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Abstract. Using the belongs to relation (∈) and quasi-coincidence with relation (q) be-

tween fuzzy points and fuzzy sets, the concept of (α, β)-fuzzy subalgebras where α and

β areany two of {∈, q, ∈∨ q, ∈∧ q} with α 6=∈∧ q was already introduced, and related

properties were investigated (see [3]). In this paper, we give a condition for an (∈,∈∨ q)-

fuzzy subalgebra to be an (∈,∈)-fuzzy subalgebra. We provide characterizations of an

(∈,∈∨ q)-fuzzy subalgebra. We show that a proper (∈,∈)-fuzzy subalgebra A of X with

additional conditions can be expressed as the union of two proper non-equivalent (∈,∈)-

fuzzy subalgebras of X. We also prove that if A is a proper (∈,∈∨ q)-fuzzy subalgebra of

a CK/BCI-algebra X such that #{A (x) | A (x) < 0.5} ≥ 2, then there exist two proper

non-equivalent (∈,∈∨ q)-fuzzy subalgebras ofX such that A can be expressed as the union

of them.

1. Introduction

The idea of quasi-coincidence of a fuzzy point with a fuzzy set, which is men-
tioned in [5], has played a vital role in generating some different types of fuzzy
subgroups, called (α, β)-fuzzy subgroups, introduced by Bhakat and Das [2]. In
particular, an (∈,∈∨ q)-fuzzy subgroup is an important and useful generalization
of Rosenfeld’s fuzzy subgroup. It is now natural to investigate similar types of gen-
eralizations of the existing fuzzy subsystems of other algebraic structures. With
this objective in view, the author [3] introduced the concept of (α, β)-fuzzy sub-
algebra of a BCK/BCI-algebra and investigated related results. This paper is a
continuation of the paper [3]. We give a condition for an (∈,∈∨ q)-fuzzy subalge-
bra to be an (∈,∈)-fuzzy subalgebra. We consider the homomorphic (pre) image
of (∈,∈∨ q)-fuzzy subalgebra. We provide characterizations of an (∈,∈∨ q)-fuzzy
subalgebra. We show that a proper (∈,∈)-fuzzy subalgebra A of X with additional
conditions can be expressed as the union of two proper non-equivalent (∈,∈)-fuzzy
subalgebras of X. We also prove that if A is a proper (∈,∈∨ q)-fuzzy subalgebra
of a BCK/BCI-algebra X such that #{A (x) | A (x) < 0.5} ≥ 2, then there exist
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two proper non-equivalent (∈,∈ ∨ q)-fuzzy subalgebras of X such that A can be
expressed as the union of them.

2. Preliminaries

By a BCI-algebra we mean an algebra (X, ∗, 0) of type (2, 0) satisfying the
axioms:

(i) (∀x, y, z ∈ X) (((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0),

(ii) (∀x, y ∈ X) ((x ∗ (x ∗ y)) ∗ y = 0),

(iii) (∀x ∈ X) (x ∗ x = 0),

(iv) (∀x, y ∈ X) (x ∗ y = y ∗ x = 0 ⇒ x = y).

We can define a partial ordering ≤ by x ≤ y if and only if x∗y = 0. If a BCI-algebra
X satisfies 0 ∗ x = 0 for all x ∈ X, then we say that X is a BCK-algebra. In what
follows let X denote a BCK/BCI-algebra unless otherwise specified. A nonempty
subset S of X is called a subalgebra of X if x ∗ y ∈ S for all x, y ∈ S. We refer the
reader to the book [4] for further information regarding BCK/BCI-algebras.

A fuzzy set A in a set X of the form

A (y) :=
{

t ∈ (0, 1] if y = x,
0 if y 6= x,

is said to be a fuzzy point with support x and value t and is denoted by xt.
For a fuzzy point xt and a fuzzy set A in a set X, Pu and Liu [5] gave meaning

to the symbol xtαA , where α ∈ {∈, q,∈∨ q,∈∧ q}.
To say that xt ∈ A (resp. xtqA ) means that A (x) ≥ t (resp. A (x) + t > 1),

and in this case, xt is said to belong to (resp. be quasi-coincident with) a fuzzy set
A .

To say that xt ∈∨ qA (resp. xt ∈∧ qA ) means that xt ∈ A or xtqA (resp.
xt ∈ A and xtqA ).

A fuzzy set A in X is called a fuzzy subalgebra of X if it satisfies

(1) (∀x, y ∈ X) (A (x ∗ y) ≥ min{A (x),A (y)}).

Proposition 2.1. Let A be a fuzzy set in X. Then A is a fuzzy subalgebra of X
if and only if U(A ; t) := {x ∈ X | A (x) ≥ t} is a subalgebra of X for all t ∈ (0, 1],
for our convenience, the empty set ∅ is regarded as a subalgebra of X.

3. (α, β)-fuzzy subalgebras

In what follows let α and β denote any one of ∈, q, ∈ ∨ q, or ∈ ∧ q unless
otherwise specified. To say that xtαA means that xtαA does not hold.
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Proposition 3.1 ([3]). For any fuzzy set A in X, the condition (1) is equivalent
to the following condition

(2) (∀x, y ∈ X) (∀t1, t2 ∈ (0, 1]) (xt1 , yt2 ∈ A ⇒ (x ∗ y)min{t1,t2} ∈ A ).

Definition 3.2 ([3]). A fuzzy set A in X is said to be an (α, β)-fuzzy subalgebra
of X, where α 6= ∈∧ q, if it satisfies the following conditions:

(3) (∀x, y ∈ X) (∀t1, t2 ∈ (0, 1]) (xt1αA , yt2αA ⇒ (x ∗ y)min{t1,t2}βA .)

Let A be a fuzzy set in X such that A (x) ≤ 0.5 for all x ∈ X. Let x ∈ X and
t ∈ (0, 1] be such that xt ∈∧ qA . Then A (x) ≥ t and A (x) + t > 1. It follows that

1 < A (x) + t ≤ A (x) + A (x) = 2A (x)

so that A (x) > 0.5. This means that {xt | xt ∈ ∧ qA } = ∅. Therefore the case
α =∈∧ q in Definition 3.2 will be omitted.

Example 3.3 ([3]). Consider a BCI-algebra X = {0, a, b, c} with the following
Cayley table :

∗ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Let A be a fuzzy set in X defined by A (0) = 0.6, A (a) = 0.7, and A (b) = A (c) =
0.3. Then A is an (∈,∈∨ q)-fuzzy subalgebra of X. But

(1) A is not an (∈,∈)-fuzzy subalgebra of X since a0.62 ∈ A and a0.66 ∈ A ,
but (a ∗ a)min{0.62, 0.66} = 00.62 ∈ A .

(2) A is not a (q,∈∨ q)-fuzzy subalgebra of X since a0.41 q A and b0.77 q A ,
but (a ∗ b)min{0.41, 0.77} = c0.41 ∈∨ q A .

(3) A is not an (∈ ∨ q,∈ ∨ q)-fuzzy subalgebra of X since a0.5 ∈ ∨ q A and
c0.8 ∈∨ q A , but (a ∗ c)min{0.5, 0.8} = b0.5 ∈∨ q A .

The following lemma is useful in the sequel.

Lemma 3.4 ([3]). A fuzzy set A in X is an (∈, ∈∨ q)-fuzzy subalgebra of X if
and only if it satisfies:

(4) (∀x, y ∈ X) (A (x ∗ y) ≥ min{A (x),A (y), 0.5}).

Theorem 3.5. Let S be a subalgebra of X. For any t ∈ (0, 0.5], there exists an
(∈,∈∨ q)-fuzzy subalgebra A of X such that U(A ; t) = S.
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Proof. Let A be a fuzzy set in X defined by

A (x) =
{

t if x ∈ S,
0 otherwise,

for all x ∈ X where t ∈ (0, 0.5]. Obviously, U(A ; t) = S. Assume that A (x ∗ y) <
min{A (x),A (y), 0.5} for some x, y ∈ X. Since #Im(A ) = 2, it follows that A (x ∗
y) = 0 and min{A (x),A (y), 0.5} = t, and so A (x) = t = A (y), so that x, y ∈ S
but x ∗ y /∈ S. This is a contradiction, and so A (x ∗ y) ≥ min{A (x),A (y), 0.5}.
Using Lemma 3.4, we know that A is an (∈,∈∨ q)-fuzzy subalgebra of X. �

Theorem 3.6. Let f : X → Y be a homomorphism of BCK/BCI-algebras and let
A and B be (∈,∈∨ q)-fuzzy subalgebras of X and Y , respectively. Then

(i) f−1(B) is an (∈,∈∨ q)-fuzzy subalgebra of X.

(ii) If A satisfies the sup property, i.e., for any subset T of X there exists x0 ∈ T
such that

A (x0) =
∨
{A (x) | x ∈ T},

then f(A ) is an (∈,∈∨ q)-fuzzy subalgebra of Y when f is onto.

Proof. (i) Let x, y ∈ X and t1, t2 ∈ (0, 1] be such that xt1 ∈ f−1(B) and yt2 ∈
f−1(B). Then (f(x))t1 ∈ B and (f(y))t2 ∈ B. Since B is an (∈,∈ ∨ q)-fuzzy
subalgebra of Y, it follows that

(f(x ∗ y))min{t1, t2} = (f(x) ∗ f(y))min{t1, t2} ∈∨ qB

so that (x ∗ y)min{t1, t2} ∈ ∨ q f−1(B). Therefore f−1(B) is an (∈,∈ ∨ q)-fuzzy
subalgebra of X.

(ii) Let a, b ∈ Y and t1, t2 ∈ (0, 1] be such that at1 ∈ f(A ) and bt2 ∈ f(A ).
Then (f(A ))(a) ≥ t1 and (f(A ))(b) ≥ t2. Since A has the sup property, there
exists x ∈ f−1(a) and y ∈ f−1(b) such that

A (x) =
∨
{A (z) | z ∈ f−1(a)}

and
A (y) =

∨
{A (w) | w ∈ f−1(b)}.

Then xt1 ∈ A and yt2 ∈ A . Since A is an (∈,∈∨ q)-fuzzy subalgebra of X, we have
(x ∗ y)min{t1, t2} ∈∨ qA . Now x ∗ y ∈ f−1(a ∗ b) and so (f(A ))(a ∗ b) ≥ A (x ∗ y).
Thus

(f(A ))(a ∗ b) ≥ min{t1, t2} or (f(A ))(a ∗ b) + min{t1, t2} > 1

which means that (a ∗ b)min{t1, t2} ∈∨ q f(A ). Consequently, f(A ) is an (∈,∈∨ q)-
fuzzy subalgebra of Y. �
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Theorem 3.7. Let A be a (q, ∈ ∨ q)-fuzzy subalgebra of a BCK-algebra X such
that that A is not constant on X0. If A (0) =

∨
{A (x) | x ∈ X}, then A (x) ≥ 0.5

for all x ∈ X0.

Proof. Assume that A (x) < 0.5 for all x ∈ X. Since A is not constant on X0, there
exists y ∈ X0 such that ty = A (y) 6= A (0) = t0. Then ty < t0. Choose t1 > 0.5 such
that ty + t1 < 1 < t0 + t1. Then 0t1qA and y1qA . Since A (x) + t1 = ty + t1 < 1,
we get yt1qA and so (y ∗ 0)min{1, t1} = yt1∈∨ qA . This contradicts the fact that A
is a (q,∈∨ q)-fuzzy subalgebra of X. Therefore A (x) ≥ 0.5 for some x ∈ X. Now if
possible, let t0 = A (0) < 0.5. Then there exists x ∈ X such that tx = A (x) ≥ 0.5.
Thus t0 < tx. Take t1 > t0 such that t0 + t1 < 1 < tx + t1. Then xt1qA and 01qA ,
but (0 ∗ x)min{1, t1} = 0t1∈∨ qA , a contradiction. Hence A (0) ≥ 0.5. Finally let
tx = A (x) < 0.5 for some x ∈ X0. Taking t1 > 0 such that tx + t1 < 0.5, then
x1qA and 00.5+t1qA since A (0) ≥ 0.5. But

A (x) + 0.5 + t1 = tx + 0.5 + t1 < 0.5 + 0.5 = 1,

which implies that x0.5+t1qA . Thus (x ∗ 0)min{1, 0.5+t1} = x0.5+t1∈∨ qA , a contra-
diction. Therefore A (x) ≥ 0.5 for all x ∈ X0. �

The following is our question: Does Theorem 3.7 hold in a BCI-algebra?
A fuzzy set A in X is said to be proper if Im(A ) has at least two elements.

Two fuzzy sets are said to be equivalent if they have same family of level subsets.
Otherwise, they are said to be non-equivalent.

Theorem 3.8. Let X be a BCK/BCI-algebra. Then a proper (∈,∈)-fuzzy subal-
gebra A of X such that #Im(A ) ≥ 3 can be expressed as the union of two proper
non-equivalent (∈,∈)-fuzzy subalgebras of X.

Proof. Let A be a proper (∈,∈)-fuzzy subalgebra of X with Im(A ) = {t0, t1, · · · , tn},
where t0 > t1 > · · · > tn and n ≥ 2. Then

U(A ; t0) ⊆ U(A ; t1) ⊆ · · · ⊆ U(A ; tn) = X

is the chain of ∈-level subalgebras of A . Define fuzzy sets B and C in X by

B(x) =


r1 if x ∈ U(A ; t1),
t2 if x ∈ U(A ; t2) \ U(A ; t1),
· · ·
tn if x ∈ U(A ; tn) \ U(A ; tn−1),

and

C (x) =



t0 if x ∈ U(A ; t0),
t1 if x ∈ U(A ; t1) \ U(A ; t0),
r2 if x ∈ U(A ; t3) \ U(A ; t1),
t4 if x ∈ U(A ; t4) \ U(A ; t3),
· · ·
tn if x ∈ U(A ; tn) \ U(A ; tn−1),
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respectively, where t2 < r1 < t1 and t4 < r2 < t2. Then B and C are (∈,∈)-fuzzy
subalgebras of X with

U(A ; t1) ⊆ U(A ; t2) ⊆ · · · ⊆ U(A ; tn) = X

and
U(A ; t0) ⊆ U(A ; t1) ⊆ U(A ; t3) ⊆ · · · ⊆ U(A ; tn) = X

as respective chains of ∈-level subalgebras, and B,C ≤ A . Thus B and C are
non-equivalent, and obviously B ∪ C = A . This completes the proof. �

Note that every (∈,∈)-fuzzy subalgebra is an (∈,∈∨ q)-fuzzy subalgebra, but
the converse is not true in general (see [3]). Now we give a condition for an (∈,∈∨ q)-
fuzzy subalgebra to be an (∈,∈)-fuzzy subalgebra.

Theorem 3.9. Let A be an (∈,∈∨ q)-fuzzy subalgebra of X such that A (x) < 0.5
for all x ∈ X. Then A is an (∈,∈)-fuzzy subalgebra of X.

Proof. Let x, y ∈ X and t1, t2 ∈ (0, 1] be such that xt1 ∈ A and yt2 ∈ A . Then
A (x) ≥ t1 and A (y) ≥ t2. It follows from Lemma 3.4 that

A (xy) ≥ min{A (x), A (y), 0.5} = min{A (x), A (y)} ≥ min{t1, t2}

so that (x ∗ y)min{t1, t2} ∈ A . Hence A is an (∈,∈)-fuzzy subalgebra of X. �

Theorem 3.10. A fuzzy set A in X is an (∈,∈∨ q)-fuzzy subalgebra of X if and
only if the set

U(A ; t) := {x ∈ X | A (x) ≥ t}

is a subalgebra of X for all t ∈ (0, 0.5].

Proof. Assume that A is an (∈,∈∨ q)-fuzzy subalgebra of X. Let x, y ∈ U(A ; t)
for t ∈ (0, 0.5]. Then A (x) ≥ t and A (y) ≥ t. It follows from Lemma 3.4 that

A (x ∗ y) ≥ min{A (x), A (y), 0.5} ≥ min{t, 0.5} = t

so that x ∗ y ∈ U(A ; t). Therefore U(A ; t) is a subalgerba of X. Conversely, let A
be a fuzzy set in X such that the set

U(A ; t) := {x ∈ X | A (x) ≥ t}

is a subalgebra of X for all t ∈ (0, 0.5]. If there exist x, y ∈ X such that A (x ∗ y) <
min{A (x), A (y), 0.5}, then we can take t ∈ (0, 1) such that A (x ∗ y) < t <
min{A (x), A (y), 0.5}. Thus x, y ∈ U(A ; t) and t < 0.5, and so x ∗ y ∈ U(A ; t),
i.e., A (x ∗ y) ≥ t. This is a contradiction. Therefore

A (x ∗ y) ≥ min{A (x), A (y), 0.5}

for all x, y ∈ X. Using Lemma 3.4, we conclude that A is an (∈,∈ ∨ q)-fuzzy
subalgebra of X. �
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For any fuzzy set A in X and t ∈ (0, 1], we denote

At := {x ∈ X | xtqA } and [A ]t := {x ∈ X | xt ∈∨ qA }.

Obviously, [A ]t = U(A ; t) ∪At.

Theorem 3.11. A fuzzy set A in X is an (∈,∈∨ q)-fuzzy subalgebra of X if and
only if [A ]t is a subalgebra of X for all t ∈ (0, 1].

We call [A ]t an (∈∨ q)-level subalgebra of A .

Proof. Let A be an (∈,∈∨ q)-fuzzy subalgebra of X and let x, y ∈ [A ]t for t ∈ (0, 1].
Then xt ∈∨ qA and yt ∈∨ qA , that is, A (x) ≥ t or A (x) + t > 1, and A (y) ≥ t
or A (y) + t > 1. Since A (x ∗ y) ≥ min{A (x), A (y), 0.5} by Lemma 3.4, we have
A (x ∗ y) ≥ min{t, 0.5}. Otherwise, xt∈∨ qA or yt∈∨ qA , a contradiction. If
t ≤ 0.5, then A (x ∗ y) ≥ min{t, 0.5} = t and so x ∗ y ∈ U(A ; t) ⊆ [A ]t. If t > 0.5,
then A (x ∗ y) ≥ min{t, 0.5} = 0.5 and thus A (x ∗ y) + t > 0.5 + 0.5 = 1. Hence
(x∗y)tqA , and so x∗y ∈ At ⊆ [A ]t. Therefore [A ]t is a subalgebra of . Conversely,
let A be a fuzzy set in X and t ∈ (0, 1] be such that [A ]t is a subalgebra of X. If
possible, let

A (x ∗ y) < t < min{A (x), A (y), 0.5}
for some t ∈ (0, 0.5) and x, y ∈ X. Then x, y ∈ U(A ; t) ⊆ [A ]t, which implies that
x ∗ y ∈ [A ]t. Hence A (x ∗ y) ≥ t or A (x ∗ y) + t > 1, a contradiction. Therefore

A (x ∗ y) ≥ min{A (x), A (y), 0.5}

for all x, y ∈ X. Using Lemma 3.4, we conclude that A is an (∈,∈ ∨ q)-fuzzy
subalgebra of X. �

Theorem 3.12. Let A be a proper (∈,∈ ∨ q)-fuzzy subalgebra of X such that
#{A (x) | A (x) < 0.5} ≥ 2. Then there exist two proper non-equivalent (∈,∈∨ q)-
fuzzy subalgebras of X such that A can be expressed as the union of them.

Proof. Let {A (x) | A (x) < 0.5} = {t1, t2, · · · , tr}, where t1 > t2 > · · · > tr and
r ≥ 2. Then the chain of (∈∨ q)-level subalgebras of A is

[A ]0.5 ⊆ [A ]t1 ⊆ [A ]t2 ⊆ · · · ⊆ [A ]tr
= X.

Let B and C be fuzzy sets in X defined by

B(x) =


t1 if x ∈ [A ]t1 ,
t2 if x ∈ [A ]t2 \ [A ]t1 ,
· · ·
tr if x ∈ [A ]tr \ [A ]tr−1 ,

and

C (x) =


A(x) if x ∈ [A ]0.5,
k if x ∈ [A ]t2 \ [A ]0.5,
t3 if x ∈ [A ]t3 \ [A ]t2 ,
· · ·
tr if x ∈ [A ]tr

\ [A ]tr−1 ,
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respectively, where t3 < k < t2. Then B and C are (∈,∈ ∨ q)-fuzzy subalgebras
of X, and B,C ≤ A . The chains of (∈ ∨ q)-level subalgebras of B and C are,
respectively, given by

[A ]t1 ⊆ [A ]t2 ⊆ · · · ⊆ [A ]tr

and
[A ]0.5 ⊆ [A ]t2 ⊆ · · · ⊆ [A ]tr .

Therefore B and C are non-equivalent and clearly A = B ∪C . This completes the
proof. �

4. Conclusions

In the notion of an (α, β)-fuzzy subalgebra, we can consider twelve different
types of such structures resulting from three choices of α and four choices of β. In [3],
the author discussed mainly (∈, ∈)-type, (q, q)-type, (q,∈∨ q)-type, (∈∨ q,∈∨ q)-
type and (∈,∈ ∨ q)-type. In this paper, we considered more properties of an (∈
,∈∨ q)-fuzzy subalgebra in a BCK/BCI-algebra. We considered the homomorphic
(pre)image of (∈,∈∨ q)-fuzzy subalgebra, and we gave a condition for an (∈,∈∨ q)-
fuzzy subalgebra to be an (∈,∈)-fuzzy subalgebra. We provided characterizations
of an (∈,∈∨ q)-fuzzy subalgebra. We showed that a proper (∈,∈)-fuzzy subalgebra
A of X with additional conditions can be expressed as the union of two proper
non-equivalent (∈,∈)-fuzzy subalgebras of X. We also proved that if A is a proper
(∈,∈∨ q)-fuzzy subalgebra of a BCK/BCI-algebra X such that #{A (x) | A (x) <
0.5} ≥ 2, then there exist two proper non-equivalent (∈,∈∨ q)-fuzzy subalgebras of
X such that A can be expressed as the union of them.

Future research will focus on considering other types together with relations
among them.
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