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Abstract. In this paper, we introduce and study a new class containing absolutely

summing multilinear mappings and polynomials, which we call multiple weakly summing

multilinear mappings and polynomials. We investigate some interesting properties about

multiple weakly (p; q1, · · · , qk)-summing multilinear mappings and polynomials defined on

Banach spaces: In particular, we prove a kind of Dvoretzky-Rogers’ Theorem and an ideal

property for multiple weakly (p; q1, · · · , qk)-summing multilinear mappings and polyno-

mials. We also prove that the Aron-Berner extensions of multiple weakly (p; q1, · · · , qk)-

summing multilinear mappings and polynomials are also multiple weakly (p; q1, · · · , qk)-

summing.

1. Introduction

Throughout this paper K denotes either the complex field C or the real field R.
If the field is not specified the results are valid in both cases. Let E,E1, · · · , Ek,
and F be Banach spaces over the field K. We write BE for the unit ball of E. The
dual space of E is denoted by E∗. Let k ∈ N. We denote by L(E1, · · · , Ek : F ) the
Banach space of continuous k-linear mappings of E1 × · · · × Ek endowed with the
usual norm

‖A‖ = sup {‖A(x1, . . . , xk)‖ : xj ∈ BEj , j = 1, . . . , k}.

We denote L(E, · · · , E : F ) by L(kE : F ). Let A be in L(kE : F ). We define
Â : E → F by Â(x) = A(x, · · · , x) for x ∈ E. A mapping P : E → F is said to be
a continuous k-homogeneous polynomial if P = Â for some A ∈ L(kE : F ).

We denote by P(kE : F ) the Banach space of continuous k-homogeneous poly-
nomials of E into F endowed with the polynomial norm ‖P‖ = supx∈BE

‖P (x)‖.
We denote P(kE : K) by P(kE). We refer to [7] for a general background on the
theory of polynomials on an infinite dimensional Banach space.

Throughout this paper we will assume 1 ≤ q1, · · · , qk ≤ p < ∞. We denote the
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Banach space

lstrong
p (F ) := { (yi)∞i=1 : (

∞∑
i=1

‖yi‖p)1/p < ∞ }

with the norm ‖ (yi)∞i=1 ‖strong
p := (

∑∞
i=1 ‖yi‖p)1/p. We denote the Banach space

lweak
p (F ) := { (yi)∞i=1 : sup

y′∈BF∗

(
∞∑

i=1

|y
′
(yi)|p)1/p < ∞ }

with the norm

‖ (yi)∞i=1 ‖weak
p := sup

y′∈BF∗

(
∞∑

i=1

|y
′
(yi)|p)1/p.

Motivated by the growth of the theory of multilinear mappings and polynomials
on Banach spaces, many authors ([2], [3], [5], [8]) began the study of the p-summing
multilinear mappings and polynomials between Banach spaces. A k-linear mapping
T : E1 × · · · × Ek → F is (p; q1, · · · , qk)-summing if there exists a constant K1 > 0
such that, for every choice of elements xj

i ∈ Ej (j = 1, · · · , k, 1 ≤ i ∈ N), the
following relation holds:

(1.1) ‖ ( T (x1
i , · · · , xk

i ) )∞i=1 ‖strong
p := [

∞∑
i=1

‖T (x1
i , · · · , xk

i )‖p ]1/p

≤ K1 · ‖ (x1
i )
∞
i=1 ‖weak

q1
· · · ‖ (xk

i )∞i=1 ‖weak
qk

.

In this case, we define the (p; q1, · · · , qk)-summing norm of T by

π(p;q1,··· ,qk)(T ) := inf{ K1 > 0 : (1.1) holds }.

In connection with the classical definition of (p; q1, · · · , qk)-summing, we intro-
duce a new definition of weakly (p; q1, · · · , qk)-summing as follows: a k-linear map-
ping T : E1×· · ·×Ek → F is weakly (p; q1, · · · , qk)-summing if there exists a constant
K2 > 0 such that, for every choice of elements xj

i ∈ Ej (j = 1, · · · , k, 1 ≤ i ∈ N),
the following relation holds:

(1.2) ‖ ( T (x1
i , · · · , xk

i ) )∞i=1 ‖weak
p := sup

y′∈BF∗

[
∞∑

i=1

|y
′
(T (x1

i , · · · , xk
i ))|p ]1/p

≤ K2 · ‖ (x1
i )
∞
i=1 ‖weak

q1
· · · ‖ (xk

i )∞i=1 ‖weak
qk

.

In this case, we define the weakly (p; q1, · · · , qk)-summing norm of T by

πw
(p;q1,··· ,qk)(T ) := inf{ K2 > 0 : (1.2) holds }.

We denote Lw
(p;q1,··· ,qk)(E1, · · · , Ek : F ) by the class of weakly (p; q1, · · · , qk)-

summing multilinear mappings from E1×· · ·×Ek into F with the norm πw
(p;q1,··· ,qk).
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A weakly (p; q, · · · , q)-summing mapping will be called weakly (p, q)-summing and
we write πw

(p,q) for the associated norm. Moreover, a weakly (p, p)-summing mapping
will be called weakly p-summing and we write πw

p for the associated norm.
Given k and m1, · · · ,mk ∈ N, let (yi1,··· ,ik

)m1,··· ,mk

i1,··· ,ik=1 denote a multi-index se-
quence in F with the index ij varying from 1 to mj (1 ≤ j ≤ k). Note that∑m1,··· ,mk

i1,··· ,ik=1 yi1,··· ,ik
means that

∑m1
i1=1 · · ·

∑mk

ik=1 yi1,··· ,ik
.

A (p; q1, · · · , qk)-summing k-linear mapping T : E1 × · · · × Ek → F is multiple
(p; q1, · · · , qk)-summing [2] if there exists a constant K3 > 0 such that, for every
choice of natural numbers mj (1 ≤ j ≤ k) and for every choice of elements xj

ij
∈

Ej (1 ≤ ij ≤ mj), the following relation holds:

(1.3) ‖ ( T (x1
i1 , · · · , xk

ik
) )m1,··· ,mk

i1,··· ,ik=1 ‖
strong
p := [

m1,··· ,mk∑
i1,··· ,ik=1

‖T (x1
i1 , · · · , xk

ik
)‖p ]1/p

≤ K3 · ‖ (x1
i )
∞
i=1 ‖weak

q1
· · · ‖ (xk

i )∞i=1 ‖weak
qk

.

In this case, we define the multiple (p; q1, · · · , qk)-summing norm of T by

πmul
(p;q1,··· ,qk)(T ) = inf{ K3 > 0 : (1.3) holds }.

Bombal et al. [2] introduce multiple p-summing multilinear mappings. Using them
they proved several generalizations of Grothendieck’s fundamental theorem of the
metric space of tensor products.

In connection with the definition of multiple (p; q1, · · · , qk)-summing, we in-
troduce a new definition of multiple weakly (p; q1, · · · , qk)-summing as follows: a
weakly (p; q1, · · · , qk)-summing k-linear mapping T : E1 × · · · × Ek → F is multi-
ple weakly (p; q1, · · · , qk)-summing if there exists a constant K4 > 0 such that, for
every choice of natural numbers mj (1 ≤ j ≤ k) and for every choice of elements
xj

ij
∈ Ej (1 ≤ ij ≤ mj), the following relation holds:

(1.4) ‖ ( T (x1
i1 , · · · , xk

ik
) )m1,··· ,mk

i1,··· ,ik=1 ‖
weak
p := sup

y′∈BF∗

[
m1,··· ,mk∑
i1,··· ,ik=1

|y
′
(T (x1

i1 , · · · , xk
ik

))|p ]1/p

≤ K4 · ‖ (x1
i )
∞
i=1 ‖weak

q1
· · · ‖ (xk

i )∞i=1 ‖weak
qk

.

In this case, we define the multiple weakly (p; q1, · · · , qk)-summing norm of T by

πmul−w
(p;q1,··· ,qk)(T ) = inf{ K4 > 0 : (1.4) holds }.

We denote Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F ) by the class of multiple weakly (p; q1, · · · , qk)-

summing multilinear mappings from E1×· · ·×Ek into F with the norm πmul−w
(p;q1,··· ,qk).

A multiple weakly (p; q, · · · , q)-summing mapping will be called multiple weakly
(p, q)-summing and we write πmul−w

(p,q) for the associated norm. Moreover, a multiple
weakly (p, p)-summing mapping will be called multiple weakly p-summing and we
write πmul−w

p for the associated norm.
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We denote by L(p;q1,··· ,qk)(E1, · · · , Ek : F ) and Lmul
(p;q1,··· ,qk)(E1, · · · , Ek : F ) the

spaces of absolutely (p; q1, · · · , qk)-summing and multiple (p; q1, · · · , qk)-summing
k-linear mappings with the norm π(p;q1,··· ,qk) and πmul

(p;q1,··· ,qk), respectively.
It is obvious that

Lmul
(p;q1,··· ,qk)(E1, · · · , Ek : F ) ⊂ Lmul−w

(p;q1,··· ,qk)(E1, · · · , Ek : F )

⊂ Lw
(p;q1,··· ,qk)(E1, · · · , Ek : F ) ⊂ L(E1, · · · , Ek : F ),

and that
‖T‖ ≤ πw

(p;q1,··· ,qk)(T ) ≤ πmul−w
(p;q1,··· ,qk)(T ) ≤ πmul

(p;q1,··· ,qk)(T )

for every T ∈ Lmul
(p;q1,··· ,qk)(E1, · · · , Ek : F ).

Similar to the case of multilinear mappings, we introduce a new definition of
multiple weakly (p; q1, · · · , qk)-summing to homogeneous polynomials as follows: a
k-homogeneous polynomial P : E → F is weakly (p, q)-summing if there exists a
constant C > 0 such that, for every choice of elements xi ∈ E (i ∈ N), the following
relation holds:

(1.5) ‖ (P (xi))∞i=1 ‖weak
p := sup

y′∈BF∗

[
∞∑

i=1

|y
′
(P (xi))|p ]1/p

≤ C · (‖ (xi)∞i=1 ‖weak
q )k.

In this case, we define the weakly (p, q)-summing norm of P by

πw
(p,q)(P ) = inf{ C > 0 : (1.5) holds }.

We denote Pw
(p,q)(

kE : F ) by the class of weakly (p, q)-summing k-homogeneous
polynomials from E into F with the norm πw

(p,q). A weakly (p, p)-summing poly-
nomial will be called weakly p-summing and we write πw

p for the associated norm.
A weakly (p, q)-summing k-homogeneous polynomial P : E → F is multiple weakly
(p, q)-summing if the associated symmetric k-linear mapping P̌ is multiple weakly
(p, q)-summing. We denote Pmul−w

(p,q) (kE : F ) by the class of multiple weakly (p, q)-
summing k-homogeneous polynomials from E into F with the norm πw

(p,q).
It is obvious that

Pmul−w
(p,q) (kE : F ) ⊂ Pw

(p,q)(
kE : F ) ⊂ P(kE : F ),

and that
‖P‖ ≤ πw

(p,q)(P )

for every P ∈ Pmul−w
(p,q) (kE : F ).

In section 2, we investigate some interesting properties about multiple weakly
(p; q1, · · · , qk)-summing multilinear mappings and polynomials defined on Banach
spaces: In particular, we prove a kind of Dvoretzky-Rogers’ Theorem and an ideal
property for multiple weakly (p; q1, · · · , qk)-summing multilinear mappings.
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In section 3, we prove that the Aron-Berner extensions of multiple weakly
(p; q1, · · · , qk)-summing multilinear mappings and polynomials are also multiple
weakly (p; q1, · · · , qk)-summing.

2. Properties of multiple weakly summing multilinear mappings and
polynomials

Theorem 2.1. P ∈ Pw
(p,q)(

kE : F ) if and only if P̌ ∈ Lw
(p,q)(

kE : F ), where P̌ is
the corresponding k-linear mapping. Moreover, we have

πw
(p,q)(P ) ≤ πw

(p,q)(P̌ ) ≤ (2( 1
p−1)k)k

k!
πw

(p,q)(P ).

Proof. (⇐): It is obvious.

(⇒): Let (x1
i )
∞
i=1, · · · , (xk

i )∞i=1 ∈ Blweak
q (E). By the triangle inequality,

‖( ε1x
1
i + · · ·+ εkxk

i )∞i=1‖weak
q ≤ ‖(ε1x1

i )
∞
i=1‖weak

q + · · ·+ ‖(εkxk
i )∞i=1‖weak

q ≤ k

for every ε1, · · · , εk = ±1.

Claim: ‖( P̌ (x1
i , · · · , xk

i ) )∞i=1‖weak
q ≤ (2( 1

p−1)k)k

k!
πw

(p,q)(P )

Indeed, we have

‖( P̌ (x1
i , · · · , xk

i ) )∞i=1‖weak
q

= sup
y′∈BF∗

[
∞∑

i=1

| y
′
(P̌ (x1

i , · · · , xk
i )) |p ]1/p

=
1

2kk!
sup

y′∈BF∗

[
∞∑

i=1

|
∑

ε1,··· ,εk=±1

ε1 · · · εk · y
′
(P (ε1x1

i + · · ·+ εkxk
i )) |p ]1/p

(by the Polarization Formula)

≤ 1
2kk!

sup
y′∈BF∗

[
∞∑

i=1

(
∑

ε1,··· ,εk=±1

| y
′
(P (ε1x1

i + · · ·+ εkxk
i )) |

p
) ]1/p

=
1

2kk!
· [

∑
ε1,··· ,εk=±1

sup
y′∈BF∗

(
∞∑

i=1

| y
′
(P (ε1x1

i + · · ·+ εkxk
i )) | )p ]1/p

≤ 1
2kk!

· πw
(p,q)(P ) · [

∑
ε1,··· ,εk=±1

( ‖( ε1x
1
i + · · ·+ εkxk

i )∞i=1 ‖w
q )kp ]1/p

≤ 1
2kk!

· πw
(p,q)(P ) · [

∑
ε1,··· ,εk=±1

kkp ]1/p

=
(2( 1

p−1)k)k

k!
πw

(p,q)(P ). �
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Note that 2( 1
p−1)k · kk

k!
≤ kk

k!
. By a similar proof of Theorem 2.1, we see that

P ∈ P(p,q)(kE : F ) if and only if P̌ ∈ L(p,q)(kE : F ). Moreover, we have

π(p,q)(P ) ≤ π(p,q)(P̌ ) ≤ (2( 1
p−1)k)k

k!
π(p,q)(P ).

Examples. (a) Let
1
q
− 1

p
< 1/2. We show that L(p,q)(E : E)6=Lw

(p,q)(E : E) for

every infinite dimensional Banach space E and 1 ≤ p < ∞.
Claim: idE ∈ Lw

(p,q)(E : E)\L(p,q)(E : E).
Indeed, obviously idE ∈ Lw

(p,q)(E : E). If idE ∈ L(p,q)(E : E), then id2
E = idE

would be compact, which is a contradiction.

(b) Let k/(k − 1) < q ≤ p < ∞.
We show that Lmul−w

(p,q) (klq/(q−1)) 6= L(klq/(q−1)) (k ≥ 2)
Indeed, we define a continuous k-linear form A : lkq/(q−1) → K by

A( (x(1)
i )∞i=1, · · · , (x(k)

i )∞i=1 ) =
∞∑

i=1

x
(1)
i · · ·x(k)

i .

Claim: A is not multiple weakly (p, q)-summing.
Let m1, · · · ,mk ∈ N, e1, · · · , en, · · · be the canonical unit vectors in lq/(q−1).

Let m ∈ N, e1, · · · , em be the first m canonical unit vectors in lq/(q−1). Then

‖(ei)∞i=1‖weak
q = sup

x′∈Bl∗
q/(q−1)

=Blq

∞∑
i=1

|x
′
(ei)|q = 1.

But we have

‖( A(ei1 , · · · , eik
) )m1,··· ,mk

i1,··· ,ik=1‖
weak
p = min{m1, · · · ,mk} → ∞,

as m1, · · · ,mk →∞.
By definition, Â ∈ P(klq/(q−1))\Pmul−w

(p,q) (klq/(q−1)) (k ≥ 2).

Lemma 2.2. Let 1 ≤ t < s < ∞. Then

sup
y′∈Bls

m∑
i=1

|y
′
(ei)|t ≥ m

s−t
s .

Thus

sup∑∞
n=1 |xn|s=1

∞∑
n=1

|xn|t = ∞.

Proof. Let m ∈ N, e1, · · · , em be the first m canonical unit vectors in ls. Let
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y
′

=
(

1
m

) 1
s

(e1 + · · · + em). Then ‖y′‖s = 1 and
∑m

i=1 |y
′
(ei)|t = m

s−t
s . It

completes the proof. �

Remarks. Let 1 < q ≤ p < ∞, max
{

1,
q

k(q − 1)

}
< r < p/(p− 1).

Claim: Lmul−w
(p,q) (klq/(q−1) : lr) 6= L(klq/(q−1) : lr) (k ≥ 2)

Indeed, we define a continuous k-linear mapping A : lkq/(q−1) → lr by

A( (x(1)
i )∞i=1, · · · , (x(k)

i )∞i=1 ) = (x(1)
i · · ·x(k)

i )∞i=1.

We claim: A is not multiple weakly (p, q)-summing.

Let m1, · · · ,mk ∈ N, e1, · · · , en, · · · be the canonical unit vectors in lq/(q−1).
We have

‖( A(ei1 , · · · , eik
) )m1,··· ,mk

i1,··· ,ik=1‖
weak
p

= sup
y′∈Bl∗r =Blr/(r−1)

m1,··· ,mk∑
i1,··· ,ik=1

| y
′
(A(ei1 , · · · , eik

)) |p

= sup
y′∈Blr/(r−1)

min{m1,··· ,mk}∑
i=1

|y
′
(ei)|p →∞ (by Lemma 2.2),

as m1, · · · ,mk →∞, while ‖(ei)
∞

i=1‖weak
q = 1, · · · , ‖(ei)

∞

i=1‖weak
q = 1.

By definition, Â ∈ P(klq/(q−1) : lr)\Pmul−w
(p,q) (klq/(q−1) : lr) (k ≥ 2).

Lemma 2.3. Let x∗1 ∈ E∗
1 , · · · , x∗k ∈ E∗

k and u ∈ Lw
(p,qk+1)

(Ek+1 : F ). Then the k-
linear mapping T : E1×· · ·×Ek → F : T (x1, · · · , xk+1) = x∗1(x1) · · ·x∗k(xk)u(xk+1)
is multiple weakly (p; q1, · · · , qk+1)-summing and

πw−mul
(p;q1,··· ,qk+1)

(T ) ≤ πw
(p,qk+1)

(u) · ‖x∗1‖ · · · ‖x∗k‖.

Proof. Let xj
i ∈ Ej (i ∈ N, j = 1, · · · , k + 1) be such that

‖(x1
i )
∞
i=1‖weak

q1
≤ 1, · · · , ‖(xk+1

i )∞i=1‖weak
qk+1

≤ 1.

Then ‖xj
i‖ ≤ 1 for every (i ∈ N, j = 1, · · · , k + 1). We have, for mj ∈ N (j =
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1, · · · , k + 1),

‖ ( T (x1
i1 , · · · , xk+1

ik+1
) )m1,··· ,mk+1

i1,··· ,ik+1=1 ‖
weak
p

= sup
y′∈BF∗

[
m1,··· ,mk+1∑
i1,··· ,ik+1=1

|y
′
(T (x1

i1 , · · · , xk+1
ik+1

))|p ]1/p

= sup
y′∈BF∗

[
m1,··· ,mk+1∑
i1,··· ,ik+1=1

|x∗1(x1
i1)|

p · · · |x∗k(xk
ik

)|p · |y
′
(u(xk+1

ik+1
))|p ]1/p

≤ [
m1,··· ,mk∑
i1,··· ,ik=1

|x∗1(x1
i1)|

p · · · |x∗k(xk
ik

)|p ]1/p sup
y′∈BF∗

[
∞∑

i=1

|y
′
(u(xk+1

i ))|p ]1/p

≤ ‖( u(xk+1
i ) )∞i=1‖weak

(p,qk+1)
· ‖x∗k‖ ·

· [
m1,··· ,mk−1∑
i1,··· ,ik−1=1

|x∗1(x1
i1)|

p · · · |x∗k−1(x
k−1
ik−1

)|p · [
∞∑

i=1

| x∗k
‖x∗k‖

(xk
i )|p ] ]1/p

≤ πw
(p,qk+1)

(u) · ‖x∗k‖ · ‖(xk
i )∞i=1‖weak

(p,qk) · [
m1,··· ,mk−1∑
i1,··· ,ik−1=1

|x∗1(x1
i1)|

p · · · |x∗k−1(x
k−1
ik−1

)|p ]1/p

≤ πw
(p,qk+1)

(u) · ‖x∗k‖ · [
m1,··· ,mk−1∑
i1,··· ,ik−1=1

|x∗1(x1
i1)|

p · · · |x∗k−1(x
k−1
ik−1

)|p ]1/p

· · ·
≤ πw

(p,qk+1)
(u) · ‖x∗k‖ · · · ‖x∗1‖ < ∞. �

By a similar proof of Lemma 2.3, we see that: let x∗1 ∈ E∗
1 , · · · , x∗k ∈ E∗

k and
u ∈ L(p,qk+1)(Ek+1 : F ). Then the k-linear mapping T : E1 × · · · × Ek → F :
T (x1, · · · , xk+1) = x∗1(x1) · · ·x∗k(xk)u(xk+1) is multiple (p; q1, · · · , qk+1)-summing
and

πmul
(p;q1,··· ,qk+1)

(T ) ≤ π(p,qk+1)(u) · ‖x∗1‖ · · · ‖x∗k‖.

Recall that the weak Dvoretzky-Rogers Theorem ([6], Theorem 2.18) shows
that for every infinite dimensional Banach space F , there exists (yi)∞i=1 ∈
lweak
p (F )\lstrong

p (F ). We prove a kind of Dvoretzky-Rogers’ Theorem for multi-
ple weakly (p; q1, · · · , qk)-summing multilinear mappings and polynomials.

Theorem 2.4. (a) If E1, · · · , Ek are finite dimensional Banach spaces and F is a
Banach space and k ∈ N, then Lmul

(p;q1,··· ,qk)(E1, · · · , Ek : F ) = Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek :

F ) = Lw
(p;q1,··· ,qk)(E1, · · · , Ek : F ) = L(E1, · · · , Ek : F ). The polynomial version is

also valid.
(b) If E1, · · · , Ek, F are infinite dimensional Banach spaces and k ≥ 2, then
Lmul−w

(p;q1,··· ,qk)(E1, · · · , Ek : F ) 6= L(p;q1,··· ,qk)(E1, · · · , Ek : F ). The polynomial ver-
sion is also valid.
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Proof. (a): Suppose that dim(Ei) = ni for i = 1, · · · , k. Let {ei
1, · · · , ei

ni
} and

{(ei
1)
∗, · · · , (ei

ni
)∗} be basis for Ei and E∗

i for i = 1, · · · , k, respectively. Let
T ∈ L(E1, · · · , Ek : F ). Then for x1 ∈ E1, · · · , xk ∈ Ek, we have

T (x1, · · · , xk) = T (
n1∑

i1=1

(e1
i1)

∗(x1)e1
i1 , · · · ,

nk∑
ik=1

(ek
ik

)∗(xk)ek
ik

)

=
n1,··· ,nk∑

i1,··· ,ik=1

(e1
i1)

∗(x1) · · · (ek
ik

)∗(xk) T (e1
i1 , · · · , ek

ik
).

Thus T has finite rank.
Claim: T is multiple (p; q1, · · · , qk)-summing.
For simplicity in the notation we assume that

T (x1, · · · , xk) = x∗1(x1) · · ·x∗k(xk) y0 (for x1 ∈ E1, · · · , xk ∈ Ek)

for some x∗i ∈ E∗
i and some y0 ∈ F . Let mj ∈ N, xj

i ∈ Ej (i ∈ N, j = 1, · · · , k),
such that ‖(x1

i )
∞
i=1‖weak

q1
≤ 1, · · · , ‖(xk

i )∞i=1‖weak
qk

≤ 1. Then ‖xj
i‖ ≤ 1 for every

(i ∈ N, j = 1, · · · , k). We have

‖ ( T (x1
i1 , · · · , xk

ik
) )m1,··· ,mk

i1,··· ,ik=1 ‖
strong
p

= [
m1,··· ,mk∑
i1,··· ,ik=1

‖T (x1
i1 , · · · , xk

ik
)‖p ]1/p

= [
m1,··· ,mk∑
i1,··· ,ik=1

|x∗1(x1
i1)|

p · · · |x∗k(xk
ik

)|p · ‖y0‖p ]1/p

≤ ‖y0‖ · ‖x∗k‖ · [
m1,··· ,mk−1∑
i1,··· ,ik−1=1

|x∗1(x1
i1)|

p · · · |x∗k−1(x
k−1
ik−1

)|p · [
∞∑

i=1

| x∗k
‖x∗k‖

(xk
i )|p ] ]1/p

≤ ‖y0‖ · ‖x∗k‖ · ‖(xk
i )∞i=1‖weak

(p,qk) · [
m1,··· ,mk−1∑
i1,··· ,ik−1=1

|x∗1(x1
i1)|

p · · · |x∗k−1(x
k−1
ik−1

)|p ]1/p

≤ ‖y0‖ · ‖x∗k‖ · [
m1,··· ,mk−1∑
i1,··· ,ik−1=1

|x∗1(x1
i1)|

p · · · |x∗k−1(x
k−1
ik−1

)|p ]1/p

· · ·
≤ ‖y0‖ · ‖x∗k‖ · · · ‖x∗1‖ < ∞.

Thus Lw(p; q1, · · · , qk)(E1, · · · , Ek : F ) = L(E1, · · · , Ek : F ). Since

Lmul(p; q1, · · · , qk)(E1, · · · , Ek : F ) ⊂ Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F )

⊂ Lw
(p;q1,··· ,qk)(E1, · · · , Ek : F )

⊂ L(E1, · · · , Ek : F ).



510 Sung Guen Kim

(b): Let x∗ ∈ E∗
k , y0 ∈ F . We define a bounded linear operator u : Ek → F by

u(x) = x∗(x)y0 for x ∈ Ek.
Claim: u ∈ Lmul−w

(p,qk) (Ek : F )
Indeed, for ‖(xi)∞i=1‖weak

p ≤ 1, we have

‖ (u(xi))∞i=1 ‖weak
p

= sup
y′∈BF∗

[
∞∑

i=1

|y
′
(u(xi))|p ]1/p = sup

y′∈BF∗

|y
′
(y0)| · [

∞∑
i=1

|x∗(xi)|p ]1/p

≤ ‖y0‖ · ‖(xi)∞i=1‖weak
p ≤ ‖y0‖ < ∞.

Fix x∗1 ∈ E∗
1 , · · · , x∗k−1 ∈ E∗

k−1. We define a continuous k-linear mapping T :
E1 × · · · × Ek → F by

T (x1, · · · , xk) = x∗1(x1) · · ·x∗k−1(xk−1) · u(xk) (xi ∈ Ei, i = 1, · · · , k).

By a result of Matos ([8], Theorem 5), T /∈ L(p;q1,··· ,qk)(E1, · · · , Ek : F ). By Lemma
2.3, T ∈ Lw−mul

(p;q1,··· ,qk)(E1, · · · , Ek : F ). �

Proposition 2.5. Consider a k-linear mapping T : E1 × · · · × Ek → F . The
following are equivalent:

(a) T ∈ Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F );

(b) for every choice of elements xj
i ∈ lweak

qj
(Ej) (i ∈ N, 1 ≤ j ≤ k), we have

( T (x1
i1

, · · · , xk
ik

) )∞i1,··· ,ik=1 ∈ lweak
p (Nk;F ).

In that case, the induced multilinear mapping

T̃ : lweak
q1

(E1)× · · · × lweak
qk

(Ek) → lweak
p (Nk;F )

given by T̃ ( (x1
i1

)∞i1=1, · · · , (x1
ik

)∞ik=1 ) = ( T (x1
i1

, · · · , xk
ik

) )∞i1,··· ,ik=1 is continuous
and satisfies ‖T̃‖ = πmul−w

(p;q1,··· ,qk)(T ).

Proof. It follows from the definition. �

Proposition 2.6. Consider a multilinear mapping T : E1 × · · · × Ek → F . The
following are equivalent :

(a) T ∈ Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F );

(b) there exists a constant K > 0 such that for every choice of natural numbers
mj (2 ≤ j ≤ k) and for every choice of elements xj

ij
∈ lweak

qj
(Ej) (2 ≤ j ≤

k, 1 ≤ ij ≤ mj), with ‖(xj
ij

)mj

ij=1‖weak
qj

≤ 1 we have that the associated linear
operator S : E1 → lweak

p ({1, · · · ,m2} × · · · × {1, · · · ,mk};F ) given by

S(x) = ( T (x, x2
i2 , · · · , xk

ik
) )m2,··· ,mk

i2,··· ,ik=1
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is (p, q1)-summing and satisfies

(∗) πw
(p,q1)

(S) ≤ K.

In that case, πw
(p;q1,··· ,qk)(T ) = inf{ K > 0 : (∗) holds }.

Proof. It follows from the definition. �

Theorem 2.7. (a) Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F ) [Lw

(p;q1,··· ,qk)(E1, · · · , Ek : F ) re-

spectively ] is a Banach space under the norm πw
(p;q1,··· ,qk) [πmul−w

(p;q1,··· ,qk) respectively
].
(b) Pw

(p,q)(
kE : F ) is a Banach space under the norm πw

(p,q).

Proof. (a): Let (Tn)∞n=1 be a Cauchy sequence in Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F ). Since

limn,m→∞ ‖Tn − Tm‖ ≤ limn,m→∞ πmul−w
(p;q1,··· ,qk)(Tn − Tm) = 0, (Tn)∞n=1 is a Cauchy

sequence in L(E1, · · · , Ek : F ). Since L(E1, · · · , Ek : F ) is complete, there exists
some T ∈ L(E1, · · · , Ek : F ) such that ‖Tn − T‖ → 0.

Claim: T ∈ Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F ).

By Proposition 2.5, it suffices to show that T̃ ∈ L(lweak
q1

(E1), · · · , lweak
qk

(Ek) :
lweak
p (Nk;F ) ). It is obvious that (T̃n)∞n=1 is a Cauchy sequence in L(lweak

q1
(E1), · · · , lweak

qk
(Ek) :

lweak
p (Nk;F ) ). Since lweak

p (Nk;F ) is complete, L(lweak
q1

(E1), · · · , lweak
qk

(Ek) :
lweak
p (Nk;F ) ) is complete. Thus there exists some S̃ ∈ L(lweak

q1
(E1), · · · , lweak

qk
(Ek) :

lweak
p (Nk;F ) ) such that T̃n → S̃. It is obvious that T̃ = S̃. By Proposition 2.5,

lim
n→∞

πmul−w
(p;q1,··· ,qk)(Tn − T ) = lim

n→∞
‖T̃n − T‖ = lim

n→∞
‖T̃n − T̃‖ = 0.

Similarly, we see that Lw
(p;q1,··· ,qk)(E1, · · · , Ek : F ) is a Banach space under the

norm πw
(p;q1,··· ,qk).

(b): By (a), it follows. �

Proposition 2.8. If v ∈ L(F : G) and T ∈ Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F ), then

v◦T ∈ Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : G) and πmul−w

(p;q1,··· ,qk)(v◦T ) ≤ πmul−w
(p;q1,··· ,qk)(T ) · ‖v‖.

Proof. Let (xj
i )
∞
i=1 ∈ Blweak

qj
(Ej) for j = 1, · · · , k.

Then we have, for m1, · · · ,mk ∈ N,

‖ ( v◦T (x1
i1 , · · · , xk

ik
) )m1,··· ,mk

i1,··· ,ik=1 ‖
weak
p

= sup
z′∈BG∗

[
m1,··· ,mk∑
i1,··· ,ik=1

| z
′
(v◦T (x1

i1 , · · · , xk
ik

)) |p ]1/p
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= sup
z′∈BG∗

[
m1,··· ,mk∑
i1,··· ,ik=1

| z
′
◦ v

‖v‖
(T (x1

i1 , · · · , xk
ik

)) |p ]1/p · ‖v‖

= sup
y′∈BF∗

[
m1,··· ,mk∑
i1,··· ,ik=1

| y
′
(T (x1

i1 , · · · , xk
ik

)) |p ]1/p · ‖v‖

≤ πmul−w
(p;q1,··· ,qk)(T ) · ‖v‖.

�

Proposition 2.9. If v ∈ L(F : G) and P ∈ Pmul−w
(p,q) (kE : F ), then v◦P ∈

Pmul−w
(p,q) (kE : G) and πmul−w

(p,q) (v◦P ) ≤ ‖v‖ · πmul−w
(p,q) (P ).

Proof. It is similar as the proof of Proposition 2.8. �

We have a composition theorem, which shows the good behavior of this class in
relation with the p-summing linear operators.

Theorem 2.10. Let uj ∈ Lq(Ej : Yj) (j = 1, · · · , k), T ∈ Lmul−w
p (Y1, · · · , Yk : F )

and 1 ≤ r < ∞ with 1/r = 1/p+1/q. Then S = T (u1, · · · , uk) is weak-type multiple
r-summing and πmul−w

r (S) ≤ πmul−w
p (T ) · πq(u1) · · ·πq(uk).

Proof. We follows along the lines of ([6], Composition Theorem 2.22). Let (xj
i )
∞
i=1 ∈

Blweak
qj

(Ej) for j = 1, · · · , k. By ([6], Lemma 2.2), there exist (λj
i )
∞
i=1 ∈ Blq and

(yj
i )
∞
i=1 ∈ Blweak

p (yj) such that uj(x
j
i ) = λj

iy
j
i and ‖(yj

i )
∞
i=1‖weak

p ≤ πq(uj).
Then we have, for m1, · · · ,mk ∈ N,

‖ ( S(x1
i1 , · · · , xk

ik
) )m1,··· ,mk

i1,··· ,ik=1 ‖
weak
r

= sup
z′∈BF∗

[
m1,··· ,mk∑
i1,··· ,ik=1

| z
′
(S(x1

i1 , · · · , xk
ik

)) |r ]1/r

= sup
z′∈BF∗

[
m1,··· ,mk∑
i1,··· ,ik=1

| z
′
(T (λ1

i1y
1
i1 , · · · , λk

ik
yk

ik
)) |r ]1/r

= sup
z′∈BF∗

[
m1,··· ,mk∑
i1,··· ,ik=1

| λ1
i1 · · ·λ

k
ik
|r · | z

′
(T (y1

i1 , · · · , yk
ik

)) |r ]1/r

≤ [
m1,··· ,mk∑
i1,··· ,ik=1

| λ1
i1 · · ·λ

k
ik
|r·

q
r ]

r
q ·

1
r sup

z′∈BF∗

[
m1,··· ,mk∑
i1,··· ,ik=1

| z
′
(T (y1

i1 , · · · , yk
ik

)) |
r· p

r ]
r
p ·

1
r

( by Hölder’s inequality because 1 =
1

q/r
+

1
p/r

)

≤ ‖ (λ1
i )
∞
i=1 ‖q sup

z′∈BF∗

[
m1,··· ,mk∑
i1,··· ,ik=1

| z
′
(T (y1

i1 , · · · , yk
ik

)) |p ]1/p
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≤ πmul−w
p (T ) · ‖(y1

i )∞i=1‖weak
p · · · ‖(yk

i )∞i=1‖weak
p

≤ πmul−w
p (T ) · πq(u1) · · ·πq(uk),

showing πmul−w
r (S) ≤ πmul−w

p (T ) · πq(u1) · · ·πq(uk). �
By Proposition 2.8 and Theorem 2.10, we have an ideal property for multiple

weakly summing multilinear mappings.

Corollary 2.11. Let v ∈ Lq(F : G), uj ∈ Lq(Ej : Yj) (j = 1, · · · , k), T ∈
Lmul−w

p (Y1, · · · , Yk : F ) and 1 ≤ r < ∞ with 1/r = 1/p + 1/q. Then
v◦T (u1, · · · , uk) is multiple weakly r-summing and

πmul−w
r (v◦T ) ≤ πmul−w

p (T ) · πq(u1) · · ·πq(uk) · ‖v‖.

We have also an ideal property for multiple weakly summing homogeneous poly-
nomials:

Theorem 2.12. Let v ∈ L(F : G), u ∈ Lq(E : Y ), P ∈ Pmul−w
p (kY : F ) and

1 ≤ r < ∞ with 1/r = 1/p + 1/q. Then S = v◦P◦u is multiple weakly r-summing
and πmul−w

r (S) ≤ ‖v‖ · πmul−w
p (P ) · (πq(u))k.

Proof. It follows from Proposition 2.9 and a similar proof of Theorem 2.10. �

3. Aron-Berner extensions of multiple weakly summing mappings

A bounded k-homogeneous polynomial P has an extension P ∈ P(kE∗∗ : F ∗∗)
to the bidual E∗∗ of E, which is called the Aron-Berner extension of P (see [1]).
In fact, P is defined in the following way: We first start with the complex-valued
bounded k-homogeneous polynomial P ∈ P(kE). Let A be the bounded symmetric
k-linear form on E corresponding to P . We can extend A to an k-linear form A on
the bidual E∗∗ in such a way that for each fixed j, 1 ≤ j ≤ k and for each fixed
x1, . . . , xj−1 ∈ E and zj+1, . . . , zk ∈ E∗∗, the linear form

z → A(x1, . . . , xj−1, z, zj+1, . . . , zk), z ∈ E∗∗,

is weak-star continuous. By this weak-star continuity A can be extended to an
k-linear form A on E∗∗, beginning with the last variable and working backwards to
the first. Then the restriction

P (z) = A(z, . . . , z)

is called the Aron-Berner extension of P . In particular, Davie and Gamelin [4]
proved that ‖P‖ = ‖P‖. Next, for a vector-valued k-homogeneous polynomial
P ∈ P(kE : F ), the Aron-Berner extension P ∈ P(kE∗∗ : F ∗∗) is defined as follows:
Given z ∈ E∗∗ and w ∈ F ∗,

P (z)(w) = w ◦ P (z).
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For x ∈ E, we define δx : E∗ → C by δx(x∗) = x∗(x) for each x∗ ∈ E∗. Let < xα >
is a net in E and x∗∗0 ∈ E∗∗. We say that < xα > converges polynomial-star to x∗∗0
if for every P ∈ P(kE)(k ∈ N), we have P (xα) converges to P (x∗∗0 ), where P is the
Aron-Berner extension of P. Recall that Davie and Gamelin [4] proved that BE is
polynomial-star dense in BE∗∗ .

The following shows that the Aron-Berner extensions of multiple weakly
(p; q1, · · · , qk)-summing multilinear mappings and polynomials are also multiple
weakly (p; q1, · · · , qk)-summing.

Theorem 3.1. We have:

(a) T ∈ Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F ) if and only if T ∈ Lmul−w

(p;q1,··· ,qk)(E
∗∗
1 , · · · , E∗∗

k :
F ∗∗), where T is any extension of T to E∗∗

1 × · · · × E∗∗
k by the Aron-Berner

Extension Method. In this case, πmul−w
(p;q1,··· ,qk)(T ) = πmul−w

(p;q1,··· ,qk)(T ).

(b) P ∈ Pmul−w
(p,q) (kE : F ) if and only if P ∈ Pmul−w

(p,q) (kE∗∗ : F ∗∗), where P is the

Aron-Berner extension of P to E∗∗. In this case, πmul−w
(p,q) (P ) = πmul−w

(p,q) (P ).

Proof. For simplicity in the notation we write the proof for k = 2.
(a): (⇐): Since T is an extension of T , πmul−w

(p;q1,··· ,qk)(T ) ≤ πmul−w
(p;q1,··· ,qk)(T ) < ∞. Thus

T ∈ Lmul−w
(p;q1,··· ,qk)(E1, · · · , Ek : F ).

(⇒): Let m1,m2 ∈ N. Let z
′′′ ∈ BF∗∗∗ , (x

′′

1 , · · · , x
′′

m1
) ∈ Blweak

q1
(E∗∗

1 ) and

(y
′′

1 , · · · , y
′′

m2
) ∈ Blweak

q2
(E∗∗

2 ). By Goldstine’s Theorem there exist nets (z
′

l)Γ in

BF∗ , nets (xi1
αi1

)Ωi1
(1 ≤ i1 ≤ m1) in BE1 , and nets (yi2

βi2
)Λi2

(1 ≤ i2 ≤ m2) in

BE2 such that (z
′

l)Γ converges weak-star to z
′′′

, and that (xi1
αi1

)Ωi1
(1 ≤ i1 ≤ m1)

converges weak-star to x
′′

i1
, and that (yi2

βi2
)Λi2

(1 ≤ i2 ≤ m2) converges weak-star
to y

′′

i2
. Hence

lim
αi1∈Ωi1→∞

x
′
(xi1

αi1
) = x

′′

i1(x
′
) (x

′
∈ E∗

1 , 1 ≤ i1 ≤ m1)

and
lim

βi2∈Λi2→∞
y
′
(yi2

βi2
) = y

′′

i2(y
′
) (y

′
∈ E∗

2 , 1 ≤ i2 ≤ m2) (A)

Claim : lim supα1∈Ω1→∞ · · · lim supαm1∈Ωm1→∞ ‖(x1
αi1

, · · · , xm1
αm1

)‖weak
q1

≤ 1,

lim supβ1∈Λ1→∞ · · · lim supβm2∈Λm2→∞ ‖(y1
β1
· · · , ym2

βm2
)‖weak

q2
≤ 1.

Indeed, we have

lim sup
α1∈Ω1→∞

· · · lim sup
αm1∈Ωm1→∞

‖(x1
αi1

, · · · , xm1
αm1

)‖weak
q1

= sup
x′∈BE∗1

( lim
α1∈Ω1→∞

|x
′
(x1

α1
)|q1 + · · ·+ lim

αm1∈Ωm1→∞
|x
′
(xm1

αm1
)|q1)1/q1
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= sup
x′∈BE∗1

(|x
′′

1 (x
′
)|q1 + · · ·+ |x

′′

m1
(x

′
)|q1)1/q1 (by (A))

= sup
δ

x
′∈BE∗∗∗1

(|δx′ (x
′′

1 )|q1 + · · ·+ |δx′ (x
′′

m1
)|q1)

1/q1

≤ ‖(x
′′

1 , · · · , x
′′

m1
)‖weak

q1
≤ 1.

Similarly, we can show that

lim sup
β1∈Λ1→∞

· · · lim sup
βm2∈Λm2→∞

‖(y1
β1
· · · , ym2

βm2
)‖weak

q2
≤ 1.

Since T (x
′′

i1
, y

′′

i2
) ∈ BF∗∗ , by the weak-star convergence of the net (z

′

l)Γ, we have

lim
l∈Γ→∞

T (x
′′

i1 , y
′′

i2)(z
′

l) = z
′′′

(T (x
′′

i1 , y
′′

i2)) (1 ≤ i1 ≤ m1, 1 ≤ i2 ≤ m2) (B)

It follows that

[
m1,m2∑
i1,i2=1

| z
′′′

(T (x
′′

i1 , y
′′

i2)) |
p ]1/p

= [
m1,m2∑
i1,i2=1

lim
l∈Γ→∞

| T (x
′′

i1 , y
′′

i2)(z
′

l) |p ]1/p

= lim
l∈Γ→∞

[
m1,m2∑
i1,i2=1

| T (x
′′

i1 , y
′′

i2)(z
′

l) |p ]1/p (by (B))

= lim
l∈Γ→∞

[
m1,m2∑
i1,i2=1

lim
αi1∈Ωi1→∞

lim
βi2∈Λi2→∞

| z
′

l(T (xi1
αi1

, yi2
βi2

))|p ]1/p

(by the definition of T and (A))

= lim
l∈Γ→∞

lim
α1∈Ω1→∞

· · · lim
αm1∈Ωm1→∞

lim
β1∈Λ1→∞

· · · lim
βm2∈Λm2→∞

[
m1,m2∑
i1,i2=1

| z
′

l(T (xi1
αi1

, yi2
βi2

))|p ]1/p

≤ πmul−w
(p;q1,··· ,qk)(T )( lim sup

α1∈Ω1→∞
· · · lim sup

αm1∈Ωm1→∞
‖(x1

αi1
, · · · , xm1

αm1
)‖weak

q1
)

· ( lim sup
β1∈Λ1→∞

· · · lim sup
βm2∈Λm2→∞

‖(y1
β1
· · · , ym2

βm2
)‖weak

q2
)

≤ πmul−w
(p;q1,··· ,qk)(T ) < ∞ (by (∗∗)),

which shows T ∈ Lmul−w
(p;q1,··· ,qk)(E

∗∗
1 , · · · , E∗∗

k : F ∗∗) and πmul−w
(p;q1,··· ,qk)(T ) =

πmul−w
(p;q1,··· ,qk)(T ).

(b): (⇐): Since P is an extension of P , πmul−w
(p,q) (P ) ≤ πmul−w

(p,q) (P ) < ∞. Thus

P ∈ Pmul−w
(p,q) (kE : F ).
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(⇒): Let m ∈ N. Let z
′′′ ∈ BF∗∗∗ , (x

′′

1 , · · · , x
′′

m) ∈ Blweak
q (E∗∗). By the Davie-

Gamelin Theorem [ BF∗ (BE , resp.) is polynomial-star dense in BF∗∗∗ (BE∗∗ ,
resp.) ] there exist nets (z

′

l)Γ in BF∗ , nets (xαi
)Ωi

(1 ≤ i ≤ m) in BE such that
(z
′

l)Γ converges polynomial-star to z
′′′

, and that (xαi
)Ωi

(1 ≤ i ≤ m) converges
polynomial-star to x

′′

i . Hence

lim
αi∈Ωi→∞

Q(xαi
) = Q(x

′′

i ) (Q ∈ P(nE), n ∈ N, 1 ≤ i ≤ m) (C)

Claim: lim supα1∈Ω1→∞ · · · lim supαm∈Ωm→∞ ‖(xα1 , · · · , xαm
)‖weak

q ≤ 1
Indeed, we have

lim sup
α1∈Ω1→∞

· · · lim sup
αm∈Ωm→∞

‖(xα1 , · · · , xαm
)‖weak

q

= sup
x′∈BE∗

( lim
α1∈Ω1→∞

|x
′
(xα1)|q + · · ·+ lim

αm∈Ωm→∞
|x
′
(xαm

)|q)1/q

= sup
x′∈BE∗

(|x
′′

1 (x
′
)|q + · · ·+ |x

′′

m1
(x

′
)|q)1/q (by (C))

= sup
δ

x
′∈BE∗∗∗

(|δx′ (x
′′

1 )|q + · · ·+ |δx′ (x
′′

m)|q)
1/q

≤ ‖(x
′′

1 , · · · , x
′′

m)‖weak
q ≤ 1.

Since P (x
′′

i ) ∈ BF∗∗ , by the weak-star convergence of the net (z
′

l)Γ, we have

lim
l∈Γ→∞

P (x
′′

i )(z
′

l) = z
′′′

(P (x
′′

i )) (1 ≤ i ≤ m) (D)

It follows that

[
m∑

i=1

| z
′′′

(P (x
′′

i )) |p ]1/p

= [
m∑

i=1

lim
l∈Γ→∞

| P (x
′′

i )(z
′

l) |p ]1/p = lim
l∈Γ→∞

[
m∑

i=1

| P (x
′′

i )(z
′

l) |p ]1/p (by (D))

= lim
l∈Γ→∞

[
m∑

i=1

lim
αi∈Ω→∞

| z
′

l(P (xαi)|p ]1/p (by the definition of P and (C))

= lim
l∈Γ→∞

lim
αi∈Ω→∞

[
m∑

i=1

| z
′

l(P (xαi
)|p ]1/p

≤ πmul−w
(p,q) (P ) ( lim sup

α1∈Ω1→∞
· · · lim sup

αm∈Ωm→∞
‖(xα1 , · · · , xαm)‖weak

q )k

≤ πmul−w
(p,q) (P ) < ∞ (by (∗∗)),

which shows P ∈ Pmul−w
(p,q) (kE∗∗ : F ∗∗) and πmul−w

(p,q) (P ) = πmul−w
(p,q) (P ). �
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