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On a Reverse Hardy-Hilbert’s Inequality
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ABSTRACT. This paper deals with a reverse Hardy-Hilbert’s inequality with a best con-
stant factor by introducing two parameters A and . We also consider the equivalent form
and the analogue integral inequalities. Some particular results are given.

1. Introduction

Ifjo>1l l*lan,b > 0(n € N), such that 0 < > 7 a? < oo and

0 < > 7, b2 < oo, then the well known Hardy-Hilbert’s inequality is as follows (
see Hardy et al. [1 ])

oo

(1.1) Z :1m—|—n sin( {Zap} {qu

m=

where the constant factor m/sin(mw/p) is the best possible. The analogue integral
form of (1.1) is:
If f(z),g(z) >0, suchthat0<f0 fP(x dx<ooand0<f0 g¢4(z)dx < oo,

then
(s { [ o),

hz [ [0,

where the constant factor =/sin(m/p) is still the best possible.
Inequalities (1.1) and (1.2) are important in analysis and its applications ( see
Mitrinovic et al. [2] ). In recent years, (1.1) was strengthened by [3], [4] as:

g 55 st (S Lo S L

where 7 is Euler constant and 1 — (= 0.42278433") is the best value.
By introducing a parameter, Yang [5], [6] gave two extensions of (1.1) as:
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If the series in the right of the following inequalities converge to positive num-
bers, then

o0 o0 (o ] _A % o0 _)\ 1
(1.4) ,;mz:: m+n < < kalp ){;nl a} {;nl b1}

where the constant factor ky(p) = B(I’JFP#, ‘Hi‘%) (2—=min{p,q} < A <2)is the
best possible (B(u,v) is the § function); and the other is

ZZ m“+na asin {an D(1- a)ap} {Zn(q 11— a)bq}

n=1m=1

where the constant factor W/[asin(w/p)] (0 < a < min{p, ¢}) is the best possible.
For A = a =1, both (1.4) and (1.5) reduce to (1.1).

In 2003, Yang et al. [7] summarized the way of weight coefficient on research
for Hilbert-type inequalities. More recently, Zhao [8] consider some inverses of
Pachpatte’s inequalities. But the problem on how to build the reverse of (1.1) is
still unsolved.

The main objective of this paper is to deal with a reverse inequality of (1.1)
with a best constant factor by introducing two parameters A and «. The equivalent
form, the analogue integral inequalities and some particular results are considered.

2. A reverse Hardy-Hilbert’s integral inequality

For A > 2 — min{p, q}, the analogue integral inequality of (1.4) is (see [9]):

(2.1) / / Hy H@)ol) ;g
< kap {/ 2= )\fp dx} {/ 1— ,\ dy}7

where the constant factor ky(p) = B(’H'p#, ‘H"\T_Q) is the best possible. For A =1,

(2.1) reduces to (1.2). The expression of the 8 function B(p,q) is as follows ( see
[10] ):

-1

(2.2) B(p,Q)=B(q,p)=/OOO( v

Settingx = X%y =Y (a > 0) in (2.1), and putting F(X) = X 1 f(X*),G(Y) =
Yo~ 1G(Y®), by simplification, one has

Y F(X)G(Y) k,\(P)
Xl aF Yl aG )
{ X1+a(/\ 2) dX} { Yl—i—a)\ 2) dY}
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For a = 1, (2.3) reduces to the form of (2.1). We can conclude that inequalities
(2.3) and (2.1) are equivalent, and so the constant factor Lk, (p) in (2.3) is still the
best possible. For A = 1(a > 0) in (2.3), one has (see [6])

1% P(X)G(Y) ™

X{/ X(pfn(lfa)Fp(X)dX}%{/ Y@ D0 g (y)ay )i,
0 0

Inequality (2.4) is an analogue integral form of (1.5), which is an extension of (1.2)
with a parameter a > 0.

We discover that for 0 < p < 1, % + % =1,and 2 —p < A < 2 — g, the constant
factor kx(p) in (2.1) is defined. In the following, a reverse of (2.3) is considered.

Lemma 2.1. If0 <7 < 1l(orr <0),2+1 =1 and 2 — maz{r,s} < X <
2 —min{r, s}, define the weight function wy o(r,x) (x € (0,00)) as

S+A— ° 1 1 r4A—2
2.5 wxal(r,z) =z ) 2)/ — () dy,
(25) nalr, ) e y
then we have
1 _r+X2—2 s+A—-2
(2.6) wra(r,z) = aB( " , . ) (z € (0,00)).

Proof. Setting v = (y/x)® in the integral of (2.5), we obtain

1 o 1 r+A—2 1
wx,a(r,w)za/o Tt ~ldu.

Since TA=2 4 sEA=2 — ) by (2.2), we have (2.6). The lemma is proved. O

Lemma 2.2. If0<p<1l, +:=10a>02-p<A<2-qgand0<e<
a(l—q)(p+ A —2), one has

a(ptA—2)—¢ -1

R e A algtr=2)—c
2.7 I = _ q dydx
2 AR y

1 +A=2 € +A=2 €
< =B B + ).
EQ q qo P qo

Proof. For fixed x, setting u = (y/z)%, we find dy = %ui’ldu, and

a(gtA—2)—e

0 co , ——= 1
Yy q a(P+>\—2)—g_1
I < / [/ ——dylz Z dz
v oJoo @ty
1 [ o

a(g+r—2)—¢ 1

R A T 1o ()1
- = LT et =— [ S g
a/1 [/0 (14 u)* ulz . sa/o (14 u)* Y
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By (2.2), we have (2.7). The lemma is proved. O

Lemma 2.3. (The reverse Holder's integral inequality) If 0 < p < 1,% + % =
1, £(t),9(t) > 0 and f € LP(E), g € LI(E), then

(2.8) /E gyt > ( /E F7(t)de) 7 ( /E g (t)dt) 1,

where the equality holds if and only if there exists real numbers a and b, such that
they are not all zero and afP(t) = bg?(t), a.e.in E (see [11], p.29).

Theorem 2.4. If0 < p < 1, l—i—l:10¢>0,2—p<x\<2—q, f(x),g(x) >0,
O<fm%dx<ooand0<fo %@dm<oo, then

(2.9) / / TG y k:A( )
x {/ :1:1+0‘( T i g {/ an1+oz(g/\($g d:v}

where the constant factor Lkx(p) (kx(p) = B(%, L;‘_Q)) is the best possible.
In particular, for « =1, one has

(2.10) // x+y dd

> ka(p {/ ' AP () dm}{/ 17 g4 () da} 7

Proof. By the reverse Holder's inequality (2.8), we have

(211) /oo /oo[ f(z) (xpfa(er)\fQ) ) plq][ 9(y) yQ*a(Q+)\—2) )ﬁ]dg;dy
. BN —a(g+A-2) A\ pp—a(p+r-2)
T + ya p yq o (xa + ya) q T

pp—a(P+A=2) N
a »
/ / :co‘ + y (yqfa(qu/\f?) ) dzdy}
yq*a(q+>\72) 1 1
x {/ / a?“ + ye (xp—a(P+/\—2) ) ? dwdy} .

We conclude that (2.11) takes the form of strict inequality. Otherwise (see Lemma
2.3), there exist real numbers a and b, such that they are not all zero and

(xa + ya)/\ yq—a(q+)\—2) (xoz + ya) xp— a(p+Ar—2) i

fP(z) pP—a(p+A=2) ) 9(y) ya—o(atA-2) "

a.e. in (0, 00) x (0, 00).
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It follows that azP~“P+A=2)fP(z) = byd=@tA=2)ga(y) q.e.in (0,00) x (0, 00).
Hence there exists a real number c, such that
axP~PHA=2) 1P (1) — ¢ byt~ aTA=D ga (1) = ¢ a.e.in (0, 00).

Suppose a # 0. One has zP~1=a(P+A=2) fP(z) = 22~ qg.e.in (0, 00), which contra-
dicts the face that 0 < foo P~ 1=aPtA=2) f(1)dxr < oco. Hence by (2.5), we can
reduce (2.11)

9(y)
(2.12) dad
// x“+y (@ yop Y
f(=) (' “g(y)? 1
> {/ Wral4:2) " dm} X{/ Wia(p,y Wdy}~

By (2.6), we have (2.9).
For 0 < £ < a(1—q)(p+2—N\), setting f(z), §(x) as: f(x) = g(x) =0,z € (0,1);

aptA=2)—e 4 afgtA=2)—e 4

flz)==x v ,9(z) =2 1 , € [1,00),

then we obtain

11—« 1 1
(2.13) {/ zlmj(: > dm} {/ xlﬂ%(fi da} =

If there exist parameters o and A, such that the constant factor ék,\(p) in (2.9)
is not the best possible, then there exists a positive number k, with k > ékA (p),
such that (2.9) is still valid if one replaces Zkx(p) by k. In particular, one has

/ / da:dy > ek
xa a

) {/ x1+a pd g {/ x1+a(,\ 2) d }7-

By (2.7) and (2.13), it follows that

1 A—2 A—2
Sp(lrATs S PEATE L Sy,
& q qo p qo
and then 1ky(p) > k(¢ — 0T). This contradicts the face that k > L1k, (p). Hence
the constant factor Lky(p) in (2.9) is the best possible. The theorem is proved.

Remark 2.5. Following (2.9) and (2.3) for A = 2, one can get a two-sides inequality
as

(2.14) {/ L (CPRE {/ @@ o

< « / / —i)- s dzdy

<t “"“d}{/ () gy,
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wherea>0,0<p<1,%+%zl,andr>1,%+%:1.

Theorem 2.6. If0 <p <1, 1—6—l—1,04>O,2—]0<>\<2—q, f(x) >0, such
that 0 < [° %dw<oo then

* alp=no-2+1)-17 [ f(=) p
(215 /o ’ [/0 (l"‘+y“)Ad(E] W
k » o0 lfaf p
> [ )\(ip)] \/0 (Zl"t‘a()\(fg)) dxﬂ

where the constant factor [Lkx(p)]P (kx(p) = B(p+;\)_2, q+;‘_2)) is the best possible.

Inequality (2.15) is equivalent to (2.9). In particular, for « =1, one has

(2.16) h y(P=H=2) [ h L)Adx]pdy > [ka(p))? h AP (x)d.
0 0

(z+y) 0

Ifp<0and 2—q < A <2—p, one has the reversions of (2.15) and (2.16), and the
constant factors in the two reversions are all the best possible.

Proof. Setting g(y) as

gly) = ya[(Pfl)(A—2)+1]fl [/Oo f(z) dx}p_l,
o (z¢
then by (2.9), one has

(217) 0 < /Oo(ylag(y))qdy
0

y1+a()\72)

_ /my al(p-1)(A-2)+1]-1 [/“ (xafffy))dx]pdy
= / / xa+y dzdy> k()
x{/ ;H(Z{A y-dc}? {/ - 9(z) dm}%,
and then
(2.18) {/ 1+Q(A 2) 1) y}' u
— {/ yole=D) A2)+1]1[/OOO Mdﬂpdy}’l’
Lt {/ T iy

Y
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If [° %dy < 00, then in view of (2.9), (2.17) takes strict inequality; so

does (2.18). If [i (zl+affyz) dy = oo, then (2.18) takes strict inequality. Hence we
have (2.15).

On the other hand, if (2.15) is valid, by the reverse Holder’s inequality (2.8),
one has

(2.19) / / ZL’O‘ + " dxdy

= /0 [?JHQ(QM - 4/0 (xaf_ix?ja),\dl’”yq1a(qq“2)9(y)}dy

= alp-n(-21-1p [ f(@) poovi
o v ], gyl
X {/ 1+a()\ 2) d y} e

By (2.15), one has (2.9). Hence (2.15) and (2.9) are equivalent. If the constant factor
in (2.15) is not the best possible, then by using (2.19), we can get a contradiction
that the constant factor in (2.9) is not the best possible.

For p < 0and 2 — ¢ < A < 2 — p, we still have (2.17), (2.18) and (2.19). By
using (2.18), since p < 0, we can get a reversion of (2.15). By using (2.19), we can
conclude that the constant factor in the reversion of (2.15) is the best possible. The
theorem is proved.

Y

3. A reverse Hardy-Hilbert’s inequality

Lemma 3.1. If0 <p < 1,%+% =1,2-p<A<2-¢0<a<min{
and 0 < e < a(p+ X —2), then

D q }
PFA—27 gFA—2

alptr=2)—c | al@gtr=2)—c 4

(31) J = Z Z ” - (ma +nna)>\q

n=1m=1
1 _p+A—2 & g+A—2 .= 1
< EB( T v 7)2 T+e
p po q pa’ f—=n
Proof. Since 0 <p<1,A>2—-p>0and 0 < a < p+§72 < p+)\72’”7(5/a),we find

%—1<0and

alptr—2)—c | a(@tr-2)—c alptr—2)—c | a(@tr=-2)—e 4

e’} 1 e}
m p n a xX p n q d;p
< .
Z (ma +na))\ /0 (xa +na))\

m=1
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Setting y = (z/n)® in the above integral, we obtain dx = %yilfldy and
a(p+/\ 2)—e_q algtr=2)—e 4
n q
J < Z/ xa +na))\ dx
+>\ 2 i—l

_ Ly e
N a/o (1+y)» yz

Hence by (2.2), we have (3.1). The lemma is proved. O

Lemma 3.2. [f0 < p <1, %—&—é =1,2-p<A<2—¢,0< a<min{
and 0x.(q,n) is defined by

p q }
pHA—27 gtA—2

oo atA=2_
1 y
3.2 Oralq,n) = / dy(n e N),
(32 ol = g [ y)
then 0 < 0y o(q,n) <1 and
1
(3.3) Oralg,n) =1— O(m)~

In particular, for A = 2, one has

(3.4) 02.0(q,n) =

Proof. It is obvious that 0 < 0 4(g,n) < 1, since

g+A—2
g+A—2 p+ -2 /ooy a1
kx(p) =B , = = —dy.
(p) = B( q P o ([1+y?
Setting
1 gtA—2 g
1 n y q
9/\,04 q,n) = 1- / di%
@m=1"Fm ) Trep
we obtain

1 q 1 I T e 271d
Plga o o f, VW

1 gtA=2_

1 1
me y q n q+)\_271 o q 1
< /O Ao~ cly</0 y 9 dy—(q+>\_2)na(q“_2)/q.

Then (3.3) is valid. Since for A = 2, ka(p) = 1, by (3.2), one has

(03

na 1 n
02.0(q,n) =1— dy = .
2a(0,m) /0 1+ " net1
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The lemma is proved. O

Note. By (3.3), since a(q + X —2)/¢ > 0, it is obvious that

1
(3.5) O<ZO W o) <

Theorem 3.3. If0 < p < 1,%4—% =1,2-p < A <2-¢0 < ac<
min{ﬁ, H/\%} G, by >0, such that

e lab)
0<Z 1+o¢()\ 2)<Ooand0<2m<oo,

n=1

then we have

o0
D G e

1

0o nl-o b N
){Z@aq, 1+a(,\ 2) } {Zn1+a 3

where 0 < Ox.q(q,n) < 1, and the constant factor Lk (p)(kx(p) = B(p"_; 2 q+;‘ 2))
is the best possible. In particular, for A =2, one has 0 < a <1 and

1 N e s 1y Wy oy

(3.6)

SﬁMg

(67

Q=

oo 00 ambn
(38 > > T

mP—Of(P+>\—2) 1 by, nq—a(fH‘A—Q) 1

b~
Q

I
hE
hE

$
1N

na—a(g+r-2) ! [(ma—i—n“)% mp—a(p+A-2)

aP mP—a(p+A=2) 1

Z Z (ma +mna)>\ ( nd—a(g+A—2) )E};

o X ba nad—o(a+r=2) 1
X { Z Z (ma + na)A (mpfoz(p+)\f2) ) P } q
n=1

p+>\ 2

Y%
—~—

a

g+ 71
q

} (m'~%ay,)” }%

ma + na) mlta(A-2)
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aiiA=2 aq+x—2 1

[e%e] [e'e] n 2 (nl—abn)q 1
X { Z Z moc + na) ] n1+a()\72) }q

m=1

—ap,)

(1 i
ZWAQQ’ m1+a>\ 2 } {Zw,\ap, nlta(i— 2)}

where, the weight coefficient wy o (7, j) (r = p,q) is defined by

o j §+)\ zkar-M 2_4 1 1
(3.9) wxal(r,7) kz:l " B (r>1,;+;:1,]:m,n).

Since 0 < a < min{ oszr;*z —1<0,and A > 0, setting y = (z/n),

p T
p+A—=27 g+A-21>

we find
oo qitA=2 p+r-2 4
n . T P
3.10 d
( ) w)\,a(pan) < /0 (na+xa)>\ x
1 0o P+)\*2_1 1
y »
= = = —dy = —kx(p);
a/o +y> 7" a A7)
ptA—2 gtA=2
o0 moszQ?_l
(311) wk,a(qa m) > A (ma_;'_xa)k dz
00 <1+>\*2_1
1 Yy a 1
—_ 761 :*k 9 a\4 9
2/, = et

where, 0y o(q,m) is defined by (3.2)
Then, in view of 0 < p < 1,¢ < 0, (3.8), (3.10) and (3.11), we have (3.6). For
A =2, by (3.4) and (3.6), we have (3.7).

- a(p+kf2)75_l ~

For 0 < ¢ < a(p + A — 2), setting Gn, by as: an = n E by, =
a(g+r—2)—¢
n e ~! then by (3.5), we find

(n'=2by,)

(3.12) {Z Ox,a (q;n 1+a(,\ 2) } { Z nlta(r— 2) }7
{Z - q+>\ 2)/q n1+a} {Z n1+e

n=1

o0

{an+s Z (a(q+)\2)/q)n};{zlnl+s}q

n=1

V

-

= (1-o(1 EZ T (e —07).
n

n=1
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If the constant factor Lk, (p) in (3.6) is not the best possible, then there exists
a positive number k > Lky(p), such that (3.6) is still valid if one replaces 2k (p)
by k. In particular, one has

(313) D> — s ma+na >k{26’\0‘q’ 1+a(/\ 2) } {an—i-a)\ 2)}

n=1 m:l
By (3.1), (3.12) and (3.13), it follows that

1 A—2 A—2
LpPtAz2 = 4FAZ2, ° ki1 - o)),
« P po q pa

and then 2k, (p) > k(¢ — 0T). This contradicts the fact that k > Lky(p). Hence
the constant factor Lkx(p) in (3.6) is the best possible. The theorem is proved. OJ

Theorem 3.4. IfO<10<1l %:12—p<)\<2—q,0<0¢<

min{—R—, 5} an,bn = 0, such that 0 < PO W(;‘“; < 00, then we have
3.14 afp(A—1)—A+2]— P
1 ( ~%aqy,)P
> Zaka q,n 1+a()\ 2) ’

where 0 < 03 o(q,n) < 1, and the constant factor [Lkx(p)]P (kx(p) = B(p+2 ptA=2 q+;‘ )

is the best possible; inequality (3.14) is equivalent to (3.6). In particular, for A = 2,
one has 0 < a <1 and

= = 1p= (n'"“a,)?
pa— 1 p ~\P n;_.
I S W
0 . 1 ) [e%S) ag B
(3.16) ;n mz::l m+n ;n+1(a_1).

Proof. Setting b,, as

o0

p—1
b, = noPOA-D=A+2]-1 m N
' L | EN



422 Bicheng Yang

then by (3.6), we find

— (n'7%by,)1 _ = pelp(=1)=2+2]— =
(317) 0 < 7;1 n1+o¢()\—2) - 7;1 mZ:l me +TLO‘
o0 o0
Qb (nt=%a,)P . 1
= ZZ(ma+naA— {Zﬂxaq, lta(— 2)}p
n=1m=1

3

and then

(3.18) {Z o] )y

{Zn e

m=1
S 1 aan) 1
= 1+a()\ DR

Ity anMb"); < 00, then by (3.6), (3.17) keeps strict inequality; so does
(3.18). It Y-, anO)Z) = 00, then (3.18) keeps naturally strict inequality, since

O‘an)p s (’I’Ll_aan)p
0< Z Oxal(g;n 1+Ot()\ 7 < Z nlta(A-2) < oo

Hence for 0 < p < 1, inequality (3.14) is valid.
On the other hand, if (3.14) is valid, by the reverse Hdélder's inequality, one has

oo
Z mO‘JrnO‘

1m1

o0
a— 1+a(2 A—a) a—1+a(2—X—q)
[n~ ) [ a by,]
m“—l—na

1 m:l

M8

(3.19)

n

I
M8

oo oo 17 b )
alp (A1) -A+2)-1|
Z {Z” 8 Z ma+na N {Z ita(i— 2)}
n=1 m=1

Then by (3.14), we have (3.6). It follows that inequality (3.14) is equivalent to (3.6).

If the constant factor in (3.14) is not the best possible, we can conclude a
contradiction that the constant factor in (3.6) is not the best possible by using
(3.19). Thus we complete the proof of the theorem. O
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Remark 3.5. By (3.7) for o« = 1, and (1.4) for A = 2, one can get a two-sides
inequality as follows:

a0 (3B <X 3 e <3 S

=1 m=1

Wherer>1,%+%:1and0<p<1,1—i—%:l.
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