write (w1 (), w2(z)) € A}3 (A1, A2, Q), if
wy(z) > 0,wa2(z) > 0 a.e., and
1
Z 1 Z 1 Ao/ (r—1) = Az(r—1)

1 A
2.1 sup — wildx — — dx < 00
@1) P B T B s w

for any ball B C .

If w1 = w2 = w, A\1 = A2 =1 and A3 = A in definition 2.1, we then obtain the usual
A} (Q)-weight introduced in [10], [18]. See [10], [18] for properties about A} (Q)-weight. If
w1 = w2, A2 = A3 = 1 and Ay = X in definition 2.1, we then obtain the usual A, (X, Q)-
weight introduced in [14]. See [1], [16]-[17] for results about A, (X, Q)-weight. If w; = ws
and A1 = A2 = A3 = 1 in definition 2.1, we then obtain the usual A,(€Q)-weight introduced
in [15]. See [2]-[5] and [15], [16] for results about A.(€2)-weight. We will also need the
following generalized Hélder’s inequality.

—1

Lemma 2.2. Let 0 < a < o00,0< 3 < o0 ands ' =a ' +87L If f and g are measurable

functions on R", then

lfg

ls.2 < [[flla.2 - llglls, @
for any Q C R".

From results appearing in [11], we have the following lemma.

Vv
Lemma 2.3. Let u € Lj, (B, l), 1=1,2,---,n, 1 <s< o0, be a differential form in a
ball B C R"™, then

IV(Tu)ls, 8 < C|Bl||lu

s, B

and
ITulls, 5 < C|B|diam(B)]|ulls, 5-
The following weak reverse Holder inequality appears in [8].

Lemma 2.4. Let u be a differential form satisfying (1.2) in a domain Q, p > 1 and
0 < s,t < oo. Then there exists a constant C, independent of u, such that

lulls.z < CIBI“™fulle, s
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for all balls or cubes B with pB C §Q.

\V4
Theorem 2.5. Let u € Lj,.(, l), l=1,2,--- ,n, 1 < s\& o0, be a di,@erential form
satisfying (1.2) in a bounded domain @ C R™ and T : C=(Q, ') — C>®(Q, ') be a ho-
motopy operator defined in (1.4). Assume that p > 1 and (w1 (z), w2(x)) € A}3 (A1, X2, Q)
for somer > 1 and 0 < A1, A2, A3 < co. Then, there exists a constant C, independent of
u, such that
Z 1/s z 1/s
(2.2) |Tu|*wi™ da: < C|B|diam(B) [ul* w28 da
B pB
for all balls B with pB C 2 and any real number o with 0 < v < 1.

Note that (2.2) can be written as

(2.2) HTuHS’ B, v < C|B|diam(B)Hu||s’pB’ng2x3.

Proof. Let t = s/(1 — «). Applying Lemmas 2.2 and 2.3, we obtain

z 1/s z s 1/s
(2.3) |Tul*w™ da = |Tu|wi™/  da
B B
z e 2 (t—s)/st
|Tw|'dz w9 g
B B

z
A
|t, B wytdz
B

IN

als

IN

C1|B|diam(B)||u

Choose m = s/(1 + aX3(r — 1)), then m < s. Using Lemma 2.4, we have
(2.4) lulle, 5 < Ca|BI™" ™[] m, -

Where p > 1. Substituting (2.4) in (2.3), we have

z 1/s z als
(2.5) |Tul*wide < Cs|B|diam(B)|B| ™™ ||ul|m, 5 wtdx
B B

Using Holder’s inequality again with 1/m = 1/s + (s — m)/sm, we have

(2.6) [t]lm, o5
z 1/m
= |u|™dx
pB
z m 1/m
_ |u|wt21A2A3/5w;a>\2A3/5 dx
pB
1
z 1/s z 1 algAzm/(s—m) = (s—m)/sm
< | *ws2*3 d dz
pB pB w2
1
Z s Z 1 Pe/r=D) S arz(r—1)/s
= |u|swg‘A2’\3dm dx

pB pB w2
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for all balls B with pB C €. Combining (2.5) and (2.6), we find that

z 1/s
(2.7) |Tu)*wi™M da
B
z 1/s
< Cs|B|diam(B)|B|m /™ [ul* w523 do
pB
Z /s Z 1 Ao/ (r—1) !D¢>\3<T*1>/S
X wytde — dx
B pB W2

Using the condition that (w1 (z),we(x)) € Ar3 (A1, A2, ), we derive that

1
Z N a/s Z 1 Ao/ (r—1) SaXz(r—1)/s
(2.8) wildx — dz
B ! pB W2
o 1 1.
Z Z 1 Ao /(r—1) = A3(r—1) /
< @ witdzx — dz A
pB pB w2
o 7 7 B !Ag(rfl)la/s
A2/(r—1)
= @bt 1 witde L 1 dx A
|pB‘ pB ! ‘pB| pB w2

< C4|B|a()\3(r—l)+1)/s.

Finally, substituting (2.8) in (2.7) and using the fact that (m—t)/mt = —a(A3(r—1)+1)/s,
we obtain

Z 1/s z 1/s
(2.9) |Tu|*w da < C|B|diam(B) lu|* w22 da

B pB
for all balls B with pB C Q. This ends the proof of Theorem 2.5.

Theorem 2.6. Let u € LfOC(Q,VZ), l=1,2,---,n, 1 < s\& o0, be a di@er@ntial form
satisfying (1.2) in a bounded domain Q C R™ and T : C=(Q, ') — C®(Q, 1) be a ho-
motopy operator defined in (1.4). Assume that p > 1 and (w1 (), w2(z)) € A}3 (A1, A2, Q)
for some r > 1 and 0 < A1, A2, A3 < 0. Then, there exists a constant C, independent of
u, such that

Z 1/s z 1/s
(2.10) |V (Tw)|*wS™ da: < C|B]| RTIS
B pB

for all balls B with pB C Q and any real number o with 0 < a < 1.

Note that (2.10) can be written as

(2.10)’ VTl 5, yore < CIBIllull

aXgAg -
s, B, or2As

s, pB,w
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Proof. Let t = s/(1 — ). Using Lemma 2.2, we obtain

z 1/s z 1/s
(2.11) |V (Tw)|*w§™ da (IV (Tw)|w™ /) da
B B

z (t—s)/st
wfﬂl/(t_s)dx

IN

IV (Tw)

lt. B

z a/s
VTl s wy'de
B

By lemma 2.3, we have

(2.12) (IV(Tw)|

t,8 < C1|B]u|

t,B-

Choose m = s/(1 + aAs(r — 1)), then m < s. Substituting (2.12) into (2.11) and using
Lemma 2.4, we have

z 1/s
(2.13) |V (Tw) " wi™ da
B
z a/s
< CGilBl|ull:, 5 wyt da
B
z als
< ol BB ullm, o wytdz
B

Using Hélder’s inequality again with 1/m = 1/s + (s — m)/sm, we arrive at

z 1/m
(2.14) llullm.pp = |ul™ dz
pB
z 1/m
adgA3/s —adlaA3z/s\m

= (e

pB

z 1/s z 1 (s—m)/sm
< |u‘swz21>\2/\3dw (7 a>\2)\3m/(37m)dm
- pB pB w2

z o 1/s 1 aXz(r—1)/s
= |u)*ws 22 dx (—) 2/(r=1) g

pB pB w2

for all balls B with pB C Q. Combining (2.13) and (2.14), we obtain

VA 1/s
(2.15) |V (Tu)|*w da

B

z 1/s
< GIBIBI™IM g
pB '
z ass Z R G
X witdz — dx

B pB W2
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Since (w1 (x), w2(z)) € A}3 (A1, A2, Q), we then have

VA a/s Z 1 Ao /(r—1) !QA:}(’"*l)/S
(2.16) w)'dx — dz
B pB W2
(o) ' 1o/s
z z | de/rmn) et /
< @ wyde — dx A
pB pB W2
(@) 1
YA z Aa/(r—1) Y s(r—1) /s
= @|pB|/\3<r71)+1 L wild:c b L dx A
|pB‘ pB ‘pB| pB W2

< C |B|a()\3 r— l)+l)/

Combining (2.16) and (2.15), we find that
z 1/s z 1/s
(2.17) |V (Tw)|* wo™ da: < C4|B| [ul*w§2*s da:
B pB
for all balls B with pB C §2. The proof of Theorem 2.6 has been completed.

Now, we prove the following local weighted imbedding inequality for differential forms
under the homotopy operator T'.

Theorem 2.7. Let u € Lj,.(, Vl) =12 ,n 1< < 0, be a dzﬁrentml form
satisfying (1.2) in a bounded domain Q C R" and T : L*(Q, ') — Wh(Q, ') be a ho-
motopy operator defined in (1.5). Assume that p > 1 and (w1 (z), wa(x)) € AX* (A1, A2, Q)
for somer > 1 and 0 < A1, A2, A3 < 0o. Then, there exists a constant C, independent of
u, such that

(2.18) [Tl worr <GBl

aXg A
s, pB, wy 273

w1, s(B’Vl)’
for all balls B with pB C Q2 and any real number o with 0 < av < 1.

Proof. Form (1.1), (2.2)" and (2.10)’, we obtain

HTUHW1 s( Vl)ywiﬂl = diam(B)_1|t\]TuHsy B, wi™M + ||V(Tu)||syByw§M1
< diam(B)™! Cl‘B|diam(B)||UH5,pB7wgk2>\3 +CQ|BH|UHS’pB,w;>\2A3
= GBIl yoresa + ColBIlul, . eress
< GslBlllull,, ,p, o223

which is equivalent to (2.18). The proof of Theorem 2.7 has been completed.

Using Theorem 2.7, we prove the following Sobolev-Poincaré imbedding inequality for
differential forms.

Theorem 2.8. Let du € LfDC(Q,VH'l), l=1,2,---,n, 1 <s < oo, be a differential form
satisfying (1.2) in a bounded domain Q@ C R". Assume that p > 1 and (wi(z),w2(x)) €
ANB (A1,A2,9) for some r > 1 and 0 < A1, A2, A3 < co. Then, there exists a constant C,
independent of u, such that

(2.19) lu —ugl|

[D PN
s, pB, wy 273

wie (. Vi, ot < CIB]dul



New Two-Weight Imbedding Inequalities for A-Harmonic Tensors 113

for all balls B with pB C Q and any real number o with 0 < a < 1.

V
Proof. Since w = du € L,.(Q, ') satisfies (1.2), using (2.18) and up = u — T(du) we
have

||u_’u‘B||W1,s(B’Vl)’w;">‘l = HT(du)le,s(Byvl)’w‘l)‘)‘l
< ClBlldul, p yesan

This ends the proof of Theorem 2.8.

Note that the parameters A1, A2, A3 and « in the above Theorems are any real numbers
with 0 < o < 1 and 0 < A1, A2, A3 < oo. Therefore, we will have different versions of
the weighted imbedding inequalities by choosing A1, A2, A3 and « to take different values.
Choosing A1 =1, a =1/s and aw = 1/A\; with A1 > 1 in theorems 2.5 and 2.6, we have the
following Corollaries 2.9-2.11, respectively.

Corollary 2.9. Let u € LZSOC(Q,VZ), l=1,2,---,n, 1 <s <\, bea dzﬁer@atzal form
satisfying (1.2) in a bounded domain Q C R™ and T : C*(1, ) c>(Q, Y be a
homotopy operator defined in (1.4). Assume that p > 1 and (w1 (z), w2(x)) € A;\3(1, A2, Q)
for some r > 1 and 0 < A2, A3 < co. Then, there exists a constant C, independent of u,
such that

(2.20) I Tulls, 5, we
(2.21) IV (Tu)lls, B, wg

IN

aXg g

C|B|diam(B)ull, ;o
CIBIull, 5 orans

IN

for all balls B with pB C 2 and any real number o with 0 < v < 1.

Corollary 2.10. Let u € Lj,.(Q, Vl), =12+ ,n, 1< s\f 0, be a dz,@erentzal form
satisfying (1.2) in a bounded domain Q@ C R™ and T : C®(Q, ') — C>(Q, ') be a ho-
motopy operator defined in (1.4). Assume that p > 1 and (w1 (), w2(x)) € A}? (A1, A2, Q)
for somer > 1 and 0 < A1, A2, A3 < co. Then, there exists a constant C, independent of
u, such that

(2.22) [Tul x/ze < C|Bldiam(B)|lul| Aaxg/s
s, B, w] s, pB, wy
(2.23) IV(Tw)ll, g wrars < ClBlllully, 5, wrors/s

for all balls B with pB C S.

Corollary 2.11. Let u € Lfoc(Q,Vl), 1=1,2,---,n, 1< o0, be a differential form
satisfying (1.2) in a bounded domain Q@ C R™ and T : C=(Q, ') — C*°(Q, ') be a ho-
motopy operator defined in (1.4). Assume that p > 1 and (wi(x), w2(x)) € A}? (A1, A2, Q)
for somer > 1, A1 >1 and 0 < A2, A3 < 00. Then, there exists a constant C, independent
of u, such that

(2.24) ITulls, B,w:
(2.25) IV(Tw)lls, B, w

IN

C|B|diam(B)||ul|
C\B|||UH5’ B, w;2*3/>\1

AgAg/A
s,pB,'Lu22 3/A1

A

for all balls B with pB C €.
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If we set A3 = 1/A2 in Corollary 2.9, we have the following symmetric imbedding
inequality.
\Z . .
Corollary 2.12. Letu € L},.(Q, ), l=1,2,---,n, 1 < o0, be a dz,@erentzal form
satisfying (1.2) in a bounded domain Q C R™ and T : C=(Q, ') — C>(Q, ') be a ho-
motopy operator defined in (1.4). Assume that p > 1 and (w1(x),w2(z)) € A,la/Az(l, A2, Q)

for some r > 1 and 0 < A2 < co. Then, there exists a constant C, independent of u, such
that

(2.26) ITulls, B, we
(2.27) IV(Tu)lls, B, w

C|B|diam(B)|lulls, o5, wg

<
< CIBlllulls, pB, wg

for all balls B with pB C Q2 and any real number o with 0 < v < 1.

Putting A1 = A2A3 in Corollary 2.10 and Corollary 2.11, we also obtain some symmetric
imbedding inequalities. Considering the length of the paper, we do not list these similar
results here.

If we choose A1 = 1 in Theorem 2.7, we then have

(2.28) ITullws. s s, V1), we < ClB[ull

aXlgAg -
s, pB, wy 273

Putting @ = 1/s,s > 1 in Theorem 2.7, we find that

(2.20) ITullyys, o Vey w1 < CIBIIL, g asare:

Putting & = 1/A1, A1 > 1 in Theorem 2.7, we have

(2.30) ITullys, o, Vi), y < CIBIuL, p rararss-

Similarly, from Theorem 2.8, we have the following Sobolev-Poincaré imbedding in-
equalities for differential forms.

Corollary 2.13. Let u € LfOC(Q,Vl), I = 1,2,---,n, 1 < s < o0, be a differ-
ential form satisfying (1.2) in a bounded domain Q C R™. Assume that p > 1 and
(w1 (z),w2(z)) € A}*(1,X2,Q) for some r > 1 and 0 < A2, \3 < co. Then, there ex-
ists a constant C, independent of u, such that

(231) o= sl Ve, g < CIBINull,y svang
for all balls B with pB C Q2 and any real number o with 0 < v < 1.

Corollary 2.14. Let u € LfOC(Q,Vl), [l=1,2,--- ,n, 1 <s < oo, be a differential form
satisfying (1.2) in a bounded domain Q@ C R"™. Assume that p > 1 and (wi(z),w2(x)) €
AX3 (A1, A2,9) for some r > 1 and 0 < A1, A2, A3 < 00. Then, there exists a constant C,
independent of u, such that

(2.32) l[u —usll Viy v < C|B|lldull

wl. s(B, 2*2*3/5

s, pB,w
for all balls B with pB C €.

VvV
Corollary 2.15. Let u € Lj,.(, l), l=1,2,---,n, 1 < s < oo, be a differential form
satisfying (1.2) in a bounded domain Q@ C R™. Assume that p > 1 and (wi(z),w2(z)) €



New Two-Weight Imbedding Inequalities for A-Harmonic Tensors 115

AN (A1, A2,Q) for somer > 1, A1 > 1 and 0 < A2, A3 < co. Then, there exists a constant
C, independent of u, such that

(2.33) lu—usllwi s s, Vi), w, < C|Blldull

AaA3/A
s, pB, w)? 3/A1

for all balls B with pB C .

Putting A3 = 1/A2, A1 = A2A3 in (2.28)-(2.30), Corollaries 2.13, 2.14 and 2.15, we also
obtain similar symmetric imbedding inequalities. Considering the length of the paper, we
leave it to the reader to find the similar results.

3. Global A3 ()1, A2, Q)-weighted imbedding inequalities

As applications of the local results, we prove the global A}3 (A1, A2, Q)-weighted imbed-
ding inequalities in this section. We shall need the following Lemma about the Whitney
covers appearing in [8]. See [19] for more properties of Whitney cubes.

Lemma 3.1. Each Q has a modified Whitney cover of cubes v = {Q;} such that

C
Qi = Q,

>
X f57ae(®) = Nxe(z),
Qev

for all x € R" and N > 1, where xg is the characteristic function for a set E. Moreover,
if Qi N Q; # ¢, there exists a cube R (this cube does not meed to be a member of v)
in Q; N Qj such that Q; U Q; C NR. Also, if Q is a §-John domain, then there is a
distinguished cube Qo € v which can be connected with every cube Q € v by a chain of
cubes Qo,Q1,-+ ,Qr = Q from v and such that Q C pQ;, i = 0,1,2,--- |k, for some
p = p(n,d).

Now, we prove the following global A3 (A1, A2, Q)-weighted imbedding inequal-

ities in a bounded domain € for differential forms satisfying the A-harmonic equa-
tion.

Theorem 3.2. Let u € LS(Q,/\Z), l=1,2,---,n, 1< s < oo, be a differ-
ential form satisfying (1.2) in a bounded domain Q C R™ and T : C®(, \') —
C=(Q, A1) be a homotopy operator defined in (1.4). Assume that (wy (z), wa(z)) €
A2 (A1, Ao, Q) for somer > 1 and 0 < A1, Ao, A3 < 0o. Then, there exists a constant
C, independent of u, such that

(3.1) ||T’LL|| any < CHUHS Q. 2>
1 s §2, wy

s, Q,w

and

(3:2) V(T < Cllull g, yar2rs

A
s, Q, w? 1

for any real number o with 0 < o < 1.
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Proof. Using (2.2) and Lemma 3.1, we find that

e 1/s
Tu Sw@)\ldx < Cl Q diam Q " swakg)\gdw
| Tul*wy o
“ Qev pQ
1/s
< (4|Q|diam(£2) Z (/ U|Sw§)‘2)‘3da:>
Qev pQ
1/s
< Gy </ |u|5w2‘”\2/\3d1;>
Q

since 2 is bounded. We have proved the inequality (3.1). Similarly, using Lemma
3.1 and (2.10), we can prove (3.2). The proof of Theorem 3.2 has been completed.
O

From Theorem 2.7 and Theorem 3.2, we have the following global imbedding
inequality.
Theorem 3.3. Letu € L*(£, /\l), [=1,2,--- ,n,1< s < o0, be a differential form
satisfying (1.2) in a bounded domain Q@ C R™ and T : L*(Q, D) — Whs(Q, A7) be
a homotopy operator defined in (1.5). Assume that (wy(x),wa(z)) € AN (A1, A2, Q)
for some r > 1 and 0 < A1, Ao, A3 < co. Then, there exists a constant C, indepen-
dent of u, such that

(3.3) ||TU||W1, S(Q’Vl)7 we™M < C”U”s Q, wit2?8

for any real number o with 0 < o < 1.
Proof. Combining (1.1), (3.1) and (3.2), we derive that

”TUHWLs(Q,Vl),wl‘“l = diam(Q)_IHT“HS,Q,w;‘M+||V(Tu)||s,gz,wl‘“1

IA

diam(©) " [Culull, o yore | + Callul, g yorons

A

C’gHU”S7 Q, w;,\Q/\3 .

Hence (3.3) is true. The proof of Theorem 3.3 has been completed. O

Theorem 3.4. Let du € LS(Q7/\I+1), [=1,2,---,n, 1 < s < oo, be a differential
form satisfying (1.2) in a bounded domain Q@ C R"™. Assume that (wi(z), ws(z)) €
AN (A1, A2, Q) for somer > 1 and 0 < A\, A2, \3 < 0o. Then, there exists a constant
C, independent of u, such that

(3.4) ||u — UQ”WLS(Q’V’)’w?)‘l < CHdUHS’Q’w;AZXS

for any real number o with 0 < o < 1.
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Proof. Since w = du € L*(Q, \'™) satisfies (1.2), using (3.3) and ug = u — T(du)

we have

||u_uQ||W1,s(Q7Vl) w;“l = HT(du)le,s(Q,vl)’wf*l

)

IN

CHduHS) Q, w;xgxg

Therefore, (3.4) is true. The proof of Theorem 3.4 has been completed. O

Remark. If we choose A{, A2, A3 and « to take some special values in Theorems
3.2-3.4, respectively, we shall have some global results similar to the local case. For
example, if we let wy = wy = w and Ay = A2A3 = 1, then (3.1) and (3.2) become

(3.5) | Tuls, @, we
(3:6) IV (Tu)lls, 2, we

< Cllulls, 0, we
< COllulls, 0, we

respectively. Considering the length of the paper, we leave it to the reader to find
the similar global results.
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