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ABSTRACT. In this paper we consider weighted arithmetic and geometric means of several
positive definite operators proposed by Sagae and Tanabe and we establish a reverse in-
equality of the arithmetic and geometric means via Specht ratio and the Thompson metric
on the convex cone of positive definite operators.

1. Introduction

Let H be a Hilbert space and let P(H) be the open convex cone of positive
(invertible) operators on H. The Thompson metric on P(H) is defined by

d(A, B) = max{log M(A/B),log M(B/A)},

where M(A/B) := inf{A > 0 : A < AB}. A. C. Thompson [15] has shown that
P(H) is a complete metric space with respect to this metric and the corresponding
metric topology agrees with the relative norm topology. For A, B € P(H), the
curve t s A#.B := AY2(A=1/2BA-1/2)t A1/? is regarded as a minimal geodesic
line passing A and B, and A#,/,B is known as the geometric mean of A and B.
The nonpositive curvature property of the Thompson metric is equivalently stated

(4], [9]; [10]:
(1) d(A#:B,C#:D) < (1 —t)d(A,C) +td(B, D), te€[0,1].

For positive definite operators A and B, the weighted arithmetic and geometric
mean inequality is well-known:

A#/B<(1-t)A+1tB, te][0,1].
Its reverse inequality via Specht ratio is known as

(2) (1—t)A+tB < Sy, - (A#B),
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,—1)—1
where S, = % and h = e¥4B) for the Thompson metric d ([13], [2]).

In [14], Sagae and Tanabe proposed weighted arithmetic and geometric means
of severable positive definite operators A = (A1, As, -+ , Apn) € P(H)™ from a fixed
probability vector w = (w1, ws,- - ,wy) € R, denoted by A(w : A) and G(w : A)
respectively. The arithmetic-geometric inequality is derived: G(w : A) < A(w : A).
The main purpose of this paper is to establish a reverse inequality of the weighted
arithmetic and geometric means of several positive definite operators via Specht
ratio, extending the result (2) of two positive definite operators. A similar reverse
inequalities for the higher order (weighted) geometric mean proposed by Ando-Li-
Mathias [3], [11], [12] are established in [16], [8], [5].

2. Sagae and Tanabe weighted operator means

Forte R, A= (41,4, -+ ,A;) € P(H)™ and invertible operator M on H, we
denote

At = (AL AL ALY, MAM® = (MAM*, MASM*, - | M A, M?).

Definition 2.1. Let w = (w1, ws, - ,wy,) € RT be a probability vector: w; > 0
foralliand > " wy=1.Setfork=1,--- ,m—2

—1

1-%m W k+1
w® = —Zz*kﬂ L =1 — wpys (Z w5
i=1

1- Z:ikm wi

and W™ =1 —w,,.

Remark 2.2.
(i) fw=(1/m,1/m,---,1/m) € R™, then w® = kiﬂ
(i) Set p= — o (w1, wa, -+, Wp—1) € R™™1. Then for 1 <k < m — 2,
(3) p®) = k)

k1 O\ ! ker )
from p(®) =1 — [2& — =1— w1 | Y wj =w®,
m\ A Tem =

Definition 2.3. The (Sagae-Tanabe) w-weighted arithmetic, harmonic and geo-
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metric means of positive definite operators A = (A1, As, -+, A,;,) are defined by
Alw:A) = ZwiAi,
i=1

-1

i

ZH)ZA;1
i—1
Gw:A) = An#Hom-Am_1Fom-2 - Foo AsF,m A,

where we used the notation A,,#a,,  Am—1#a,, o A2#aq, A1 in the usual way:

AnHa Am B s FrosAatra, A1t = Anta,, (Am-1#an s Haz Aztha, 1)

although the geometric mean operation is not associative.

Proposition 2.4. We have

Gw:A)™" = Gw:A™h),
Gw: MAM™) = MG(w:A)M",
Gw:4) < Gw:B) it A; <B;,(i=1,2,---,m),
Hw:A) < Gw:A) <A(w:A).

If A;’s are mutually commutative then G(w : A) = ATT A2 -+ Alm.

Proof. The invariancy under the inversion and congruence transformations and the
monotone property follow from that of the geometric mean of two positive definite
operators: (A#,B)™ ' = A7 ' #,B~ Y, M(A#,B)M* = (M AM*)#,(MBM*), and
A#4B < C#,D when A < C and B < D (Lowner-Heinz inequality) for a € [0, 1].
The weighted arithmetic-geometric-harmonic mean inequalities appear in [14]. O

3. A reverse inequality

For h,s > 1, the Specht ratio is defined by

(]’LS _ l)hs(h‘“—l)’1
elog h®

Sh(s) = , Sp = Sk(1).

The maps s — Sh(s)% and h — S} are increasing functions for s > 1 and h > 1,
respectively ([6], [8]). It then follows that

(4) She <SP, 0<p<1.

Proposition 3.1. Let B € P(H) and A = (A1, A2, -+ , Ay) € P(H)™. Then
(5) d(B7 Am#am,lAm—l#am,l e #agAQ#alAl) S A(A1, A27 e aAma B)
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for any a; € [0,1], where A(A1, As,- -+, Ay) = max{d(A4;,4;) : 1 < i,j < m}
denotes the diameter of {Ay, Aa, -+, A} for the Thompson metric.

Proof. The proof follows by induction on m. By the nonpositive curvature property
of the Thompson metric (1), we have

d(B, A2#a1A1) = d(B#a1B7A2#a1A1)
< (1—0&1)d(B,A2)+041d(B,A1) SA(Al,Ag,B).

Suppose that the inequality (5) holds for m — 1. That is,
(6) d(B7 Amfl#am_Q e #agAZ#alAl) S A(Ah A27 T vAmfla B)
Setting G= AM71#Q7,L72 T #azAQ#alAh we have

d(B, AmFap 1 Am—1FFam_o ** Fas A2Fa, A1)
d(B, Ap#a,, ,G)

(1 — am_1)d(B, An) + am_1d(B, G)

A(Ay, A, -+ Ap, B).

IN A

Theorem 3.2. For A= (Ay,Ay,--- ,Ap) € P(H)™ and t € [0,1],

(7) Alw: A < SV G(w : AY),
where h = eA®),

Proof. Tt is enough to show for ¢t = 1. Indeed, suppose that the inequality (7) holds
true for ¢ = 1 and let s € [0,1]. From the non-positive curvature property of the
Thompson metric, we have

d(A3,A3) = d(I#.As T#.A)) < (1— 8)d(IT) + sd(A;, A7) = sd(A;, ;)

for all 1 < i,j < m. This implies that hy := e2(A") < e3A(4) = 5 Tt then follows

@)
from Sp, < Sps < Sy that
Aw: A <SP Gw: A°) < STV G : A%).

We prove by induction on m. If m = 2, then w; = 1 — wy and w® =1 —w,
and hence

(2)
(8) w1y +waAs = (1 —wo)A; +waAs < Sp, - (As# A1), h= A (A1, Az)

Suppose that the assertion holds true for m — 1. Let w = (wy,wa, + ,wpy)

be a probability vector. Set p = (w1, wsa, -+ ,Wpm—1). Then by Remark ,

1—w,
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p € R™ 1 is a probability vector with u0) = w@ j =1,2,--- ,m — 2. It follows
that by induction

m—1

1
Zkak = A(p: A, Ay, Apy)
k=1

1—w,
Sy Gu: Ay Agy- - Apy), B = AUAAT T An)

<
< SMT2LG(u: Ay, Agy - A), h= A (AL Az, A

and therefore

m m—1
1
Alw:A) = ,;,Ikak = WAy + (1 —wy,) T kilkak

< wmAm + (1 — ’LUm)SZ/L_Q . G(p; : A17A27 e 7Am—1)
<872 (A + (L= wn)Gp s Ay, Ag, . A 1))
(3)

< (S}T_Qsh”) ' (Am#w(mfl)G(,u : A17A2a s 7A7n—1))

h// = ed(Am,vG(H:AlvA27”' ;Am,fl))

= (S72S) - G(w: A)
(5)
< (S728) - Glu: A) = S - Glu s A).
O

Corollary 3.3. Let w = (wi,wa, - ,wn) be a probability vector and let A =
(A1, Ag, -+, Ap) € P(H)™. Then

(Arz, ) (g, )2 - (A, 2) < ST HG(w : A)z,z), h =B
In particular,

(Arz, 2)(Agm, 2) -+ (A, 2) 7 < S (At mos Ay 19 mes - 42 Aoty Ay, ),

Proof. Tt follows from that

(Arz, )" (Agw, )% - - (A, )™
w1<A15E7 ZL'> + w2<A25L'7 iL’> R wm<Amxv £E>
(Alw : A)z, )

—
IN

S HG(w s A)z, x)
for all z € H. O
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