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Factor Algebras of Signed Brauer’s Algebras
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ABSTRACT. In this paper we obtain a decomposition of certain factors of the signed
Brauer algebra into a direct sum of simple algebras and we obtain the structure of the
factor algebra.

Introduction

Brauer’s algebras have a basis consisting of undirected graphs. Signed Brauer’s
algebra, denoted by 5f(x), introduced in [8], have a basis consisting of directed
graphs. Young’s theory of the decomposition of the group algebra into simple ideals
is well known [13]. A corresponding decomposition of factor algebra M, of signed
Brauer’s algebra D r(n) is obtained as in [2]. We also realize in the semisimple case
the algebra M, contains an isomorphic copy of the group algebra of the symmetric
group and a total matrix algebra and it is the direct product of them as in [2].

1. Preliminaries
In this section we recall the results needed for our purpose.

Definition 1.1([5]). Put 25 = {f|f : {1,--- ,n} — Zy}. Define
Zo0S, ={(f,m)|f:{1---n} = Zo,m € Sy}

where S, is the symmetric group on n symbols. Zs ! S, is a group under the
composition defined by

(faﬂ—)(f /aﬂ— /) = (f 71-/’7”1— /)7

where (ff ")(i) = f(i) + f'(i),i € {1,---n} and fr = f 7% for 7 € S, and
f € Zy. This group is called the wreath product of Zs by S,. This hyperoctahedral

group of type B, is isomorphic to the Weyl group of type B,,.
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Definition 1.2([5], §2). Let a be a partition of n, denoted by « F n. Then the
(i, 7)-hook of «r, denoted by H?; which is defined to be a I'-shaped subset of diagram
a which consists of the (4, j)-node called the corner of the hook and all the nodes
to the right of it in the same row together with all the nodes lower down and in the
same column as the corner.

The number h;; of nodes of Hf i.e.,
hij :ai—j-i-oz;—i—kl

where aj’ = number of nodes in the jth column of «, is called the length of Hf;,
where a = [a1,- - - ag]. A hook of length ¢ is called a g-hook. Then H|a| = (h;j) is

called the hook graph of a.

Definition 1.3([5]). Let a F n. An (7, j)-node of « is said to be a rim node if there
does not exist any (i 4+ 1,j + 1) node of a.

To HJ}, there corresponds a part of the rim of o which is of the same length.
It consists of the nodes on the rim between the arm and leg of Hj} including the
arm and the leg node where (7, ;) node and (o', j)-node are the arm and leg of
the hook H;j respectively. The associated part of the rim will be denoted by R

and will be called a rim g-hook.

Definition 1.4([5]). Diagrams « which do not contain any g-hook are called g¢-
cores.

Definition 1.5([5]). For every a - n there exists a uniquely determined g-core o
which is obtained from a by successive removal of rim g-hooks, called the g-core
of a.

Notation 1.6. B3, denotes the set of all partitions « - 2n 4 1 whose 2-core is
[1].

Definition 1.7([12]). We shall call the (i, j) node of A an r — node if and only if
j —i = r(mod q). A hook of length h;; = mg whose head node (4, ;) in A is of
residue class r, is said to be a (g, 7) hook. Such an (i, j) node is called a (g, ) node.

Theorem 1.8([12:4.46]). If all the elements in the hook graph HI[\|, which are not
dwisible by q are deleted, then the remaining elements h;; = hf;) q(r=0,1,---,q—
1) can be divided into disjoint sets whose (q,r) nodes constitute the right Young
diagram, denoted by A\j(r = 0,1,---q—1) with hook graphs (hg;)) We shall call the

skew diagram \q = )\2, )\(11, e ,)\g_l, the g-quotient of A.

Theorem 1.9([12:5.16]). The partition A F n is uniquely determined when its q-
core A and its g-quotient A\, are given.

Theorem 1.10([5], [7]). A complete set of inequivalent irreducible representations
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of wreath product Z9.Sy, is indexed by a pair of partitions A\ - a, = b with a+b = n.

Definition 1.11([8]). Signed Brauer’s algebras Signed Brauer’s algebra D (x)
is defined over the field k(x), where k is any arbitrary field and x an indeterminate.

A graph is said to be a signed diagram if every edge is labeled by a plus sign or
a minus sign and edges of a signed diagram are called signed edges. An edge labeled
by a plus (minus) sign will be called a positive (negative) edge. A positive vertical
(horizontal) edge will be denoted by | (—) and a negative vertical (horizontal) edge
will be denoted by T («).

Let Vf be the set of all signed diagrams b with f signed edges and 2f vertices,
arranged in two lines. The connected components of such graphs are single signed
edges. The underlying diagram of any signed diagram is called Brauer diagram and
any signed diagram whose edges are all positive is denoted by b.

Let D; be the vector space spanned by V; over k(z). The multiplication in Dy
is defined as follows: first, take the product of two undirected graphs a, b where @, b
are signed diagrams as in [14]; i.e., draw b below @ and connect the ith upper vertex
of b with the ith lower vertex of @ Then ab = z%c, where d is the number of loops
in ab and c is a undirected graph. A new edge obtained in the product ab is labeled
by a plus sign or a minus sign according as the number of negative edges obtained
from @ and b to form this edge is even or odd.

A loop [ in ab is said to be positive (negative) if the number of negative edges
obtained from @ and b to form this loop is even (odd). A positive (negative) loop 3
in ab is replaced by the variable 22(x) in ab.

Now, is the signed diagram where each edge is labeled as above and ab = 2%, d
is the number of loops in ¢. Then,

a-b= x2d1+d25,

where dy (dy) is the number of positive (negative) loops in @b.

Remark 1.12. A new edge in ab is positive or negative depending on whether the
number of negative edges involved in @b to form this new edge is even or odd.

-

€i, gi, h; denote the following graphs :
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As in the case of Brauer algebras, D ¢() can be indentified with the sub-algebra
of D #+1(z) spanned linearly by all signed diagrams with a positive vertical edge on

their right hand side. The linear span of signed diagrams of Vf having only positive
edges forms an algebra isomorphic to the Brauer’s centralizer algebra Dy (22).

One can also define k-algebra D ¢(n),n # 0 similarly, its linear basis being the
signed diagrams and in the multiplication 22 () are replaced by n?(n) respectively.

Let S ¢ denote the set of signed diagrams having only vertical edges.

Proposition 1.13([5]). §f = 721Sf where Sy is the symmetric group on f symbols
and Zs is the group consisting of two elements.

Proposition 1.14([5]).

-,

i) For each b € D , there exists a unique €5_1 € Dy_y such that esbes =
f f f Foer
22&_1(b)ey and &_1(b) =b for allb € Dy_;.
(ii) There exists a linear functional T on ﬁf, defined inductively by 7(1) = 1 and

7(b) = 7(€5-1(B)) for b e Dy.

Proposition 1.15([5]). The linear functional 7 defined on Dy is a nondegenerate
trace form.

Let ff be the set of all partitions with 2(f — 2k) + 1 nodes having [1] as its
2-core, where k is an integer with 0 < k < g As in the case of Brauer’s algebras

the simple modules of D ¢ are also indexed by ff.
Theorem 1.16([5]). The k(x)-algebra ﬁf is semisimple.
Dy =€ Dya.
)\Gﬁf

where ﬁ'f’A are full matriz algebras over k(z). A simple l_)'fﬂ\ module Vﬂ,\ can be
written as a direct sum of ﬁf,l)\ modules in the following way:

vf,)\ :GB fol,pn
N

where Vf_l# is a simple ﬁf—l,p module and p is obtained from X either by removing
or (if X contains fewer than 2f + 1 nodes) adding two consecutive nodes of the form

*
*k or
*

Theorem 1.17 ([9]). There is a canonical embedding i : 13f(x) — Day(x) where i
is defined on the generators.
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1.18([9]).(Faithful representation of ﬁf(n)) Let W be a vector space of di-
mension n over field k, & = R or C, endowed with a nondegenerate symmetric
bilinear form. Let wy,---,w, be an orthonormal basis of W. Put V. = W @ W.
Then {v;; = w; ® w;}1<i j<n is an orthonormal basis for V.

By a result of Brauer [1], Dof(n) acts on W®2/. Since we have an embedding
i: ﬁf(n) — Dyg(n) as in [9], it follows that ﬁf(n) acts on W®2f. This action is
given explicitly by
(Vigjy @+ ® Vi )®(0) = Viyyieq @ ®Vigpyiniyr O € St
(Vi ® - @ vig5,)®(e,) 6(ir, G141)0 (i, Jit1)
D Wiy @ @ Upg @ Ups @+ By,

where v, are in the [th and [ 4+ 1th position. It has already been proved that this
defines a representation ® of Dy(n?) into End(V®/) and its image is denoted by
Bg¢(n?). This representation is faithful for n? > f. Let ¢ denote the flip which sends

r®ytoy®ax, x,y € W. Then

O(hy)=t@Id®---®@Id, onV®,

Theorem 1.19([9]). & : ﬁf(n) —  End (V®f) is a faithful representation if
n>2f.

Notation 1.20. Let Bf(n?) denote the image of Df(n) under ®.

Corollary 1.21([9]). ﬁf(n) is semisimple for n > 2f, when k is the field of real
numbers.

Definition 1.22([9]). Let V =W @ W,dim W = n as in 2.18. Define

0:(n®) = {A € O(n?)|tAt = A}.
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Theorem 1.23([9]). Endo, (2)(V®/) = Ef(nQ).

Remark 1.24([14],(8]). Let I'y = {AF f —2k | 0 <k < |f/2]}. A partition A €
I’y is connected by an edge to a partition o € I'y4q if 4 can be obtained from A by
adding a node to A or by removing a node from \. Let

Tp={\F2(f—2k)+1, 0<k<|f/2] |2~ coreof \is [1]}.

Denote by B , the Bratteli diagram obtained by taking on the fth level, the elements
of I't as vertices and every vertex A € I'¢ is connected to 1 € I's44 if p1 is obtained

from A by adding or removing one rim 2-hook of the form : or xx. Let

2
r?= [J I,xT,

pta=f
0<p,q<f

Denote by B(®), the Bratteli diagram obtained by taking on the fth level, the ele-

ments of 1“5?) as vertices and every vertex (A\T,\7) € Ff) is connected to a vertex
(wt,um) e Fgﬂl if either u* (or p™) is obtained from AT (or A7) by adding or re-
moving one node. Let V = W®W, where dimW = n asin2.18. ThenV = VTV,

n?+n n?—n
where VT and V~ are the real vector spaces of dimensions and re-

712—

2
spectively such that O <n2+n> ,O act on VT, V™ naturally. It is easy

n?+n

2 _
to observe that O;(n?) = O ( ) x O (n 5 n) . Put Z; =Endg (V®/) where

2 2 A
G=0 (n ;—n) x O (n 3 n) and let Z; be an indexing set for the finite di-

mensional irreducible representations of Z¢. As in [6], Z + can be identified with the

subset of G, where G stands for the finite dimensional irreducible representations
of G.

Theorem 1.25([10]). The elements of Z; are indexed by F§c2) forn > 2f.

Remark 1.26([10]). Let Vy+ ® V)~ be an irreducible summand in the decompo-
2 2 _

sition of V®/ where At € T, A\~ € I'y, as O (n ;—n) x O (n 5 n) - modules.

Now tensoring with V' gives the following :
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N+ @ V-0V V,\+®V,\—)®(V+@V_)
i+ @ V- ® VJr) SV +@V-@V7)
Vi @V eV-a Ve (Vhi-0V7)
@V,ﬁ) RVA- B Vi+ ® (@ Vu_)
wt W

PV @ Vi) PVasr @ Vo),

wt W

1%

(
(
(
(

1%

where u (™) is obtained from AT(A7) by adding or removing one node. Hence

the Branching rule for inclusion Zy C Z;4, describes the decomposition as follows,
asin [6] : Let (ut,pu7) € Zp41.

(1" n1)lz, = PO 1) Pt A7),

At A
where AT (A7) is obtained from p*(p~) by adding or removing one node. We now
define a Bratteli diagram Z as follows : The elements of Z t, are the vertices on the

fthlevel and every vertex (AT, A7) of Z; is connected to a vertex (ut, u~) € Zp 41 if
either p (™) is obtained from A+ (A7) by removing or adding one node for n > 2f.

1.27([10]). The roots of the polynomial Qf(z) Let V =W @ W, dimW = n
with n = 2m and m is odd. Let {F;;}1<i j<n be a set of matrix units for End(W).
Then one defines G, E, H € End(V ® V) by

G - ZE” ® Ers ® E]’L ® EST‘y
E = ZEz] ® ETS ® EZ] ® Ers: and

where Id is the identity transformation. We embed these F, G, t into the linear maps

on V®F as G, E; fori=1,2,--- ,f —1 and H; fori =1,2,--- , f where E; acts as
E on the ith and (i + 1)th factor of V®f and as identity on the other ones. Put

1+t 2
E, = % Denote VE, by V+ and V(Id — E;) by V—. Then dim(V+) = 2"

2 _ .
and dim(V ™) = r 5 " Tt follows from Theorem 2.23 that the map & : Ds(n) —
End(V®f) which maps ¢g; to G;, e; to E; for i = 1,2,---, f — 1 and h; to H; for
i = 1,2,---, f induces a homomorphism from D(n) onto Endo,(n2)(V®/), the
centralizer of the fth tensor power of the standard representation of O;(n?). It

l_j — —
follows from [8] that _,f(n) = kSy. For n > 2f, Dy¢(n) is semisimple by Corollary

If(n
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1.21. The above quotient splits as a direct summand. As in [14], zf(n) will denote
the central idempotent corresponding to the ideal ff(n) and py—(x+-) will be

any minimal idempotent in kzgf corresponding to A = (AT, A7) € Fgcz). Then ¢(n) =

—

D
(1—2z¢(n))px is a minimal idempotent of the quotient algebra ff((n)) Put p®f(A) =
f\n

A®---® A, f-times, for the A € Oy(n?). Then p®/ : Oy(n?) — GL(V®7) defines a
representation. Therefore

A — ®(gr(n))p®! (A)@(gr(n))

2 2
Therefore it follows from Theorem 1.25 and Remark 1.26 that

(VE)@(qr(n)) = Var @ Vi

2 2 _
is an irreducible representation of O;(n?). Now O;(n?) = O nt n) xO (n n) .

for \=(A\T,\7) € Fgcz). Choose n such that n = 2m and m is odd. Consider Vy+ ®
n?+n

V-, where Vy+ is a finite dimensional O ( ) - irreducible module occuring in

n®+n

the decomposition of tensor product representation of O ( ) and V- is a fi-

2

n°—n
nite dimensional O < > - irreducible module occuring in the decomposition of

TLQ—TL

tensor product representation of O . By [4], there exists polynomials Py+

and Py- derived from Weyl’s dimension formulas such that the dimensions dimVy+
2 2 _
and dimV,- are given by dimV,+ = P+ <n ;—n) and dimV,- = Py- <n n) .

2
2 2
Let A= (AT, A7) € {7 Define Py(n) = Py (” ;") Py- (” . ") . So that

dim (V)\+ ® V)\—) = dim (V>\+) dlm(V)\—)
n?+n n?—n
- o (5 ()
= P)\(n)

Let A; denote the length of the ith row and left )\3 denote the length of the jth
column. Define the hook length at a node (7, 7) € A to be

h(z’,j)z)\i—i—f—)\;—j—i-l
and, for each node (i, j) € A, define

N D D e e | ifi<j
(1.1) d(w)—{ NN i1 i
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2 2 _
Then it follows from [4] that the polynomials Py+ (:v ;—x) and Py- <x 5 x)

can be written as

P+ 22 + 2 — 2+ 2d(i, §)
P = d
. ( 2 > 11 2hi.g)
(B,5)ert
¥’ —x 22 — 2 —2+2d(i, 5)
P,- = L,
’ ( 2 ) 11 2h(i. )
(B.5)er™

2 2 _
We define Py(z) = P+ (x ;—x) Py- (m 5 x> . Then

22+ —24+2d(i,j 22 —x—242d(i,j
Py(z) = H (1, ) H (i, )

2h(i, j) 2h(i, j)

(1,7)EXT (i,§)EX

Let {bi}1<i<n(r) be the linear basis consisting of signed diagrams of ﬁf and
dimD; = n(f). Put X = (F(l_)’il_)'j))K‘ ) and Q(z) = det(2?/71X). Then
<ij<n
Qs(z) is a polynomial in = of degree (2f — 1)n(f). Now consider the matrix

X' = 2%/ X. Then det X’ = 2™/)Q(x), so that we have the following:
Theorem 1.28([10]).
2" NQs(z) = 11 Pr(x)

_ e (@
A=(a+ A-)er§

H (wQ + a:2—h(2i;)2d(i,j)> (ﬁ - x2—]l(2r’4;)2d(r, s)) ’

(i.)ext
(r,s)eEXT

where the constants d(i,7) and h(i,j) are as given in (1.1).

Remark 1.29([10]). Let Ay be the set of all Young diagrams with f nodes. We
say that a Young diagram p is a subdiagram of the Young diagram A, denoted by
@ < A, if p can be obtained from A by taking away appropriate nodes. Let

AP = | (A x Ay

p+a=Ff

0<p,a<f
Then (i) there is a one to one correspondence, denoted by ¢, between the elements
of B} 741 and A}Q). (ii) The elements of 1-‘;2) correspond bijectively to the elements
of I—:f.
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2. Subspaces of D(n)

Denote by VT/}, the subspace of signed Brauer’s algebra D #(n) spanned by basis
elements whose signed diagrams have exactly r-horizontal edges. N(f,r) denotes
the number of ways in which r -horizontal edges placed on a row of f vertices.

Theorem 2.1. The algebra 5f(n) has the decomposition

Dim)= € W,.

0<r<[f/2]

- A
Furthermore dim(W,.) = <7Jf|> %
Proof. Since W, is the subspace of D ¢(n) spanned by basis elements whose signed
diagrams have exactly r - horizontal edges, D #(n) is decomposed into | f/2] sub-
spaces
Dim)= € wW..

0<r<|f/2]

The first horizontal edge in a signed diagram deWw, may have one end placed in
any one of f positions and the other end placed in any one of the remaining (f — 1)
positions. Therefore the number of positions in which it may be placed is f(f —1).
The second horizontal edge in d have one end placed in any one of (f — 2) positions
and the other end placed in any one of the remaining (f — 3) positions. Therefore
the 2nd horizontal edge may be placed in (f — 2)(f — 3) positions. Finally the r-th
horizontal edge may be placed in (f — (2r — 2))(f — (2r — 1)) positions. But r-
horizontal edges in d may be permuted in 7! ways. We have that

=D =2)..(f —2r=2)(f - (2r-1))
r!
f!
rI(f —2r)l

Since there are N(f,r) possible r-horizontal edges arrangements for each row and
since the remaining f — 2r vertices in each row may be joined by vertical edges in
27727 (f — 2r)! ways, we see that

N(f,r) =

dim(W,)

(N(f,r)*27 =2 (f —2r)!
I 2

2f—2r
B <' (f—2n!"

Remark 2.2. The product of a basis element of W, and any other basis element

]
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of the signed Brauer’s algebra D #(n) is an element of W,, s > r. It follows that the
subspace . . . .
Vi=W, oW1 @& & W

is a two sided ideal of ﬁf(n) In particular VU/QJ = WU/QJ is a two sided ideal.

By the decomposition in Theorem 1.1, we have chain of ideals

—

Di(n)=VodViD DV, D DV (2.1)

2.3. A notation for basis elements of VT/T

In Theorem 2.1 we have seen that r-horizontal edges may be arranged on f
vertices in N(f,r) ways. We may therefore assign indices 1,2,--- , N(f,r) one to
each possible arrangement. Such a scheme of indices will be referred to as an -
horizontal edge scheme. The edge structure of signed diagram corresponding to a
basis element of W, is therefore specified by a pair of indices (3) which indicate the
edge structure of the upper row has the index i and that of lower row has index j.

We may also say that corresponding basis elements has edge structure (§)

Consider the construction of vertical lines. Suppose that in each row of an
incomplete signed diagram there is a set of ¢ unoccupied vertices. In each row
we number these vertices 1,2,--- ,t from left to right. A signed diagram for a
permutation a of S, may then be constructed upon these vertices by joining vertex
k of the lower set to vertex d@(k) of the upper set, for 1 < k < t¢.

We then say that the signed diagram possesses the permutation @ of S, on the
two sets of ¢ vertices and when there is no fear of confusion that the signed diagram
or the corresponding basis elements possesses the permutation @ of Sy .

i

j) and which possesses the permutation

a of §( f—2r) is an element of W,. A complete basis for W, is obtained by allowing

The element whose edge structure is (

i and j to range through r-horizontal edge scheme and a to range S ¢—2r. Element
possessing identity permutation will be called special elements.

We will denote by w;; the basis element of WT whose edge structure is (;)

and possesses the identity permutation of §f_27~. The elements W; ; of V_[}T do not
provide a complete basis when ¢ and j range through the r-horizontal edge scheme.
We now develop a notation for the remaining elements.

If ¢ is an index of the r-horizontal edge scheme and if @ € S r—2r then we define
@; to be the element of W, whose signed diagram is constructed as follows:

(i) The identity permutation of ggr is constructed upon those vertices which are
the end points of horizontal edges in the signed diagram for ; ;.

(ii) The permutation of @ of §f_27» is constructed upon those vertices which are
the end points of vertical edges in the signed diagram for ; ;.
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It is now seen that @;w; ; is the basis element of WT whose edge structure is (;)
whose permutation is @ of S —2r. Since w; ; possesses the identity permutation of
S f—2r and since the identity commutes with every other permutation, it follows that
a;w; ; = w; jd;. The set of elements @;w; ; forms a complete basis for WT when @

ranges through gf_gr and 4, j take all values in 1,2,--- | N(f,r).
The number of elements d;w; ; € V_[}r

= (N(f,7))? x number of elements @ in gf_gr
= (N(fm)? X 2P (f — )]
2

- (%) 7

= dim(W,).

Hence {@;w; j}1<ij<n(fr) , form a complete basis for W, when @ ranges through

St o

Lemma. If S = {@@;; |1 <i,7 < N(f,r)} is a basis for W, then the cardinality
of S is equal to the dimension of W,.

3. Multiplication of basis elements of V_V,.

The elements @;, l;,' and so forth correspond to signed diagrams, and therefore
the products in which they occur are associative. This helps in obtaining a rule for
the multiplication of basis elements.

Let @;w; ; and bywy, be in W,.. Then

(3.1) (Eiwi,j)(gkwk,l) = (@ ;) (wk,lgl>

= @ (Wi jTry) by

We consider now the product w; jwy,;. Let w;; and wy,; be elements of WT. We
may assume that the product w; ;@ is again an element Wr. Then its horizontal
edge structure is (3) and which possesses the element d € S t—2r, which need not
be the identity. A positive loop in w; jwy ; is replaced by n? and negative loop is
replaced by n. We denote the power of n by (4, k) which occur depend only upon
the indices (j,k) and we denote the element of S"f,gr by @(j, k). Their product

w(j, k)d(4, k) is an element of the group algebra kgf_gT of the group S'f_zr over k
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and we denote it by @*(j, k). We now write the product as

(3.2) W jwy = @ (j
(@i ;) (beWy) = @(@;(j, k)bi)b

For any b € S t_9, and a basis element @;w; ; of W, we define
b(@yi; 5) = bi(@ili 5)-

If the definition is extended to the whole space W by linearity, we have a
representatlon of Sf o ON Wr, i.e., for any @ and b of Sf or and w of Wr,a(bw)

(ab)a

(3.2) can be re written as

(3.3) (@ ;) (bwy ;) = @a* (j, k)b,

3.1. The operators a*(j, k)

For multiplication in W, the operators @*(j, k) have only been defined for prod-
ucts w; jWy,; are in W,.. Define a*(j, k) = 0 for the products w; jwy,; are not in w,.
In this case the product will be in WS, s>

Properties of @*(j, k).
L p(j, k) = (k. )-
2. a*(k,j)=0=a*(j,k) =0.
3. @*(j,7) = n(j,j)e where € is the identity elements of gf_gr.
4. u(j, k) =n®0<s <rforj#k.

4. Factor algebras of Dj(n)

We denote by M, the factor algebra ‘7‘7" 0 < r < [f/2], where V,. are the
r+1
ideals occuring in (3.1).

4.1. Multlpllcatlon in M,
Since V W ® Vr+1 by definition, a basis for I/Vr7 taken modulo Vr+1 serve as

a basis for the residue class algebra M,. We denote the residue class modulo Vr+1
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of an element 7 of V, by [#]. We now see the rule (4.3) may be used as a complete
rule in M, : i.e., with definition given for a*(j, k)

(4.1) [@w; 5] {gwk,l] = {55*(1719)5@,1} -

We can extend the domain of the operators @ € S t—a2r to the whole of ‘_/’T by defining
them to operate as identity elements on ‘77"+1- Then we use the usual definition of
an operator on a residue class, namely @[w] = [@w]. Writing [@; ;] = ¥; j, we obtain
[d@; ;] = @i ;. We now have the three rules for the use of these operators in M, :

1. @(bv) = (ab)¥, where @,b € Sy o, and 7 € M,; (4.2)
2. (@t ;) (boin1) = Ga* (j, k)bivi; (4.3)
3. @(0)0,) = (@t1)Va,a@ € Sp_op, 1,02 € M,. (4.4)

All these rules may be extended to elements of the group algebra. For &, @y, ds, in
kSf_or and ¥, U1, Vs, in M,, they become

2 (&1171,])(0_2217;6 l) = 07107*(3, k)agﬂl I 4 6
3. (G0, = Q(T,72) (4.7)

4.2. The decomposition of M,

Young’s theory of the decomposition of the group algebra of the symmetric
group into simple ideals is well known [13]. A correspondence decomposition of MT
is obtained in this section.

Denote by P‘, the simple ideal of the group algebra kS ¢ of the symmetric group
Sy over the field k of characteristic 0. There is a 1-1 correspondence between the
partition A of 2f + 1 and the simple ideals I* of kSy. kS} is a direct sum of these

simple ideals :
kS =PI,
A

where A € By, = {\F 2f + 1 whose 2— core is [1]}. The simple ideal Nis a

total matrix algebra over k. Let {Eé 5} .y forms a basis for P‘, A€ BQIfH.
) 1<a, B0

For each partitions A of 2f + 1, the whole set {Eg‘ ﬁ} ses forms a basis for the
T 1<, BN

group algebra kS ¢. The basis elements have the multiplication properties

E)gE! s = Oforalla,B,7,6, if \# A\ u€ Byyy.
Eé‘ﬁE,)y‘,(; = 55,’YE2,6 where dg ., is the Kronecker delta.
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Each element 5 € kS + can be written in the form
7 A A
f = ZZgO‘vBE&’B’
A a0

where A € By, = {AF 2f 4+ 1 whose 2— core is [1]},1 < a,3 < f and 53,5 ck.
It follows that B
B} g€ 5 = &5, Ba s (4.8)

€5 5 1s called (a, B) coefficient of EinIMXe B

We now replace f by f — 2r. Denote by ]\Zﬁ‘, a linear subset of ]\ZT spanned by
{Eé)ﬂgi,j}lgaﬂgfm 1<4,75 < N(f,’l") and \ € B21(f—2r)+1 = {)\ F 2(f - 27") +1
whose 2 core is [1] such that 0 <r < [ f/2]}.

We have the following :
Theorem 4.3.
(i) M is a two sided ideal of M, ;

(i) M, is a direct sum of these ideals
M, = P,
A
where X € BQI(f72r)+1 ={AF2(f —2r) + 1 whose 2-core is [1] such that
0<r<[f/2]}.

Proof. Let @,b € Sy_s,. From (4.3) we have that (a7;,) (Eﬁk,l) = Ga*(j, k)b,

where @ ; = [ ;] and @ (j, k) € kSf_o,. This rule may be extended linearly to
elements of the group algebra kgf,gr. For dy,ds in kgf,g,« we have that

(A1;,5) (G2U),1) = a1 ™ (g, k) 2T, (4.9)
where a*(j,k) € k’gf_gr. First we shall prove that Mﬁ‘,)\ € B%(f—2r)+1 ={\F

2(f — 2r) + 1 whose 2 core is [1] such that 0 < r < [ f/2]} is a two sided ideal of
Mr. Let a17;; € ]\Zf'ﬁ‘ Then &17; ; can be written in the form

- - A A =
QA1Uj5 = E §a.pEq Vi,

a,f
where \ € B;(f—zr)+1’1 < a8 < frand & 5 € k. This implies that & =
Yoo sFa g € M) and E) 4y € I X € By, . If follows that @ € I*. et

QU € M, Therefore the expression on the right side of (5.9), d1a*(j, k)dav;,; €
M, where @ (j, k) € kS;_a,. Hence M) is a right ideal of M,.
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If 40, € J\Z/f‘ and d17;; € ]\Z/T then ay € p,A € Bé(ffy)ﬂ. Therefore
(G175 5)(AaUk,) = 107 (g, k)dats, € ]\7[;\ Thus ]\Zfr)‘ is a left ideal of M, and hence
M is a two sided ideal of M,..

Since the elements Eé‘ﬁﬁi,j,l < a,f < fa,1 <id,5 < N(f,r) spans the two
sided ideal MT)‘,)\ € B%(ff2r)+17 the set of elements E()}f7517i,j,1 < i,5 < N(f,r)
forms a basis for M,, where X\ € 321(1‘:27«)+1 = {\F 2(f —2r) + 1 whose 2 core is
[1] such that 0 < r < |f/2]}. Hence M, has the decomposition

M, = @ M)

1
A€By (s aryp1

O

Notation 4.4. We now take a particular ideal M;\, A E B;(f72r)+1 , we drop the

index \, write Egﬂ = E, 3, and so forth. We denote the (3,~) coeflicient of a*(j, k)

in I* by aj, i - Let Eq gv; j =T;, j,. These elements form a basis for M. With
By ) 2 a

this new notation, the multiplication rule

(Ea,p0i,j) (Ey,sVk,1) = Ea,pd"(j, k) Ey 50 (4.10)
becomes

T s T Eopd (j, k)Ey s Ea,sVi1

avjﬁ "(alé

ko FasTiy , where Eq 5d"(j,k)Ey 5 = a

* *
Ajg, Jgky

*
aj/j,kfyjji(ths :

* —
Remark 4.5. @y, =

p(j, k)aj, k., , where aj, x. = Eq gd(j,k)E, 5.
Indead, a;mkw E.pd (4, k)Ey 3
= OL;fﬁ’k7 = FE,pu(j,k)a(j, k)Ey g because d*(j,k) = p(j, k)a@; i
= ,U(jv k)Ea,ﬂa(jv k)E'y,B
= wu(j,k)aj, k,, where aj, . = Eq pd(j, k)E, .

Theorem 4.6. For a given integer f, the algebra M, is semisimple for all suffi-
ciently large n.

Proof. As in Theorem 4.3, we have M, is the direct sum of ideals

MTZ@M;\V
A
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where \ € B;(ffw)ﬂ ={AF 2(f —2)+1 core is [1] such that 0 < r < | f/2]}.

So we have to prove that M;\ is simple. Also the group algebra k;gf,gr has the

decomposition
kSr-2r =PI,
A

where A € B%(f_QT)H. Let {Eq g}1<a.8< ., be a basis for the group algebra kS;_o,.

Each element 77 € kS t—or can be written in the form

77 = Zzna,ﬂEa,ﬂa

A o,

where 7,53 € k,1 < o, < f\ and X € B%(f—Qr)+1' It follows that E, gifE, s =

Ng,~Ea,sMa,p is called the (o, B) coefficient of 77 in e B21(f—2r)+1' We de-

note («, ) coeflicient of @*(i,j) in I* by aj. ;.- The algebra J\Zf'ﬁ‘ are general-

ized matrix algebras. The multiplication matrix of M;\,A € B%(f72r)+1 is de-

noted by ¢ = <a;fa ’jﬁ) where aj_; is the (a, B) coeflicient of @*(i,j) in the ideal

I’ € 821(f—27')+1’ of kS;_a.. To prove M} is simple, it is surfices to prove
that the matrix ¢ = a}l,jg) is non singular, i.e., to prove that the determinant
| u(t, j)aia,jﬁ] # 0. The diagonal submatrices of ¢ are obtained by fixing ¢ = j and
letting «, 8 range through 1 < «, 8 < fi. Then @*(i,i) = u(i,i)e where € denote
the identity of §f,27~. If follows that @*(i,i) = n"e. Therefore

* ..

i gy = HE1)ai,, 5,
= u(i,4)dq,p (the Kronecker delta)

= nT"

so that each diagonal submatrix of ¢ is n” - I, where I is the unit matrix of order
fx x fa. The off -diagonal submatrices with i # j, have a7 = a; ; u(i,j)ai, i,
where p(i,j) = 0 or n®,0 < s < r. Hence the main diagonal term provides us
with a power of n in the determinant is strictly higher than the power of any other
term of the expansion. Hence det(9) is a non zero polynomial in n with coefficients
in k. The integral roots of the polynomial are the values of n for which M;\ is
non-semisimple. For all other integers Mﬁ‘ is simple. Since det(¢) has only a finite

number of roots, it follows that MT)‘ is simple for sufficiently large n. d

Theorem 4.7. Let M, be semisimple. Then there is an embedding of kgf_gr m
the factor algebra M,..

. 1 .
Proof. Let @ € Sy_,. Then the set {—aw;;} of elements of M, forms a subgroup
n

of M,. We denote such elements by a. We define & = de,., where ¢, is the identity
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element in M,. The mapping @ Yaisa homomorphism of S ¢—2r onto a subgroup
of M,. Indeed,

U(ab) = ab = "l_)’)sr, for any 6,56 §f,2T

1
The mapping ¥ is an isomorphism, since the further mapping a — —auw, ; is
n
onto a group isomorphic to Sy_s,. The embedding is now extended to elements &
of the group algebra kgf,gr, by defining & = de,., where ¢, is the identity of M,
. 1 .
and & = {—aw; ;}, a subalgebra of M,. Hence the elements {—awj ;} of M,
n n

isomorphic to kS t—2r, which proves the theorem. O

5. Structure of M, in the semisimple case

Let Mr be semisimple. By Theorem 4.6, we have Z\ZT has the decomposition
(5.1) M, = P M,

where A € B;(f72r)+1 = {AF2(f —2r) + 1} whose 2 core is [1] such that 0 < r <
Lf/2].

The ideals M) are total matrix algebras over k. Since {EasWijticap<s, 1<

i,j < N(f,r), forms a basis M, M has degree fxN(f,r) over k. In the semisimple
case aw;; = dw; ;. Therefore the products aw; ; as a basis for Mr. Clearly any
basis {&} of kgf_gr provides a basis {4, ;} for M,, where 1 < i,j < N(f,r). The
ideal MM\ € B21(f_2r)Jr17 is spanned by the products a; ; where @ € I, 1 <i,j <
N(f,r). The set of elements & with @ € T, \ € Bé(f_%_)ﬂ form a subalgebra I* of
M, which is isomorphic to I*. Hence p‘, S Bgl(f_%)_|r1 is a total matrix algebra
of degree f) that is a subalgebra of the total matrix algebra Mﬁ‘ contains a total
matrix subalgebra 1\72‘ of degree N(f,r) over k such that MT)‘ may be written as a
product :

(5.2) M} = I x NM.

Then (5.1) becomes

i1, = @ (P x 7).



Factor Algebras of Signed Brauer’s Algebras 567

where A € B;(ffw)ﬂ = {AF2(f —2r) + 1 whose 2 core is [1] such that 0 < r <
Lf/2].
While the ]\7,3‘ are not unique, we may select one in each M;,\ So that they are

all isomorphic since each is a total matrix algebra of degree N(f,r) over k. Let N,
be an algebra which is isomorphic to them. Since kSy_o, has the decomposition

k5o = DD,
A

where A\ € B%(ff2r)+1 = {AF 2(f — 2r) + 1 whose 2 core is [1] such that 0 <
r < |f/2]}, a corresponding decomposition can be given for the direct product of
kES¢_o, and N,. So we have that

kSi o x N, = b r|xN
AEB3(; _ary41
= P (PxN).
AEB3(; _ary41

Let d € k:gf,gr and @ = Y a*, where @* € I, for each \, \ € Bj Let

5,3 be the elements of N, and J\_f;\ Then the mapping given by

&5 = (} :aA)‘;HE W Y@

is an isomorphism between kS for X N, and M,. Under this mapping the set

(f—2r)+1°

kS t—2r X1, where I, is the identity element of ]\7T, corresponds to the subalgebra kH
of M,. Let 1 be the identity element of kgf_gr. We denote the set corresponding
to p X N, by N, and we have

— A

M, 2 kH x N,.

1

We have the main theorem :

Theorem 5.1. If M, is semi simple then M, contains an isomorphic copy of
the group algebra kH and a total matriz algebra N, of degree N(f,r) over k and
M, 2 kH x N,.
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