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ABSTRACT. In this paper, we introduce the concept of a system of asymptotically quasi-
nonexpansive type mappings. Furthermore, we define a k-step iterative sequence ap-
proximating common fixed point for a system of asymptotically quasi-nonexpansive type
mappings and study its stability in real Banach spaces.

1. Introduction

Let X be an arbitrary real Banach space and C' be a nonempty close and convex subset
of X. Let T': C' — C be a mapping. Suppose that, for any zo € X,

(1'1) Tn+1 = f(T> x'ﬂ)

yields a sequence of points {z,} in C, where f denotes the iterative process involving T'
and z,. Suppose that F(T) = {z € C : Tx = z} # 0 and {z,} converges strongly to
z* € F(T). Let {yn} be a sequence in C' and {e,} be a sequence in [0, c0) defined by

en = [ynt1 = f(T,yn)ll.
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If limy,— 00 €, = 0 implies that lim, .o y» = x*, then the iterative process defined by
(1.1) is said to be T-stable or stable with respect to T' (see, for example, [6]-[8], [14], [15],
[17], [18] and the references therein).

We say that the iteratgye process {z,} defined by (1.1) is almost T-stable or almost
stable with respect to Tif 77 €n < oo implies that limp—.co yn = =™ (see [15]). It is easy
to see that an iterative process {x,} which is T-stable is almost T-stable. The example in
[15] showed that an iterative process which is almost T-stable need not be T-stable.

Stability results for several iterative processes for some kinds of nonlinear mappings
have been shown in recent papers by many authors (see, for example, [1], [2], [6]-[8], [14],
[15], [17], [18] and the references therein). Harder and Hicks [8] showed how such sequences
{yn} could arise in practice and demonstrated the importance of investigating the stability
of various iterative processes for various kinds of nonlinear mappings.

The concepts of quasi-nonexpansive mapping was initated by Tricomi in 1941 for real
functions. The concepts of asymptotically nonexpansive mapping and the asymptotically
nonexpansive type mapping were introduced by Goebel and Kirk [5] and Kirk [10], respec-
tively, which are closely related to the theory of fixed points in Banach spaces. Recently,
the iterative approximating problem of fixed points for asymptotically nonexpansive map-
pings or asymptotically quasi-nonexpansive mappings has been studied by many authors
(see, for example, [3], [4], [9], [11]-[13], [16], [19]-[22] and the references therein).

In this paper, we introduce the concept of a system of asymptotically quasi-
nonexpansive type mappings. Furthermore, we define a k-step iterative sequence ap-
proximating common fixed point for a system of asymptotically quasi-nonexpansive type
mappings and study its stability in real Banach spaces. Our results extend, improve and
unify the corresponding results of [3], [4], [9], [11]-[13], [16] and [19]-[22].

2. Preliminaries

Definition 2.1. Let X be a real Banach space and C' be a nonempty close and convex
subset of X. Let T': C — C be a mapping. Denote by F(T') the set of fixed points of T,
that is, F(T) = {z € C: Fx = z}.

(1) T is said to be nonexpansive if

[Tz =Tyl < |z —yl, Vao,yed;

(2) T is said to be quasi-nonexpansive if, F(T") # () and

Tz —z*|| < ||z —z%||, VxzeC, z" € F(T);

(3) T is said to be asymptotically nonexpansive [5] if there exists a sequence {k,} C
[1,00) with lim,, o kn = 1 such that

T2z — T y|| < knllz —yll, Vz,yeC, n>0;

(4) T is said to be asymptotically quasi-nonexpansive if F(T)) # @ and there exists a
sequence {k,} C [1,00) with lim, oo kn = 1 such that

||Tn$7$*”§kn‘|$7$*”, VCEEC, .Z'*GF(T), n 2> 0;
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(5) T is said to be asymptotically nonexpansive type [10] if

lim sup sup{[|T"z — T"y|| - [z — y[|} <0, VyeC;
C

n—oo T
(6) T is said to be asymptotically quasi-nonexpansive type if F(T) # 0 and

limsup sup{||T"z — z*|| — ||z — 2|} <0, Vz* € F(T).

n—oo xz€C

Remark 2.1. It is easy to see that the following relations hold:

1 "2
[ 4
3 "=
4 U

) "2 (e).

Throughout this paper, let X be a real Banach space, C' a nonempty close and convex
subset of X. Let Th,To,--- , Tk : C — C be mappings, F(T;) the set of fixed points of T;,
where k is a given positive integer. Let m and n be the nonnegative integers.

Definition 2.2. Let X be a real Banach space, C' a nonempty close and convex subset
of X. Th,Ta,--- , T : C'— C are said to be a system asymptotically quasi-nonexpansive
type mappings if S = NF_, F(T;) # @ and, for each i € {1,2,--- ,k},
limsup sup{||Tj'z — z*|| — ||z — z"||} <0, Vz"€S.
c

n—oo T

Remark 2.2. It is easy to see that the concept of a system asymptotically quasi-
nonexpansive type mappings defined by Definition 2.2 reduces to that of asymptotically
quasi-nonexpansive type mappings defined by Definition 2.1 (6) when Ty = T2 = - - - = T.

In our main results, we need the following lemma.
Lemma 2.1 ([21]). Let {an} and {bn} be two nonnegative sequences satisfying
An+1 San+bn7 Vnan

P
where noo:o bn, < 00 and ng is some positive integer. Then the limy,_.oc ar, ezists.

3. The main results

Theorem 3.1. Let X be a real Banach space and C' be a nonempty close and convex
subset of X. Let Th,Ts,--- Ty : C — C be a system of asymptotically quasi-nonexpansive
type mappings defined by Definition 2.2. Assume that, for each i € {1,2,---  k}, there
exist constants L; and of > 0 such that

(3.1) |Tiz — y*|| < Lillz —y*||*7, VzeC, y" €S =nF(T).
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For any given xo € C, Define the k-step iterative sequence {xn} by

8
g Zk—1,n = (1 - ak,n)mn + ak,nTl;nxna n > 07

T
Zk—2;n = (1 — Qk—1,0)Tn + @10 12k—1,n, 1 >0,

(32) e
Z1,n = (1 - a2,n)xn + a2,nT2nZ2,n, n 2 0,
- Tn4+1 = (1 - al,n)mn + al,nTlnzl,ny n 2 07
P
where {ain} is a sequence in [0,1] satisfying - a1,n < 00 for each i € {1,2,--- ,k}.

Suppose that {yn} is a sequence in C and define a sequence {e,} of positive real numbers
by

Wk—1,n = (1 - ak,n)yn + ak,nT]?yny n 2 0,
Wk—2n = (1 — Qk—1,n)Yn + Q1,0 Th1Wk—1,n, N1 >0,

(3.3)

MW AW 0

Wi,n = (1 - a2,n)yn + 052,nT2nw2,n, n 2 0,
en = |lynt1 — (1 — a1,0)yn — a1 T w1 |, n>0.

Then we have the following:

(1) liminf,— oo d(zn,S) = 0 if and only if {zn} converges strongly to a common fized
point & of T, Ty, , Ty in C, where S = N_,F(T}) and d(x,,S) denotes the
distance from x, to the set S, i.e., d(zn,S) = infy«es ||zn — y*||.

P
(il) 02, €en < oo and liminf, oo d(yn,S) = 0 imply that {yn} converges strongly to a

n=0
common fized point x* of Ty, Ts,- -+ , Tk in C.

(iii) If {yn} converges strongly to a common fized point x* of Ti,Ts, -+ , Ty in C, then
limy, oo €, = 0.
In order to prove Theorem 3.1, we first give the following proposition:

P
Proposition 3.1. Assume that all the assumptions in Theorem 3.1 hold and =~ 7 €n <
00, then, for any given € > 0, there exists a positive integer ng such that

(D) Nyntr = y*[l < llyn = y*ll + €vkn + €n,  Vy™ € S, n > no, where Yrn = a1,n +
a1 nQ2n +---+ A1 nQ2n Ak n;

©2) llym ="l < llyn =yl + € 70 05+

(3) limp—oo d(yn, S) exists.

Pm—l
Jj=n

€j, Yy €S, n>ng, m>n;

Proof. Take any y* € S, it follows from (3.3) that

(3.4) [Yn+1 =yl

< et ||(1 - al,n)(yn - y*) + al,n(Tlnwl,n - y*)H
< (=ar)lyn =y |+ arn(|TTwin = ¥ = lwi,n — y7[l)
+arnllwin — ¥ + €n
and
lwin —y*|l

(1 = azn)(yn = y7) + a2,n (T wa,n —y7) |
(1= azn)llyn —y"l| + 2 (IT2'wo,n =y || = [lwz,n = y7|) + a2mllwz,n — 7.

IN
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Continuing in this way, we can deduce that

(3.5) win — "l
= |0 =air1,0)(Yn —¥") + @ir1,n (T wit1,n — y7) ||
< (I =aivin)lyn =9 + @it n (1T wis1,n — Y7 | = [[witr,n — 7))

+ aitin|witin — Y, 1<i<k-—2,

and
(3.6) [wk—1.n — ¥

= (0= arn)¥n —¥") + arn(Tiyn —y)l

< (C=arn)llyn =yl + aen(T5yn =yl = lyn = y7 1D + aknllyn — 7|
Since T1,T5,--+ , T : C — C are a system of asymptotically quasi-nonexpansive type
mappings, from definition Definition 2.2, we obtain, for each ¢ € {1,2,--- ,k},

lim sup Sug{llTi"%’ —yll=llz—y} <0,

n—oo xTE

which implies that, for any given € > 0, there exists a positive integer n; o such that

sup{[|Ti'z —y*|| = [z —y"[I} <€, VR =nio.
zeC

Set np = maxi<i<k{nio}. Then it follows that, for any ¢ € {1,2,--- , k},

(3.7) sup {|I 77"z — vl —llz=yll} <& Yn=no.

Since {w; } C C, it follows from (3.7) that
(3.8) 1T win — " = [lwin —y"[| <e
forall m > mng and i € {1,2,--- ,k — 1}. Again, since {yn} C C, (3.7) implies that
(3.9) IT%yn =yl = llyn —y"ll <& Vn > no.
Substituting (3.5), (3.6), (3.8) and (3.9) into (3.4), for any y* € S and n > ng, we have
(3.10)  Mlynsr =yl < llyn —y" | + en + e{arn + 1 n020 + - + 10020 - Ok}
Set Ye,n = Q1n + QA1 Q2,0 + -+ Q1 pQ2n - - Qkon. 1t follows from (3.10) that
lyntr =" < llyn = y" | + €vhn +€n, VY €S, n > mo.

Hence the conclusion (1) holds. From the conclusion (1), we have

lym =¥l < Nym-1 = y"[| + €Vrm—1 + €m—1
< lym—2 — ¥+ €Vhm—2 + €Yhm—1 + €m—2 + €m—1
<
L oL
< lyn — YTl + € Ve,j + €, Yy" €S, m>n, n>no.
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Thus the conclusion (2) holds. Again, it follows from the conclusion (1) that

d(Yn+1,5) < d(yn,S) + €Ybn + €n, V1 > no.

Since
<X >
A1,n < o0, €n < o0,
n=0 n=0
we have
> > >
(€Vkn +en) ke  ain+  en < oo
n=0 n=0 n=0

Therefore, Lemma 2.1 implies that the conclusion (3) holds. This completes the proof.

The proof of Theorem 8.1. It is easy to see that the sufficiency of the conclusion (i) is
obvious and the necessity follows from the conclusion (ii) by setting ¢, = 0 in (3.3) for
n > 0 and considering (3.2).

Now, we prove the conclusion (ii) holds. It follows from Proposition 3.1 (3) that
limp o0 d(yn, S) exists. Since liminf,, o d(yn,S) = 0, we have
(3.11) lim d(yn,S) =0.

n—00

First, s prove that {yn} 1ba Cauchy sequence in C. In fact, from (3.11), the as-
sumptions ~o01n <oocand 7 €, <ooimply that, for any given € > 0, there exists
a positive 1nteger ni1 > no (where ng is the positive integer appeared in Proposition 3.1)
such that

(3.12) d(yn,S) <€, Vn>ni,
<X X
(3.13) Yeon < K a1 < €
n=nj n=ni
and
<X
(3.14) €n <€,
n=nq

where i, is the same as in Proposition 3.1. By the definition of infimum, it follows from
(3.12) that, for any given n > n1, there exists y*(n) € S such that

(3.15) lyn —y" ()] < 2e.

On the other hand, for any m,n > n; and m > n, it follows from Proposition 3.1 (2)
that

(3.16) lym —unll < lym =y @) + llyn —y" ()]l
. 1 L
< 2y —y ()l +e st €5-
Jj=n j=n

From (3.13)-(3.16), for any m,n > n; and m > n, we have

ym — ynll < de+€ +e=e(5+¢€),



Stability of Iterative Sequences Approximating Common Fixed Point 87

which implies that {y.} is a Cauchy sequence in C'. Since X is complete and C' is closed,
C' is complete. Then there exists z* € C such that y, — z* as n — co.

Now, we prove that z* is a common fixed point of Ty, 7%, , T in C. Since y, — x*
and d(yn,S) — 0 as n — oo, then, for any given € > 0, there exists a positive integer
ns > ni > ngo such that

(3.17) lyn — 2| <€, d(yn,S) <€, Vn>ns.

The second inequality in (3.17) implies that there exists yi € S such that

(3.18) yne — w1l < 2e

Moreover, it follows from (3.7) that, for any ¢ € {1,2,--- ,k},

(3.19) 1T 2" —yill = ll=" —yill <€, Yn 2> na.

Thus, from (3.17)-(3.19), for any i € {1,2,--- ,k} and n > n2, we have
1T — 27| < {IT"" —yill = ll” —yill} +2[lz" — yi]|

< et 2{llz" = ynoll + Yt — ynall}
< e+ 2(e+ 2€) = Te,
which implies that T'z* — z* as n — co. Again, since
173 2" = Tiz™ || < T2 — yill — [l2” —will} + 2" = will + 1 Tiz” — w1l
for all 1 <4 < k and n > na, (3.1) and (3.17)-(3.19) imply
T z" — Tix™||
e+ =" —yill + Lillz™ — yr |
< et 2" = ynoll 17— ynoll + Li{llz” — ynoll + [ly1 — yna 1}
< e+3e+ Li(SE)Q;,

IN

which shows that T]'z* — T;z* as n — oo. By the uniqueness of the limit, we have
Tix* = x*, that is, ™ is a fixed point of Ty, Ts, -+ , T} in C. Therefore, the conclusion (ii)
holds.

From (3.4)-(3.6), (3.8) and (3.9), we have, for any given € > 0,

en < ynr =27+ 110 — 1) (e — 27) + o1 n (T win — 27|
< ynsr =2+ (0 = arn)llyn — 2" + o1 (|77 win — 27| = [w1,n — 27])
+onnllwin — a7
<
< lyngr — 2|+ lyn — 27| + e{arn + @1nQ20 + -+ Q@120 Qrn}

= lynsr =27 +llyn — 27| + €v6n, YR > no.
: * POO oo : .

Since y, — z* and o Ve < k neo @1,n < 00, it follows that lim, .o €, = 0. Thus
the conclusion (iii) holds. This completes the proof.

If take 77 =15 = - -- = T}, in Theorem 3.1, then we obtain the following conclusion:
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Theorem 3.2. Let X be a real Banach space and C be a nonempty close and convex
subset of X. LetT : C — C' be an asymptotically quasi-nonexpansive type mapping defined
by Definition 2.1 (6). Assume that there exist constants L and o > 0 such that

Tz —y*|| < Lz —y*||*, VexeC, y" e F(T).

For any given xo € C, define the k-step iterative sequence {x,} by

8
% Zh—1n = (1 — Qrn)Zn + QT T, n >0,
Zk—omn =1 —or_1n)Tn + 10T " 2610, 1 >0,
E Z1,n = (1 - a2,n)xn + O42,7111“2:2,71, n 2 07
T Zpnt1 =1 —a10)Tn 10T 210, n >0,

where {ain} is sequence in [0,1] satisfying  _ o01,n < oo for each i € {1,2,--- ,k}.

Suppose that {yn} is a sequence in C and define a sequence {e,} of positive real numbers
by

Wi—2,n = (1 — Qk—1,n)Yn + h—1,nT " Wk—1,n, n >0,

8
§ Wk—1,n = (1 - Oék',n)yn + ak,nTnynv n > 07

wi,n = (1 — azn)yn + a2 T w2 n, n > 0,
[, m>0.

€n = ||yn+1 - (1 - Ofl,n)yn - CVl,nT‘nu}I,n

Then we have the following:
(i) liminf, o d(zn, F(T)) = 0 if and only if {zn} converges strongly to a fized point
z* of T in C, where d(zn, F(T)) denotes the distance from x,, to the set F(T), i.e.,
il:(;”L’mF(T)) = infy-err) 20 —y7|-

(il) 2, €en < 00 and iminfp—oo d(yn, F(T)) = 0 imply that {yn} converges strongly

n=0

to a fized point x* of T in C.
(iii) If {yn} converges strongly to a fized point x* of T in C, then lim, o €, = 0.

Remark 3.1. Theorems 3.1 and 3.2 extend, improve and unify the corresponding results
of [3], [4], [9], [11]-[13], [16] and [19]-[22].
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