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ABSTRACT. In this paper, we consider a delay differential equation model of two compet-
ing species with harvesting of the mature and immature members of each species. The
time delay in the model represents the time from birth to maturity of that species, which
appears in the adults recruitment terms. We study the dynamics of our model analytically
and we present results on positivity and boundedness of the solution, conditions for the
existence and globally asymptotically stable of equilibria, a threshold of harvesting, and
the optimal harvesting of the mature populations of each species.

1. Introduction

Recently, investigations of mathematical models of stage-structured population
growth, where the individual members of the population have a life history that
takes them through two stages, immature and mature, with the time from birth
to maturity represented by either discrete or distributed time delay, have received
some attention. These kinds of models are appropriate for many species in the real
world, we have in mind mammalian populations and some amphibious animals.
Aiello and Freedman [1] proposed and studied the following single species model
which has become quite well known:

(1.1) w,(t) = oty (t) —yui(t) — ae Tun(t — 1),
ul () = e Tuy,(t—1) = pu(t),

where «, 3,7 and the delay 7 are positive constants. In this system u; and wu,,
denote respectively the numbers of immature and mature members of the single-
species population. The delay 7 is the time taken from birth to maturity. They
considered various aspects of the above system including positivity and boundedness
of solutions. They also established that all ecologically relevant solutions tend, as
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time t — o0, to the positive equilibrium solution

4 _( -7 -y & —'w)
(U, Upn) = (ﬂ’ye (I—e7), ﬂe .

Note that the equilibrium depends on the delay 7. The model assumes that all
juveniles mature at exactly the same age 7. This is an approximation which will
not always be realistic. An alternative is to use a distributed delay term allowing
for a distribution of maturation times, weighted by a probability density function,
for more information; see Al-Omari and Gourley [2].

Competition and unharvested systems with time delay have been studied by
many others. For example, see [10] and Al-Omari and Gourley [3]. But with
harvesting Song and Chen [4] have considered system (1.1) with constant harvesting
of the mature population:

w,(t) = oty (t) —yui(t) — ae Tun(t — 1),
ul () = ae Tuy(t—71) — pul (t) — Bun(t),
ui(t) = ¢1(t) >0, up(t) = ¢2(t) >0, —7 <t <0, u,(0) >0,

where E measures the effort with which the mature population is harvested, ¢2(t)
is the given initial mature population and ¢;(¢) is the initial immature population,
such that 0
u;(0) = / a,(s)e7ds.
—T

They established conditions for the global stability of the equilibria A = (0,0) and
B = (u},u},), where

a _ _ 1, -

uf =—1—-e")(ae " —E) and u,=-=(ae”" —E).

By
Also, see for example, ([5] and [6]).

The above models are examples of systems containing delay dependent coeffi-
cients of the form e™". Generally the equilibria of this kind of equation show a
dependence on the time delay and, in these particular models, also as in our model
below, it is because the individuals may die during the maturation phase leading
to a reduced mature adult equilibrium population. The analysis of such models
(even the linearised analysis) is very complicated. An interesting extension of sys-
tem (1.1) is the model below studied by Al-Omari and Gourley [7] in which the
delay is state-dependent, taken to be a function of the total population u; + .
In [7] we proposed the following system, in which u = u; + wy,:

=

ui(t) = Rlum(t) = yui(t) = e Rug (t = 7(u))),
U (t) = ¢TI R(up (t = 7(u)) = dum(t),

where the function R(u,,(t)) behaves linearly in w,, for small u,,, but is effectively
zero for large u,,. The function R(u,,) represents the birth rate, and the two terms
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—~u; and —du,, represent the deaths of immatures and matures respectively. The
delayed term in both equations represents adult recruitment. The state-dependent
time delay 7(u) is taken to be an increasing differentiable function of the total
population u = u; + U, so that 7/(u) > 0, and we shall also assume that

Tmin < T(u) < Tmax

with 7(0) = Tinin and 7(00) = Tmax. These assumptions imply that the maturation
time for the species depends on the total number of them (matures plus immatures)
around. The greater the number of individuals present, the longer they will take
to mature. This assumption is known to be realistic in the case of Antarctic whale
and seal populations [8]. Lowering the number of whales apparently causes the
remaining whales to mature more quickly (presumably because there is more food
for the remaining whales). Since both immature and mature whales need food, this
is the motivation for having the maturation delay depending on the sum wu; + uy,
of the mature and immature populations.

In this paper, we will modify system (1.1) to model two competing species with
harvesting of the mature and immature members of each species. Thus we are
concerned with the following system

(1.2) d[i;t(t) = auUpn(t) — v Ui(t) — aye” OutEIT (4 — 7)) — By U;(t)
dU;l"t(t) = e FEIT (= 1) = BuU2(t) — c1Upn (8)Vin (t) — EoUp (t)
‘“2;’5) = @y Vin(t) — 1w Vi(t) — e BTy (1 — 1) — E5Vi(t)
Wonll) e O BV, () = BV — sl ()Vin(6) ~ BiVin),

where U; and V; denote, respectively, the number of immature members and U,
and V,,, are the number of mature adult members. The ¢; and ¢, measure the com-
petitive effect of V on U and U on V, respectively, and F7, F5 denote, respectively,
the harvesting effort of the two immature populations U; and V;; Es, and E4 denote,
respectively, the harvesting effort of the two mature species U,, and V,,. The rate
at which individuals are born is taken to be proportional to the number of matures
at that time; this is the o, U,, and «a,V,, terms. Death of immatures is modelled
by the terms —v,U; and —~,V;. Death of matures populations are modelled by
quadratic terms. The other terms, such as, a,e”(Va+E)™ U (t — 7,) appearing in
the first and second equations of system (1.2) represents the rate at time ¢ at which
individuals leave the immature and enter the mature class, having just reached ma-
turity. These are individuals who were born at time t — 7,. Therefore, the rate of
entering the mature class is «, Uy, (t — 7,,) times the fraction of those born at time
t—,, who are still alive now and are not harvested. That this fraction is e~ (Y +£1)7u
follows from the assumption that the death and harvesting of immatures are fol-
lowing a linear law given by the terms —~,U; and —F,U;. Of course, U,, and V,,
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in (1.2) refer only to the adult members of the two species. Thus, it is assumed that
competition occurs only between the adults. Since many species strongly protect
their young, we feel this is not too unrealistic an assumption. Also it is assumed
that competition effects are of the classical Lotka-Volterra kind, (see for example,
Murray [9], Gopalsamy [10] and Kuang [11]). When two or more species interact
the population dynamics of each species is affected. In a predator-prey situation
the growth rate of one species is decreased and the other is increased. While in
competition the growth rates of both species are decreased.
For initial data of system (1.2), we assume that

(1.3) Ui(t) = ¢1(t) >0, Uy =¢a(t) >0 for —7, <t<0
Vit) = ¢1(t) >0, Viy =1ha(t) >0 for —7, <t <0,
such that
0 0
U;(0) = / auUm(s)e(7u+E1)Sds and V;(0) = / avvm(s)e(%JrEi‘)Sdg’

—Tu —Tv

which represent the number of immatures that have survived to time ¢ = 0 (the
number of those that are still alive and still immature and have not been harvested).
We assume also that

(1.4) Un(0), Vin(0), Ui(0), V;(0) > 0.

2. Positivity and boundedness

In this section, we address positivity and boundedness of the solution of the sys-
tem (1.2). This is important since the solutions of the system represent populations,
and because we anticipate that limited resources will place a natural restriction to
how many individuals can survive.

Theorem 1. If the initial data (1.3), and the assumption (1.4) hold, then the so-
lutions of system (1.2) are positive and bounded for all t > 0.

Proof. We first show that U,,(t) > 0 for all ¢ > 0. Assume, for contradiction, that
there exists a first time ¢y > 0 such that U,,(t9) = 0. Then U,,(t) > 0 for ¢t € [0, o)

and dU
m (¢ _
7dt( 0) = ape” OBV (1o — 7,) > 0.
Thus, U}, (tp) > 0. This is a contradiction since it implies Uy, (t) must be negative
for t just before tg, which contradicts the choice of #.
Similarly, we can prove that V,,,(¢) > 0 for all ¢ > 0.
Proving that U;(t) > 0 for ¢ > 0 is a little more difficult. By positivity of U, (t),

then for 0 <t < 7,. We have

d[ilit(t) > —7,Ui(t) — awe™ I (8 — 1) — EVU(2).
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By comparison, U;(t) > u(t) where u(t) is the solution of

du(t)
dt

= —yu(t) — ape” W FEITL (t — 1) — Eyu(t)

subject to u(0) = U;(0) > 0. But the solution of the last equation is
¢
u(t) = e~ OutEt (Ui(O) - / pe Tt EDS =t BT (6 Tu)d8> .
0
Hence, by (1.3)

0
u(ry) = e OutBim </ uUp (€)euTEVE ge

—Tu

_/Tuaue(’Yu+E1)Se—(Vu+E1)Tu U (s — Tu)d8> 7
0

which gives u(7,) = 0, and therefore, u(t) > 0 for t € [0,7,), and so U;(t) > 0 on
[0, 7). Repeating this argument with ¢ = 7, as the initial time yields that U;(¢) > 0
on [7y,27,). This argument can be continued to include all positive times, and so
we have shown that U;(t) > 0 for all ¢ > 0. Similarly, we can show that V;(t) > 0
for all ¢ > 0.

Now to prove the boundedness of positive solutions of system (1.2), we choose the
function

V(t) = Ui(t) + Un(t) + Vi(t) + Vi (¢).

By positivity of solutions, all terms in V' are positive. Now

VI(t) = (au— E2)Un(t) = BuUn () = (vu + EVUi(t) = c1Upn (£) Vi (8)
(o — Eg) Vi (t) — (0 + E3)Vi(t) — ﬂvvr%(t) — c2Up (1) Vin(t).

Since U, Vi, > 0, then by calculating the derivative of V(¢) along solutions of
system (1.2), we have

V(t) < (= B2)Up(t) — (vu + E0)Ui(t) + (= E4)Vin(t) — (70 + E3)Vi(t).
And for ¢ > 0, where ¢ < max{v, + E1,v, + E3}, we have

V') +eV(t) < (o +e—E)Upn(t) — BuUA(t) — (yu + € + E1)Us(t)
+ (av +e— E4)Vm(t) - ('Vv +e+ E3)V;(t) - ﬁvvvi(t)
< (o +e—E)Un(t) 4 (o + € — Eg) Vi (2).

Hence, there exists a positive number m such that

V() + eV (t) < m.
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So that

),

Y

)

Therefore, we deduce that U;, U,,, V; and V,,, are bounded. O
3. Asymtotic stability of equilibria
The equilibria of System (1.2) are determined by setting U; = U,,, = V; = V,,, =
0 in system (1.2), and solving the resulting algebraic equations
U (t) = Y Ui (t) — ape™ Out BV (¢ — 7)) — ElU t) = 0,
e BVt — 7)) — BLUR(E) — UV (t) — ByUp(t) = 0,
avvm(t) - 71)‘/1(0 - 041)67(’YU+E3)TU Vm(t - Tv) E3V (t) = 07
e BTy (4 1) — B,VE(t) — U (H)V (t) — EqVin(t) 0.
Then system (1.2) has four equilibria: Eo(0,0,0,0), E,(Us, Up,0,0), E,(0,0,V;, Vo,
and E(U;, Uy, Vi, Vi) where:
U au(auef(’y7i+El Tu )(1 — 67(7ur+El)Tur) U auef(’)’u‘FEl)Tu — E2
‘ B ('Vu + El)ﬁu ' " ﬁu ’
7o v (e T BT — F)(1 — %+E3)m)’ Vo e~ (BT _ E47
(Yo + E3) B By
oo~ cwl- e~ OntBOT B, (ae” v EITE — By) — ¢y (ae” 0 EIT — )
' (Yu + E1)(Bufy — c102)
U B ﬁv(aue_("fu"!‘El)Tu _ E2) —C1 (ave_(7v+E3)7—v — E4)
" BuBy — c102 ’
o (1 — e~ (BT [B (a,e= (v TEIT — B) — ¢y (e et B — By
’ ('Yv + ES)(ﬁu/Bv - 6162)
o Bulawe 0BT - By — ep(aye 0 HERIT — By)

BuBy — c1€2

The stability of the four steady states is determined by linearizing system (1.2)
about them. To do so, let E* = (U, Uy, V;*, V,5) be an arbitrary equilibrium and
set: Uy =2, + U}, Up, = 2, + U, Vi = y; + V7 and V,,, = yp, + V), and neglecting
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higher order term in z;, ,,, ¥; and y,, to obtain:

dx;
;t = Qu&m(t) — Yuzi(t) — aue_(%JrEl)T“mm(t — 1) — E1z; (%)
dzp,
% = aue_(’yu—i_El)Tuxm(t - Tu) - 25uxm(t)U;L - clxm(t)vnt - Clym(t)U;L
— Egl'm(t)
dy; _ -
o = o) = ubilt) — ave ot BTy (¢ — 7,) — Esy;(t)
dym,
% = ave_(71y+E3)Tvym(t - Tv) - 2vam(t)vvjz - C2xm(t)vrfz - CQym(t)U:;z

- E4ym (t)
For the equilibrium Ey of (1.2), its characteristic equation is
(3.1) A+ v+ Er) ()\ + Fy — aue—m(vu—&-&—%)\))
(>\ + Yo + Eg) ()\ + Ey — avefT”(%*E?"*)‘)) =0

has at least a positive eigenvalue, which occurs from either the roots of the second
or the roots of fourth bracketed factors. If Ey < e ™51 then the point of
intersection of y = A + Ey and y = a,e” ™1 g such a positive eigenvalue.
Therefore, the equilibrium FEjy is unstable. The equilibrium Ej is unstable has
ecologically interpretation, if the harvesting effort of the four populations are not
large enough, if the immature populations do not have a high deathrate, or the
two species have a low maturation time. For the equilibrium FE,, the characteristic
equation is

A+ 0+ Br) (A + 28,0 + B — ae™ 0B ) (0 o, 4 )

()\ + Uy, + By — avefT”(%+E3+)‘)) =0.

It has two negative eigenvalues A = —(7y, + E1) and A = —(v, + E3). The other
eigenvalues are the roots A of

(3.2) A+ 28,0 + By — ae” Tt E1EA) =
together with the roots A of the equation

3.3 At e2Up + By — cye” 00N — g,
(

We will find the condition which determines that all roots of (3.2) satisfy ReA < 0.
Assume for contradiction, that there exists a root A* such that ReA* > 0. Then

A+ 20, e” et BT E2‘ - ’aue*”(VﬁEl“ )| < e utEDT
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since ReA™ > 0. This implies that A\* is in the circle in the complex A plane centered
at A = —2a,e” (wtED™ L B and of radius o e~ (" EUT - Therefore, we will have
a contradiction if

(3.4) aye” et BT S By

Now, for the equation (3.3) we have

—(Yut+E1)Tu _
)\* + Co (aue it 1 EQ) + E4 S ave_(’yv+E3)Tv7
Bu
which leads to a contradiction if
(3.5) ca (aue_('yu+E1)T“ — Eg) > Bu (ave_(7“+E3)T“ — E4) .

Consequently, if the two conditions (3.4) and (3.5) are both hold, then the equi-
librium F, is linearly stable. In similar way, we can show that the equilibrium FE,
which has the characteristic equation

(A +7u + E1) (A + 2B, Vi + By — ave—m(ersH)) _
A+ + Es) (A + c1Vim + Ea — aue*m(vﬁElH)) —0,

is linearly stable if

(3.6) ape” (BT S B
and
(3.7) c1 (ave_(7”+E3)T” — E4) > 3, (aue_(7“+E1)T“ — E2> .

Thus if (3.4), (3.5), (3.6) and (3.7) hold then E, and E, are both linearly stable,
and the numerators of the components U;, U,,, V; and V,,, of the equilibrium F are
all negative. But, at the same time, (3.5) and (3.7) imply that

cz(aue_(’)/u""El)Tu _ E2)
Olue_(’yv+E3)T” — E4 ’

1 (et Es)Te _ By

aue_(’Yu"l‘El)Tu _ E2

Bu <

By <

)

so that 8,08, < cice, i.e., the denominators of all components of the equilibrium
E are negative too. Thus under these circumstances U;, U,,, V;, V> 0 so that
the equilibrium E is feasible. Also we can see if (3.5) and (3.7) are both reversed,
then the equilibria E, and E, are both linearly unstable and again E is feasible
under these circumstances. But if one of the equilibria F,, F, is stable and the
other unstable, then the coexistence equilibrium E is not feasible. Finally, for the
equilibrium E the characteristic equation is

()‘ + Yu + El) <)‘ + Cle + 2Buf]m + E2 - aueiTu(’YquElJr/\)) ‘

(A + 7y + E3) (A ¥ U + 28, Vi + By — ave*“<%+E3“>) —0.
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It has two negative eigenvalues A = — (v, + E1) and A = —(v, + E3). What we are
looking for now is to find under what conditions the second and fourth bracketed
factors have negative eigenvalues. It is not difficult to see that the conditions for
all roots of these factors to satisfy Re\ < 0 are

(38) c1 (ave_(’)’v“l‘E(S)Tv _ E4> < ﬁv (aue_(’)’u‘i‘El)Tu _ E2) ,
and
(3.9) Co (ozuef('“JrEl)T“ - Ez) < Bu (avef(%‘LE”T“ - E4) )

Therefore, the equilibrium E is stable if equations (3.8) and (3.9) satisfy. We
already know that the equilibria E, and E, cannot exist if Fy > e~ utE)Tu
and Ey > ape” (w87 because U and V are negative under these conditions. In
fact, we shall prove in the next section that under these conditions the equilibrium
Ey is globally asymptotically stable. Therefore, we assume that (3.4), and (3.6)
hold throughout this paper.

Before proceeding, we shall need the following theorem.

Theorem 2. Let u(t) be the solution of

(3.10) ‘0%‘ = e~ W FEVTwy (4 — 1) — Bu?(t) — Au(t),
where u(t) > 0 for —7 <t <0.

(D) If 0<A<ae”utBEI™ then tlim u(t) = 4, where

1
(3.11) = [ae BT 4],
Bu

(1) If A > aye” OwtBEIT thep flim u(t) = 0.
[ — OO

Proof. (I) We can show that u(t) is bounded and positive by the same way we
have done in section 1. The prove of this theorem is in several stages. First we
deal with the cases when u(t) is eventually monotonically decreasing or increasing,
i.e., monotone for all ¢ sufficiently large. But by positivity of solutions, u(t) is not
eventually monotonically decreasing because if so, then w(¢) must approaches some
limit & > 0. This limit must be an equilibrium of (3.10) and therefore, either zero
or the value stated. Zero is ruled out since a standard linearized analysis yields
that the zero solution of (3.10) is linearly unstable under the stated condition on
A. So now assume, for contradiction, that u(t) is eventually monotonic increasing
with u(t) — oo as t — oo then in this case u(t — 7) < u(t) for all ¢ sufficiently large,
and therefore,

du(t)

o < e BTy (8) — B (t) — Ault).
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But u(t) — oo. So, for ¢ sufficiently large, we must have 4(t) < 0 contradicting the
assumption that u(t) is eventually monotonic increasing. We must now conclude
that any eventually monotone solution approaches a non-zero limit, say «. This
limit must be an equilibrium of (3.10) and so, since @ > 0 we must have 4 = .

We now consider the case when u(t) is not eventually monotonic. Then there exists
a sequence t; — oo as t — oo such that u'(t;) = 0 and u(tx) — Iy, := limsup u(t).

t—o0o

We want to show that [,, = 4. Suppose for contradiction that {,, > u. Let € > 0
be sufficiently small. Then there exists T' > 0 such that if £ > T > 7 we have

u(t) <l + €.
Since t — oo as k — 0o, there exists K such that if £ > K then
tpy — 71y > T.

Then, for k > K
u(te — 7o) <l + €.

Applying equation (3.10) when ¢ = ¢, where k > K, we have
0= u/(tr) < aye™ O FEI (1 4 ) — Buu(tr) — Aulty).

Letting k — oo,

0 < e wFBOTe( 42y — 3,12 — Aly,.
This is true for all € > 0 sufficiently small. Thus we must have

0 < aue” OBy 12 — Al,
But since [,,, > u, we have
e BV < 51 AL

Therefore,

0 < auef(vquEl)Tulmiﬂul?niAlm
(Bulm + Al — Bul2, — Al = 0.

A

Contradiction. Hence l,,, = i, that is lim u(t) = 4.

t—oo

(IT) This can be achieved in three stages. We shall first prove that w(t) is not
eventually monotonic increasing. Suppose on the contrary. We already know that
u(t) is bounded above. Therefore there exists I,, > 0 with

u(t) — Iy as t — oo.



Stability and optimal harvesting in Lotka-Volterra competition model 41

We want to show that l,, = 0. Assume that l,, > 0 then, letting t — oo, equa-
tion (3.10) gives
0 S aue_(7“+E1)T“lm - Alm7

which leads to
0<l, (aue_(7“+E1)T“ — A) .

But since [,,, > 0 we must have
e BT _ 4 > .

This contradicts the hypothesis of the theorem that A > e~ (v FEFIT,

The second stage is to consider the possibility that w(t) is eventually monotonic
decreasing. Then since u(t) > 0, u(t) must approach a limit [, as ¢ — co. We want
to show that [,, = 0. This is trivial, since the assumption that [,, > 0 leads to
contradiction by following the same arguments as described above. The final step
in our proof is to consider the case when u(t) is not monotonic. Then there exists a
sequence of times t; — oo such that v'(tx) = 0 and u(tg) — L, := limsup u(t). We

t—o0
want to show that [,, = 0. Let € > 0 be sufficiently small. Then there exists T" > 0
such that if ¢ > T we have
w(t) <l +e.

Since tp — oo as k — oo, there exists K such that if k¥ > K then
tp — 1y > T.
Then, for k > K
u(ty — 1) <lm +&.
Applying equation (3.10) when ¢ = ¢ where k > K, we have
0=/ (ty) < ae” O FTFIT (L, 4 0) — B’ (th) — Aulty).
Letting k — oo,
0 < ape” utBEO™ (46— Al,.
This is true for all € > 0 sufficiently small. Thus we must have
e—(’Yu-i'El)Tu > A.
This contradicts the hypothesis of the theorem unless [,,, = 0, and the proof of
Theorem 2 is complete. O

In the proof of theorem 3 below, and in subsequent theorems, we shall use a
comparison principle. For scalar equations, the essential requirement for a compar-
ison principle to hold is that the reaction term be a nondecreasing function of the
delay variable (see, for example, Martin and Smith [12]). The following lemma will
be useful and follows easily from the results in [12].
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Lemma 1. Let v(t) be a solution of

dv(t)
dt

=ae To(t — 1) — BUE(t) — M(t), t>0

and u(t) some function satisfying

du(t)
dt

(3.12) > e Tu(t — 1) — BuP(t) — Au(t), t>0.

Assume also that u(t) > v(t) for all t € [—7,0]. Then u(t) > v(t) for allt > 0.

Remarks. An analogous result holds with the inequalities reversed, and we shall
need this also. In our applications of these comparison results we shall often find
that a differential inequality of the form (3.12) holds only for ¢ above some value,
say t1, and not for all ¢ > 0. In that case the initial time is simply thought of
as t1 rather than 0, and u(t) > v(¢) is arranged to hold for ¢ < t; by appropriate
definition of v(t) for values of ¢ < ¢;. In the interests of clarity, we shall not always
elaborate on this latter point in detail.

3.1. Global asymptotically stable of E;

If By > aye”0etE)™ and By > a,e” (0 +HE8)™  then system (1.2) has a non-
negative equilibrium Fy(0, 0,0, 0). We shall prove that Ej is globally asymptotically
stable. It is easy to show that Ej is locally asymptotically stable since all eigen-
values of the characteristic equation (3.1) have Re(A) < 0 under these asumptions.
The biological meaning of the conditions are obvious: if the harvesting efforts of
the two species (immatures and matures) are large enough, if the two species have
a long maturation time delay 7, and 7,, if they have a large immature mortality
rate -, and 7,, or if they have insufficient live births «, and «,,.

Theorem 3. Let the initial data (1.3), and (1.4) hold, and assume that
E2 > aue_(7u+E1)7'u and E4 > ave_('Y'U"rEg)Tv.

Then (Ui(t), Un(t), Vi(t), Vi (t)) — (0,0,0,0) as t — oo.
Proof. Since Up,(t) > 0 and V,,,(t) > 0 we have

dU.,,(t)
dt

= aue” OWHBIT (b — 7)) = BuUR (1) — c1Up (1) Vi (t) — EoUy, (t)
< e O FEOTL (t— 1) — BLUR () — EyUn(1).
Therefore, by the comparison theorem, 0 < U,,(t) < u(t) where

du(t)
dt

= aye” W FEITuy(t — 7)) — Bl (t) — Erult),
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since By > a,e”(wTFUT then by Theorem 2(IT), we conclude that u(t) — 0 which
leads to U,,(t) — 0. Similarly, we can prove that V,,(t) — 0. Now we show that
U; — 0 as t — 0. The first equation of system (1.2) is

dU;(t)
dt

= aUpn(t) — Ui (t) — e O TEOT (8 — 7)) — By U, (t).

Suppose tli>n<>lo U;(t) does not exist, then there exist two sequences ¢ and t} such
that

lim U(t7") = U Us(t") =0

t—oo
and

lim U;(t)") = Uine Us(t)') =0,

t—o0

such that Uj,, < Ujnr, Us(#7) # 0 and U;(t2) # 0. Therefore,

0 = UZ(tS) = o Un (1) — % Ui(ty) — aue_(7u+E1)TuUm(tzl —7u) — B UI(8)
0 = Ui(tM) = aUm (tM) — 7 Ui (tM) — e Out DT M — 7)) — B U (EM).

But since lim U, (t) = 0, then we have

t—o0

Ui = lim U;(t;) = lim U(tM) = Ui,

—00 t—o0

a contradiction. Therefore, 26lim U;(t) exists. But since U;(t) is bounded, then
—00

lim U;(t) = 0.

t—oo

Thus, by the first equation of system (1.2), we have

tlim Ui(f) =0.
Similarly we can show that
lim V;(t) = 0.
t—oo
This completes the proof of Theorem 3. O

3.2. Global stability of E,

We shall prove a theorem on the global stability of the equilibrium point
E,(U;,U,,,0,0) of system (1.2), in the situation when the other equilibrium
E,(0,0,V;, V,,) of system (1.2) is linearly unstable. This means that the com-
petition between the two species U, and V,, is strong and/or significant adult
harvesting in V,,, species, and the species cannot coexist. One of them, in this case
the V,,, population (immature and mature), dies out.
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Theorem 4. Let the initial data (1.3), and (1.4) hold, and assume that

(3.13) Co (auef(”’”+E1)T“ — Eg) > B (avef(7“+E3)T” — E4) ,
and
(3.14) c1 (ave_('y”+E3)T” — E4) < By (aue_('y"*El)T“ — Eg) .

Then (U;(t), Un(t), Vi(t), Vi (t)) — (Ui, Upn,0,0) as t — oo.

Proof. We shall first show that (Up, (t), Vin(t)) = (Um,0). Let U = limsup, ., U (%),
U = liminf; . U, (t), V = limsup,_,, Vin(t) and V. = liminf, . V;,,(t). Now,
since
dU,,(t _
Udt( ) e FEDT(t— 7)) = BLU (1) — U (6)Vin (t) — ExUp (1)

< e TEITG (t— 7)) — BUR () — EyUp (1),

we can conclude from this and Theorem 2(I) that U < Up where

_('Yu+E1)Tu _ E
Q€ 2
UB = )
Bu

is the U,, component of the equilibrium E,. By positivity of V,,,(t) we also know
that V. > 0. To complete the proof it suffices to find two sequences {M"}, {N}}
with the properties that U > M for each m with M — Up as m — oo (so that
U > Ug), and V< N} for each m with N, — 0 as m — o0o. As a first step in this
process, let vy (t) satisfy

dUl (t)
dt

with, for ¢ <0, vy(t) = max{V(¢), t € [-7,0]} > 0. Then

= ape” BTy (£ — 7)) — B3 (t) — Egui(t), t>0

—(vwtEs)Te _ |
. o Qye 4
t% vi(t) = 7 .

Since U,,(t) and V,,,(t) are non-negative,

dv,, (t
#() = e OB (1)) — B VR () — coUp () Vi (t) — EqVi ()

< Oéfuei(%)JrEs)TU va(t - Tv) - ﬂ'l}vyi(t) - E4Vm(t)-
By comparison, V,, () < vi(t) and therefore

_ —(WwtEs)w _ |
V = limsup V(1) < lim v (1) = Qe 1. N?.

t—o0 —00 ﬁv
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Let € > 0 be sufficiently small that

ﬁv(aue—(’vu+E1)Tu _ E2) _ cl(ave_(%"’E’d)” — )

Buct

There exists ¢; > 7 such that V,,(t) < Ny +¢ for all ¢ > ¢1. For t > t1 let uq(t)
evolve according to

(3.15) 0<e<

dU1 (t)
dt

= e~ EUTu (t —7u) — Buud(t) — crur (1) (NY +¢) — Equy(t),

and, for t € [t; — Ty, t1], let
ul(t) = min{U(t), te [tl — Tu,tﬂ},

which is strictly positive, since Uy, () > 0 on (0,00). It is not necessary to define
uy(t) for t < t1 — 7, since Lemma 1 is now being applied with initial time ¢; rather
than 0.

Since ¢ satisfies (3.15), Theorem 2(I) yields that

1
lim uy () = — |oge” TEI — By — o) (NY +¢)| .
t—oo ﬂu

Now, since NY 4+ ¢ > V,,,(¢) for t > t1, we have, for such ¢,

AU, ()

y7 = aue” OWFEIT (8 — 7)) — BuU2 (1) — eyUp () Vi (£) — EoUp ()

> aye” BT (E— 1) = BuUR(E) — clU)(NY + €) — ExUp ().
By comparison, U,,(t) > u;(t) and therefore

1
U= litm inf U, (t) > 75lim ui(t) = 7 [aue*(%*El)T“ — By — 1 (NY + s)] .

Since this is true for any € > 0 satisfying (3.15), it follows that U > M{* where

1
M = 6— {aue_(%JrEl)T“ — FEy — clN{’} .
u

Let € > 0. There exists to > 0 such that Uy, (t) > M{* — ¢ for all ¢ > t5. For ¢ > ¢,
let vy (t) be the solution of

dvg (t)
dt

= ave_(%JrES)T“vg(t —Ty) — Buv3(t)

5u(av€_(%+E3)T” _ E4)
aue*(“/u+E1)Tu — Ey

(Mf — E)Ug(t) — E4’U2(t),
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with appropriate “initial data” on the interval [to — 7,t3]. Now

AV (t)
dt

= e OB (1 — 1)) — B VR () — coUp () Vi (t) — EqVi (1)

IN

ape” BTy (4 1) — B,V2(t)
ﬂu(avei(%A»ES)Tv - E4)
B aue—(’Yu-i-El)Tu O

(M{" — &)Vin(t) — E4Vin(t),

where we have used (3.13). By comparison, V,,,(t) < va(t). But, by Theorem 2, and
using the fact that

1
Mlu < — aue—(’Yu-i-El)Tu _ E2:| ,
Bu
1 /8 (a e_(’Yv“!‘Eii)TU _ E'4)
; - —(Vot+E3)Ty _ _ Pul™wv u o _
tli)Irolo U2(t> ﬂv |:ave E4 aue*(’YquEﬂTu — E2 (Ml 6) ’
Hence
V = limsupV,,(t) < tlim va(t)
t—o00 —00
1 Bulope= et Es)Te _ B

—(vo+Es)Te _ u _
|:Ozv€ Ea ayge—wtE)T. — (M E):| ’

Bu
Since ¢ is arbitrary, we conclude that V' < NJ where

1
(3.16) Ny = ﬁi [ave(%+E3)n -

ﬁu(aue*(VﬁES)“ — Ey)
age~(utE)Te — [,

).

Now, let ¢ > 0 be sufficiently small that the expression given below for
lim; o u2(t) is positive. That this is possible follows from the second inequal-
ity (3.14) in the hypotheses of Theorem 4, together with the fact that N3 satisfies
v 1 —(yo+E3)T
N; <—[ave Yo E3 “—E4].

g

There exists t3 > 0 such that V,,,(¢t) < NJ + ¢ for all ¢ > ¢5. For t > t3 let ua(t) be
a suitable solution of
dus (1)
dt

= e~ WFEDTwyo (t — 1) — Buud(t) — Eyus(t) — ey (NY + )ua(t).

Then, since

dUpn ()
dt

e WFEDTG (t — 7)) — BLUZ (1) — ExUp, (t) — UV ()

v

e WFEDTG (t— 7)) — BLUZ (1) — ExUpy(t) — ey (NG + €)Up (2),
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we have U, (t) > ua(t). Also
1

lim us(t) = — [aue_(7“+E1)T“ — Ey —c1(Ng + 5)} .
t—oo /Gu

Hence

1
u=> B [au677“+E1)“ — FEy —c1(Ny + s)] .

By the arbitrariness of ¢ > 0, U > M3' where
1
(3.17) MY = 5 {aue—(’Yu+E1)Tu B - 61N§:| .

Continuing this process, we obtain two sequences N}, M*, m = 1,2,3,.-- such
that, for m > 2,

1 3 Bula,e=vtEs)Te _ [
vo_ (’YU+E3)T'U _ _ u v u
(318> Nm - ﬂv |:04,U€ E4 aue*(’YquEl)Tu — E2 Mmil ’
and
1
(3.19) My = 5— [aue_(%JrEl)T“ — FEy — clNgl} .
u

Combining these,

o = o By
" ﬁ1}(au€7(’yu+El)T” - E2) m

which confirms that all the N? are positive. Furthermore, by assumption (3.14),
NP — 0 as m — oo. Hence, by (3.19),

1
lim MY = —[a,e”FEV™ _ )] = Up.

m—0oQ0 ﬁu
Therefore
lim U,,(t) = Ug,
and
lim V,,,(¢) =0

Now we show that tlim U;(t) = U;. Since Uy, (t) — Uy, then for any t > T > 7, and

solving the first equation of system (1.2) for U;, we have
Ui(t) = Ui(T)e” CurBo=D)

t
_|_ ae—(’Yu"rEl)t /

e(rutB)s [Um(s) — e~ (Ot BT Un(s — Tu)} ds.
T
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Hence
Ui(t) = U] < Uy(T)e=OutEOET)

t
aue—mwl)t/ o(TutEr)s [Um(s) — et EITu (5 — ru)} ds — U;
T

_|_

Now, by using the fact that if lim f(s) = fo, then
§— 00

¢ ¢
tlim et EDE=9) £(5)ds = f, tlim e~ (WFEVE=9) gg — fo (v, + E1) 7L,

we have

lim |U(t) = Ui < ‘(’)/u +E1)7! (auUm - aue—(%ﬁEl)“Um) — U

t—o0

= ‘(% +EB) (Oéue_(v'“+E1)T'“ - Ez) (1 - 6_(7“+E1)T“) - U;

= 0
Therefore, we have -
Now, we show that tlim Vi(t) = 0. The fourth equation of system (1.2) is
—00

V(1) = awVin(t) = 1Vi(t) — awe™ OBV, (1 — 7)) — B3Vi(1).
Since V,,,(t) — 0 as t — oo, then for € > 0, there exists T' > 0 such that, for t > T
—£ < @V (t) — e WFEITY (1 — 7)) < e
Then, for ¢t > T,
Vi(t) <e— (v + E3)Vi(h).

Hence

13
3.20 lim sup V; (t) < .
(3.20) fm sup z()_%JrE3

Also, for t > T,
Vi(t) > —e — (7 + E3)Vi(t),

which gives
€
Yo + E3 .

(3.21) litm inf Vi (t) >

Since (3.20) and (3.21) are true for all € > 0, then

0< litm inf V;(¢) < limsup V;(¢) < 0.

t—oo
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Consequently, we have
75lim Vi(t) =0.
This completes the proof of Theorem 4. O
The following theorem is an analogue of Theorem 4, for the situation when the
equilibrium FE,, is unstable and F, is asymptotically stable. The proof is similar to
that of Theorem 4.

Theorem 5. Let the initial data (1.3), and (1.4) hold, and assume that

(3.22) Co (aue_('y“'JrEl)T“' — Eg) < B (ave_('y”JrE“)” — E4) ,
and
(3.23) c (ave—(%—i-Es)Tu _ E4) > B, (aue—(%—i-El)Tu _ Ez) )

Then (U (t), Un(t), Vi(t), Vin(t)) — (0,0,V;,V,,) as t — oco.

3.3. Global stability of £

We will prove that the coexistence equilibrium EA(Ui, U, Vi, Vi) is globally
asymptotically stable. The hypotheses in Theorem 6 below are those which imply
linear instability of both F, and E,. These hypotheses have various ecological
interpretations including weak interspecific competitio

Theorem 6. Let the initial data (1.3), and (1.4) hold, and assume that

(3.24) o (aue*(%JrEl)m _ E2) < B (ave*(%JrEs)n _ E4) ,
and
(3.25) c1 (ave_('y“JrEs)T“ — E4> < By (aue_('y”JFEl)T” — Eg) .

Then (U (t), Up (1), Vi(t), Vin (1)) — (Ui, U, Vi, Vin) as t — oo.

Proof. Similar to the proof of theorem 4, we can easily have (U;(t), Vi(t)) — (Ui, V;).
Our approach to proving Theorem 4 is similar to prove (Uy, (), Vin(t)) — (U, Vin),
but the situation is more complicated since we shall need four sequences, N, N,
MY and MY, m=1,2,3,---. It is helpful to remember that N,, denotes an upper
bound, and M, a lower bound, on the limsup and liminf respectively as ¢t — oo, of
the variable in the superscript. We shall derive recursion formulae for these bounds
and use them to deduce the result.

From positivity of solutions we immediately obtain N}* as follows:

dU..(t)
dt

< aue_('Yu"l‘El)Tu Up(t — 1) — ﬁuUern(t) — ByUp(t).
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Hence 1
U = limsup Uy, (t) < —
t—oo ﬁu

In a similar way, we have

[aue*(“’”+E1)T” — E5] := Ny

— 1
V< 5 [ave_(%JrEf’)T“ — E4} = Ny.

v

Let € > 0 be sufficiently small that

ﬂu (ave_(’)’v"rE;})Tv _ E4) — o (aue_('}’u'FEl)Tu _ EQ)
ﬁuCQ ’

which is possible by (3.24). Let ¢; > 0 be such that U,,(t) < Ni* + ¢ for all t > ¢4,
and for t > t; let mYy(¢) be a solution of

(3.26) e <

dm? (t)
dt

= aye” M (¢ — 1) = B,(m{ (1))? — c2(N* + )mi (t) — Eami (0),

with appropriate initial data on [ty — 7,,¢1]. Since e satisfies (3.26), Theorem 2
applies and yields

1
Tim my () = ﬂi [ave—(vwEs)n By eo(NY 5)} _

Since N{* 4+ > U, (t) for t > t4,

nglt(t) = ape (BT Vin(t = 7) = B V2A(t) — coaUpn (1) Vi (1) — E4Vipo(t)

> e BTy (b 1) — B VA (1) — ca(NY + &)V (t) — EqVin (1),

so that V,,,(t) > mY(¢) and hence

1
V= hgglf Vin(t) > lim mi(t) = N ape” BT B e (NP 4 5)] .

t—o0 v

This is true for any ¢ > 0 satisfying (3.26) and hence

v

1
Vo [awe OB — By — N o= MY

In exactly the same way, we can show that

1 — T v i
QZ 67 [aue (utEr)Tu —E2 —ClN1:| = Mlv

u
and, in doing so, the assumption (3.25) is used.
We shall now show how to find new upper bounds /N3', N3 in terms of the old
lower bounds My, M{* respectively. New lower bounds are then found from the new
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upper bounds by following the procedure already described. It will then be clear
how to proceed from the (m —1) th to the m th step in this process.n and significant
adult mortality.

Let € > 0. There exists to > 0 such that V,,(t) > M} — ¢ for all ¢ > t5. Then,
for t > to,

AUy (1)

§7 = aue” WFEIT (4 — 7)) = BLUZ (1) — c1Up () Vi (t) — ExUp (1)

< aue” ORI (= 1) = BUR (1) — et (MY — &)U (t) — E2Un(1).

Thus, if for ¢t > t2 we denote by n4(t) the solution of

dn¥(t)
dt

= aye” IR (- 1) — Bu(n3 (1) — er(MY — e)ng (1) — Eang(t),
with appropriate initial data, then U, (¢) < n%(t) and thus

_ 1
U < Jim ni(t) = 5 {aue—(%%m — By — e (MY — 5)} :

(we have used assumption (3.25) to deduce that n¥(¢) has this limiting behaviour).
Since € > 0 is arbitrary,

_ 1
U< e CH BT — By — e M} = Ny
u

In the same way, and using (3.24), we deduce the following estimate for V:
— 1
V< iR {aye*(””ES)T” — By — C2Mﬂ = Ny.

One now sees that the transition from the (m—1) th to the m th step in this iterative
process is given by

1 -

Ny = = age” OwtED™ _ By ClM:;’L—1:| )
Bu L

v Lr —(yo+E3)T u

Ny, = o Qe TeTETY By *C2Mm—1] ,
1 -

My = — age” OwtED™ _ By clNﬁL} ,
Bu L
1 -

My = ﬁ— ape~ BT _ B CQN:jL] ,

and, of course,

IA
<

IA
<

IA
=

<

MY <U<U<N! and M}

m>
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for each m =1,2,3,---. We need to show that My, and Ny, both approach U, as
m — 00, and that M} and N, both approach V,.
We see at once that

Gany QB OB ey OB gy

m + —1°
BuBo BuBo ™!
Note that (3.24) and (3.25) imply that

C1C
12 1

BuBo

We claim that Ny, is a monotonically decreasing sequence that is bounded below by
Up. The boundedness below by Uy, follows immediately from (3.27) by induction.
Then, by (3.27), and using (3.25),

N#v, _ auﬂuei(’qurEl)Tu - Clauei(’yv+E3)ﬂ) T C1C2
N:‘fzfl 5U6UN#171 ﬁuﬁv
auﬁve_(v'u"l‘El)Tu _ clave_(’Y'u+E3)T'u c1C2

< = +
BuBoUn, Bu B

so that N} is monotonically decreasing. Hence N converges to a limit which,
by (3.27), equals Upn.

Of course, convergence of V" implies convergence of M, and it is easily checked
that M} has the limit Vin. The analysis for the remaining two sequences is similar.
The proof of the theorem is complete. O

4. Optimal harvesting policy of system (1.2)

Harvesting the species affects the mortality rate and, if it is not excessive, the
population adjusts and settles down to a new equilibrium state. So that the mod-
elling problem is how to maximize the sustained yield by determining the population
growth dynamics so as to fix the harvesting rate which keeps the population at its
maximum growth rate. Therefore, in this section, we will investigate the maximum
sustainable yield, the optimal harvesting policy, namely, the optimal harvesting ef-
fort, when the matures of system (1.2) are harvested. Generally, the population
exploitation should be of the mature population, which is more appropriate to the
economic and biological views of renewable resource management.

Case 1. The optimal harvesting policy when the mature population U, and V,,
are harvested respectively.

If only the mature species U, or V,, is subject to be harvested, then we have
the following theorem
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Theorem 7.

(X) If Byaue ™™ > cia,e” ™ then the mazimum sustainable yield is

o = sy = U~ e
4ﬂv (ﬂuﬂv - C102)

where, the optimal harvesting effort

(ﬂ’uauef'}'u'ru _ Clavef'}"u'rv)

20, ’

E; =

and the optimal population level

Us — (ﬁvaue_%”—u - Clave_’yvm)

" 2 (ﬁuﬁv - 0162)

(IT) If Buawe "™ > coce™ "™ then the mazimum sustainable yield is

—YoTo _ —YuTu )2
(Bucwe oYeme )

Y, = E*V;; =
4 4ﬁu (Buﬂv - C102)

where, the optimal harvesting effort

(ﬁuave_'YvT'u _ 62au6_7u7—u)

E; = 57 ,

and the optimal population level

V* — (6uav€_’yv7—v — C2aue_7u7—u)
" 2 (6uﬂv - 0102)
Proof. (I) Let U,, = U, the the harvesting of system (1.2) is

Yu = EQUm = E2 5U(au6_’yu7—u _ E2) — Clave_’yv‘rﬂ
Buby — c1C2

In order to get the maximum sustainable yield, we calculate the derivative of Y7 (F2)
for Fs, we have

dYy,  —2B,E3 + Byae” T — cpa,e” 0T
dFEs ﬁuﬂv — C1C2

which gives the optimal harvesting effort

:0’

" (ﬁ’uaue_')’uTu — Clave_')’v'rv)
E2 = ’
2ﬁ/l)




54 J. F. M. Al-Omari

and substituting this into ﬁm, we will have the optimal population level

U* — (ﬁvauei’yuﬂ‘ - Clavei’yv‘rv)

" 2(Bufy — c102)

Therefore, the maximum sustainable yield is Y,, = E5U,.
Similarly we can prove part (II) of the Theorem. O

Case2. The optimal harvesting policy when the mature populations U,, and
V. are harvested simultaneously.

Theorem 8. The mazimum sustainable yield in system (1.2) is
Yvusy = ESU, + EJV),

where, the optimal harvesting efforts E5 and E} are given in the proof below, pro-
vided B3, E} > 0.

Proof. The second and fourth equations of system (1.2) are

du,,(t _
Udt( ) _ e WFEDT (4 — 7)) — BLUZ (1) — U (£)Vin (t) — BaUp (1),
dvglt(t) = ozve_(%"’El*)T” Vin(t — 1) — ﬁUV,i(t) — U () Vin () — B4V (2).

If conditions (3.24) and (3.25) are satisfied, then the only nonnegative equilibrium
is EA(UH ﬁm, Vi, Vm) which is globally asymptoticaly stable. Therefore, to have the
maximum sustainable yield, that is, to have the maximum values of equation

Y (Es, Ey) = EsU,, + E4Vin, we have to solve

oY
— = =206, F> + Bypae 7T — crae” T 4 (1 + c2)Ey =0
0F,
and
oY — Yo T —YuT
— = =20,FE4 + Buaye” 7T — coae” T 4 (1 + c2)Ey = 0.
OE,

Then by solving these two equations we get the optimal harvesting effort E3 and
E}, where

B — Qe TuTu (2/6u6'u — C1C2 — C%) + avﬁuei’yvn (02 - Cl)
. =
4/6uﬂv - (Cl + 02)2 ’

and
auﬁvei’yuq—u (Cl - 62) + aye” T (Q/Buﬂv — C1C2 — C%)

Ef =
‘ 48,8, — (c1 + €2)?

b
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and the optimal population levels are given by

ge — Bulawe ™ — B5) — ai(ape™ ™ — EY)
" ﬁuﬁv — C1C2
o Qﬁvaue—’)’um, — (Cl + 02) e~ T
o 2
4ﬁuﬁv - (Cl + CQ)
and,
e BulaweT T — B — opae T — By)
" BuBy — c1C2

2Buc,e” T — qu, (¢ + co) e VT
4/6u6v - (Cl + 02)2

Therefore, the maximum sustainable yield, will be

Yusy = E3U, +E;V)

= . 5 [O‘iﬂv (4ﬁuﬁv —(c1 + 62)2) e T

<4ﬂuﬂv —(a+ 02)2)
+ g (45uﬁv —(e1 + 02)2) o2V

+ (auacrca (3c1 — c2) — 4, Bufy (€1 + c2)
+ auay (¢ +¢3)) e TTueT W]

5. Discussion

In this paper, we have studied the dynamics of a two competitive stage-
structured population model, where the population has two life stages, immature
and mature, when the immature and mature of both species are harvested. The
equilibria of our model involve the maturation delays and the harvesting effort for
the immatures and the matures of each species. Therefore, the dynamics depends
heavily on the maturation delays and the harvesting effort. To see the role of these,
it is helpful to consider the particular case of the criteria for species U,,, to win and
species V), to be driven to extinction Theorem 4, that is

o (aue—(vu+E1)m _ Ez) > Bu (ave—(7v+E3)m _ E4) ’

and
1 (ave_(')"u“rES)Tv _ E4> < By (aue_(')’u,“l'El)T'u, _ E2) )

These conditions are automatically satisfied if the V,,, species has long maturation
time 7,, a large immature mortality rate -, , insufficient live births or eggs laid
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per adult per unit time (this is what «, represents), or significant harvesting effort
among the immature species V;, as measured by Fs.

We obtained that Fy = aue "™ and Ey = a,e ™ are thresholds of har-

vesting for the mature populations U, and V,,, respectively. We showed that there
exists a globally asymptotically stable equilibria for this model. That is, all pop-
ulations with positive initial functions tend to a constant population level. The
optimal harvest effort that maximize the sustainable yield and the corresponding
optimal population level are also determined.
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