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Abstract. The aim of this paper is to derive a fractional derivative of the multivariable

H-function of Srivastava and Panda [7], associated with a general class of multivariable

polynomials of Srivastava [4] and the generalized Lauricella functions of Srivastava and

Daoust [9]. Certain special cases have also been discussed. The results derived here are of

a very general nature and hence encompass several cases of interest hitherto scattered in

the literature.

1. Introduction

In this paper the H-function of several complex variables introduced and stud-
ied by Srivastava and Panda [7] is an extension of the multivariable G-function and
includes Fox’s H-function, Meijer’s G-function of one and two variables, the gener-
alized Lauricella functions of Srivastava and Daoust [9], Appell functions etc.. In
this note we derive a fractional derivative of H-function of several complex variables
of Srivastava and Panda [7], associated with a general polynomials (multivariable)
of Srivastava [4] and the generalized Lauricella functions of Srivastava and Daoust
[9].

2. Definitions and notations

By Oldham and Spanner [2] and Srivastava and Goyal [5], the fractional deriva-
tives of a function f(t) of complex order γ (or alternatively, a γ-th order fractional
integral of f(t)) by

(2.1) aD
γ
t {f(t)} =


1

Γ(−γ)

∫ t

0

(t− x)−γ−1 f(x)dx, Re(γ) < 0,

dm

dtm
aD

γ−m
t {f(t)}, 0 ≤ Re(γ) < m,

where m is a positive integer.
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The multivariable H-function is defined by Srivastava and Panda [7] in the
following manner

H[z1, · · · , zr] ≡ H
0,λ:(u′;v′);··· ;(u(r);v(r))

A,C:[B′;D′];··· ;[B(r);D(r)]
(2.2)

·

 z1 [(a) : θ′; · · · ; θ(r)] : [(b′) : φ′]; · · · ; [(b(r)) : φ(r)]
...
zr [(c) : ψ′; · · · ;ψ(r)] : [(d′) : δ′]; · · · ; [(d(r)) : δ(r)]


=

1
(2πi)r

∫
L1

· · ·
∫

L1

Ψ(ξ1, · · · , ξr) φ1(ξ1) · · ·φr(ξr) z
ξ1
1 · · · zξr

r dξ1 · · · dξr,(2.3)

where i =
√
−1.

The convergence conditions and other details of the H-function of several com-
plex variables H[z1, · · · , zr] are given by Srivastava, Gupta and Goyal [6]. The
general polynomials (multivariable) defined by Srivastava [4] represented in the fol-
lowing manner

Sp1,··· ,ps
q1,··· ,qs

[x1, · · · , xs] =
[q1/p1]∑
K1=0

· · ·
[qs/ps]∑
Ks=0

(−q1)p1K1

K1!
· · · (−qs)psKs

Ks!
(2.4)

A[q1,K1; · · · ; qs,Ks]xK1
1 · · ·xKs

s ,

where qj = 0, 1, 2, · · · ; pj 6= 0 (j = 1, · · · , s) are non-zero arbitrary positive integer.
The coefficients A[q1,K1; · · · ; qs,Ks] being arbitrary constants, real or complex.

The following known result of Srivastava and Panda [8].

Lemma. If λ(≥ 0), 0 < x < 1, Re(1 + p) > 0, Re(q) > −1, λi > 0 and ∆i > 0 or
∆i = 0 and |zi| < σ, i = 1, 2, · · · , r, then

xλF

 z1x
λ1

...
zrx

λr

 =
∞∑

M=0

(1 + p+ q + 2M)(−λ)M (1 + p)λ

M ! (1 + p+ q +M)λ+1
(2.5)

·FM [z1, · · · , zr] · 2F1

 −M, 1 + p+ q +M ;
x

1 + p ;

 ,
where

FM [z1, · · · , zr](2.6)

= FE+2:U ′;··· ;U(r)

P+2:V ′;··· ;V (r)

 [(e) : η′; · · · ; η(r)], [1 + p+ λ : λ1; · · · ;λr],

[(g) : ξ′; · · · ; ξ(r)], [2 + p+ q +M + λ : λ1; · · · ;λr],

[λ+ 1; · · · ;λr] : [(w′) : x′]; · · · ; [(w(r) : x(r)] ;
z1, · · · , zr

[λ−M + 1;λ1; · · · ;λr] : [(V ′) : t′]; · · · ; [(V (r)) : t(r)] ;

 ,
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where M ≥ 0.
In this paper, we also use the shorthand notations as follows:
Following the notations given by Srivastava and Daoust [9]

(2.7) FE:U ′;··· ;U(r)

P :V ′;··· ;V (r)

 γ1

...
γr

 ≡ F

 γ1

...
γr

 ,

denote the generalized Lauricella function of several complex variables.
The special case of the fractional derivatives of Oldham and Spanier [2] is

(2.8) Dγ
t (tµ) =

Γ(µ+ 1)
Γ(µ− γ + 1)

tµ−γ , Re(µ) > −1.

3. The main result

Our main result of the present paper is the fractional derivative formula in-
volving the Lauricella functions, generalized polynomials and the multivariable H-
function as follows:

Dγ
t

(t− x)σησ(y − t)σ+ρ F

 τ1{η(y − t)}σ1

τr{η(y − t)}σr

 SM1,··· ,Ms

N1,··· ,Ns
(3.1)

·

 (t− x)a1(y − t)b1

...
(t− x)as(y − t)bs

 × H

 z1{t(t− x)}σ1{t(y − t)}ρ1

...
zr{t(t− x)}σr{t(y − t)}ρr




=
∞∑

α,β=0

∞∑
K,M=0

[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑
Ks=0

(−N1)M1K1

K1!
. . .

(−Ns)MsKs

Ks!

·(N1,K1; · · · ;Ns,Ks)∆ · H0,λ+3:(u′,v′);··· ;(u(r),v(r))

A+3,C+3:[B′,D′];··· ;[B(r),D(r)]

·

 z1(−x)σ1yρ1tρ1+σ1 (−α− β : ρ1 + σ1; · · · ; ρr + σr),
...

zr(−x)σryρr

1 tρr+σr [(c) : ψ′; · · · ;ψ(r)],

(−σ −
s∑

i′=1

ai′ ,Ki′ : σ1; · · · ;σr), (−ρ−K −
s∑

i′=1

bi′Ki′ : ρ1; · · · ; ρr),

(α− σ −
s∑

i′=1

ai′Ki′ : σ1; · · · ;σr), (β − ρ−K −
s∑

i′=1

bi′Ki′ : ρ1; · · · ; ρr),

[(a) : θ′; · · · ; θ(r)] : [(b′) : φ′]; · · · ; [(b(r)) : φ(r)]

(γ − α− β : ρ1 + σ1; · · · ; ρr + σr) : [(d′) : δ′]; · · · ; [(d(r)) : δ(r)]

 ,
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where

∆ = (−1)α (1 + p+ q + 2M)(1 + p+ q +M)k (−M)K (−σk)(1 + p)σ

k! M ! (1 + p+ q +M)σ+1 (1 + p)k Γ(α+ 1) Γ(β + 1)

· ηk(−x)
σ−α+

s∑
i′=1

ai′ki′

y
ρ+k−β+

s∑
i′=1

bi′ki′

tα+β+γ FM [z1, · · · , zr];
σi > 0, ρi > 0, i = 1, 2, · · · , r ;

and

Re(σ) +
r∑

i=1

σi

(
d
(i)
j

δ
(i)
j

)
> −1, Re(ρ) +

r∑
i=1

ρi

(
d
(i)
j

δ
(i)
j

)
> −1.

Proof. In order to prove (3.1), express the Lauricella function by (2.5) and the

multivariable H-function in terms of Mellin-Barnes type of contour integrals by
(2.3) and generalized polynomials given by (2.4) respectively and collecting the
powers of (t − x) and (y − t). Finally making use of the result (2.8), we get (3.1).
�

4. Special cases

(I) With λ = A = C = 0, the multivariable H-function breaks into product of r
Fox’s H-functions and consequently there holds the following result

Dγ
t

(t− x)σησ(y − t)σ+ρ F

 τ1{η(y − t)}σ1

τr{η(y − t)}σr

SM1,··· ,Ms

N1,··· ,Ns
(4.1)

·

 (t− x)a1(y − t)b1

...
(t− x)as(y − t)bs

 · r∏
i=1

Hu(i),v(i)

B(i),D(i)

·

 [b(i) : φ(i)]
zi{t(t− x)}σi{t(y − t)}ρi

[d(i) : δ(i)]


=

∞∑
α,β=0

∞∑
K,M=0

[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑
Ks=0

(−N1)M1K1

K1!
· · · (−Ns)MsKs

Ks!

A(N1,K1; · · · ;Ns,Ks)∆ · H0,3:(u′,v′);··· ;(u(r),v(r))

3,3:[B′,D′];··· ;[B(r),D(r)]

·


z1(−x)σ1yρ1tρ1+σ1 (−α− β : ρ1 + σ1; · · · ; ρr + σr),

...

zr(−x)σryρr tρr+σr (α− σ −
s∑

i′=1

ai′Ki′ : σ1; · · · ;σr),
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(−σ −
s∑

i′=1

ai′ ,Ki′ : σ1; · · · ;σr), (−ρ−K −
s∑

i′=1

bi′Ki′ : ρ1; · · · ; ρr) :

(β − ρ−K −
s∑

i′=1

bi′Ki′ : ρ1; · · · ; ρr), (γ − α− β : ρ1 + σ1; · · · ; ρr + σr) :

[(b′) : φ′]; · · · ; [(b(r)) : φ(r)]

[(d′) : δ′]; · · · ; [(d(r)) : δ(r)]

 ,
valid under the conditions surrounding (3.1).

(II) If φ(i) = δ(i) = 1, (i = 1, 2, · · · ) equation (4.1) reduces to

Dγ
t


(t− x)σησ(y − t)σ+ρ F


τ1{η(y − t)}σ1

...

τr{η(y − t)}σr

 SM1,··· ,Ms

N1,··· ,Ns
(4.2)

·

 (t− x)a1(y − t)b1

...
(t− x)as(y − t)bs

 · r∏
i=1

Gu(i),v(i)

B(i),D(i)

·

 (b(i))
zi{t(t− x)}σi{t(y − t)}ρi

(d(i))


=

∞∑
α,β=0

∞∑
K,M=0

[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑
Ks=0

(−N1)M1K1

K1!
. . .

(−Ns)MsKs

Ks!

·(N1,K1; · · · ;Ns,Ks)∆ · H0,3:(u′,v′);··· ;(u(r),v(r))

3,3:[B′,D′];··· ;[B(r),D(r)]

·


z1(−x)σ1yρ1tρ1+σ1 (−α− β : ρ1 + σ1; · · · ; ρr + σr),

...

zr(−x)σryρr tρr+σr (α− σ −
s∑

i′=1

ai′Ki′ : σ1; · · · ;σr),

(−σ −
s∑

i′=1

ai′ ,Ki′ : σ1; · · · ;σr), (−ρ−K −
s∑

i′=1

bi′Ki′ : ρ1; . . . ; ρr) :

(β − ρ−K −
s∑

i′=1

bi′Ki′ : ρ1; · · · ; ρr), (γ − α− β : ρ1 + σ1; · · · ; ρr + σr) :

(b′); · · · ; (b(r))

(d′); · · · ; (d(r))

 ,
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valid under the conditions as obtainable from (3.1).

(III) Letting Ni = 0, (i = 1, · · · , s), the result in (3.1) reduces to the known result
given by Sharma and Singh [3] , after a little simplification.

(IV) Replacing N1, · · · , Ns by N in (3.1), we have a known result recently obtained
by Chaurasia and Singhal [1].
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