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ABSTRACT. In 1906, da Rios, a student of Leivi-Civita, wrote a master’s thesis modeling
the motion of a vortex in a viscous fluid by the motion of a curve propagating in R?, in the
direction of its binormal with a speed equal to its curvature. Much later, in 1971 Hasimoto
showed the equivalence of this system with the non-linear Schrodinger equation (NLS)

_ 1
g = i(gss + 5lal*q).

In this paper, we use the same idea as Terng used in her lecture notes but different
technique to extend the above relation to the case of S®, and obtained an analogous
equation that

. 1
qt = Z[qss + (5‘(]‘2 + 1)Q]'

1. Introduction

The material of this section was taken from [2] with a minor modification.

1.1. A special orthogonal frame field on S3
53 is the unit sphere in R* i.e.,
(1.1) S? = {z € R*|z| = 1}.
For any z,y € S3, the distance d(x,y) between z and y is defined by
(1.2) cosd(z,y) =z -y,
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where x -y is the inner product of z and y. For any constant a,a € (0, 1),there exists
A € O(4) such that

(1.3) d(z,Az) = a Va € S>.

For example we may take

a —-b —c —d a b c

b a —-d ¢ b a —-d ¢
(1.4) A= c d a —b ord = —c d a -b |’

d —c b a —d —c¢ b a

and a>+b2+2+d>=1.

We can also regard S as a set of all the unit quaternions and regard R* as a non-
commutative division algebra. Its unit element is 1=(1,0,0,0), and its generators
are i = (0,1,0,0), j=(0,0,1,0,), k=(0,0,0,1), where i, j, k satisfy

t-j=k=—j5-1
jok=i=—k-j
(1.5) k-i=j=—i-k
2=2=k=-1

Define the module of a quaternion z = 11 + 297 + 35 + 24k € R* by

4

(L6) ol =3 a2,

i=1
and the product of two quaternions has the property:
(1.7) |-yl = |2 - lyl,

for any x,y € R*. So the set of all the unit quaternions i.e S® is a non-commutative
Lie group. The two matrices in (1.4) just correspond to the left and right translation
of al 4 bi + cj + dk € S3. That is to say, for g = al + bi + cj + dk € S® we have

Lg,Rg:S%— S3

(1.8) Lg(z)=g-x; Rg(x)=x-g; forxze S
The mapping
f:8%—o(4)
a —b —c —d
) . b a —-d c
(1.9) al +bi +cj + dk — c d a —b |
d —c b a
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gives an isomorphism from S3 to a subgroup of O(4) corresponding to the left
translation which is determined by the element in S3. It will be convenient to
regard S3 as this subgroup for computation.

In the following we’ll find the tangent space of S® at the unit element. It is
spaned by z; = (0,1,0,0),22 = (0,0,1,0),z3 = (0,0,0,1). Notice that x; is the
tangent vector of the curve c(t) = (cost,sint,0,0) € S3 at 1=(1,0,0,0). Since

cost —sint 0 0
. . sint  cost 0 0
(1.10) c(t) =cost-1+sint-i= 0 0 cost —sint |
0 0 sint  cost
so we can regard x; as
0 -1 0 O
d 1 0 0 0
(1.11) %C(t)hzo =10 0 0 -1 € 0(4),
0 0 1 o0
similarly regard x5 , z3 as
0 0 -1 0 0 0 0 -1
0 O 0 1 0 0 -1 o0
(1.12) 1 0 0 O 0 1 0 0
0 -1 0 O 1 0 0 0
respectively. It’s easy to verify that
(1.13) [l‘l,l‘g] = 21‘3, [l‘g,mg] = 2$1, [3?3,%‘1] = 2372.

If we ignore the first commponent of z;,7 = 1,2,3, and regard it as the vector of
R? then

T1 X T2 = T3

1.14 To X T3 = X1
3

T3 X T1 = To

or use the usual inner product and orientation in 52, we can also define the above
relation.

Let Z; be the vector field which is obtained by the left translation of x;
similarly we have

S

Ii‘1><1~72:

3
(115) ‘%2 X ng = (fl
{i3 X jl = i‘g

The cross product ” x” in the tangent space at each piont in S is defined by ordinary
inner product and orientation.
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1.2. The Frenet frame of curves on S°

In this section we want to build the Frenet frame of curves in S3. The theory
of curves in S? has a special treatment. In other words we can use left invariant
vector field ; to express all the tangent vector fields on S3.

Let ¢ : [0,I] — S3 be a curve and parametrized by its arc length. Its tangent
vector is

d
(1.16) £c(s) =t(s),
as c(s) € S3, then
(1.17) c(s) - e(s) =1.

Differentiating both sides of (1.17), we get
(1.18) %C(S) ~c(s)=0.

So t(s) = “c(s) is the tangent vector field on S* along c(s), it can be expressed as

3
(1.19) t(s) =Y _ fi(s)ailc(s)),
=1

where f;(s) are some smooth functions on ¢(s). As ¢(s) is parametrized by its arc
length, so

(1.20) Zf,?(s) =1

(1.21) >_fis)fi(s) =0.

Let V'’ denotes covariant differentiation on S®. Any vector fields along c(s) can be
expressed as

(1.22) Z hi(s)i(c(s)).
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Then
, 3
(1.23) 25 Do hi()aile(s)}
3 - 3 /
= D HS)E(e() + Y hals) - Eile(s))
zgl 151 , ~
= D _Mi()File() + D hals) D Li(s) VD
i=1 i=1 j=1
3 1 3 3
= DOHE(c(s) + 5 D0 D hils) fi()[E;, F](e(s))
i=1 i=1j

In particular

(1.24) Vi) =3 fi(s)ilels).

ds .
=1

Define curvature function of curve ¢(s)by

3

A% 1
(1.25) b=[o-t(s)l = Q_ £7())%.
i=1
Assume that k& # 0 then the normal vector field along ¢(s) is difined by
1V 1o s
(1.26) n=—-t(s) = ; Fi(8)Ti(e(s))-

Then n is a unit vector of the tangent space of S® at c(s), and n is perpendicular
to t.
Binormal vector field along ¢(s) is given by:

) B &y s
(127) b=txn= E det f1 f2 f3 =
fi fa f3

So b is still a unit vector of the tangent space of S® at c(s), and b is perpendicular
to both ¢ and n. By (1.26), (1.24) can be written as

T =

3
Zgi(s)’i‘i(c(s))-

(1.28) Z—S/t(s) = kn.
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Let
(1.29) T= Z—S/n(s) - b(s),

the function 7 is called the torsion of the curve ¢(s). By direct computation we get

v/

(1.30) $n(s) = —kt(s) + 7b(s),
(1.31) Z—Slb(s) = —7n(s).

So along the curve ¢(s) there is an orthognal frame field {c(s);t(s),n(s),b(s)}
which is called Frenet frame of curves on S. (1.28), (1.30), (1.31) are called Frenet
formula. We rewrite it in the matrix form

v t 0 kK 0 t
1.32 — n = -k 0 T n
( d

S\ b 0 -7 0 b

1.3. The parallel frame of curves on S

We want to change the Frenet frame (¢,n,b)T to (e1,ea,e3)” so that the 2,3-th
entry of the coefficient matrix of %(61, ea,e3)T is zero. To do this, we follow the
method as described in [1]. Rotate the Frenet frame (n,b) by an angle 3(s) satisfy

that

(1.33) B(s) = —7(s),
then
(134) ?;62 €3 = 0.

So that we get the new o.n frame (e, ez, e3)”, and it satisfies

v [ @ 0 ki ke el
(135) df €9 = —]ﬂl 0 0 €2 s
§ €3 —]{32 0 0 €3
where
k1 = kcos B(s)
(1.36) { ks — —k sin 3(s)

The o frame (eq,ez,e3)’ is called parallel frame along c(s). The function
k1(s), ka(s) are called the principal curvatures along es, e3 respectively. However,
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the choice of parallel frame is not unique, because we can replace 3(s) by 3(s)
plus a constant fy, get another o.n frame (e1,v9,v3)T. Tt is again parallel, but the
principal curvature k1, ko along vo,vs are satisfies

!

\v4 ~ -
(137) @61 = kieg + koeg = kv + kows.

2. Vortex filament equation and the NLS in S°

In 1906, da.Rios, a graduate student of Levi-Civita, wrote a master degree
thesis, in which he modeled the movement of a thin vortex in a vicious fluid by the
motion of a curve propagating in R? in the direction of its binormal with a speed
equal to its curvature according to

(2.1) Ve = Vs X Vss-

This is called the vortex filament equation or smoke ring equation, and it can be
regarded as a dynamical system on the space of curves in R3. Much later, in 1971,
Hasimoto showed the equivalence of this system with the NLS

, 1
(2.2) 6 = i(gss + 5lal*0)-

In this section we’ll build the vortex filament equation in S® similar to that as
in R3, and study the relationship between vortex filament equation and the NLS in
S3. For any v(s,t) belongs to S3, v(s,t) is a surface in S% so

(2.3) v(s,t) - y(s,t) = 1.

Differentiating both sides of (2.3) with respect to s and ¢ respectively

(24) { ’Ys(svt)")/( S, )

0
0.

'Yt(svt) '7( S, )

So both 74(s,t) and v;(s,t) are the vectors of the tangent space of S3 at (s, t).
We can use left invariant vector fields &; to express all the tangent vector fields
on S3, let

(2.5) Vs(s,t) = Z fi(s, t)E:(s, t),
then similar to (1.24),

v/ L d
(2.6) —s(5:1) :Z:CT (5,07 (v(s,1)).
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So s (s, t)x %75(5’ t) is still a vector of tangent space of S at (s, t). If y(s, t)satisfy

/

(27) 15s8) = 20(5,1) X ~=74(5,8)

we call v(s,t) is the vortex filament surface in S3 . (2.7) is called the vortex filament
equation on S3.
Equation (2.7) has the property:

Proposition. If v4(s,t) is a solution of (2.7) and |vs(s,0)| = 1 for all s, then
[vs(s,t)] = 1 for all (s,t). In other words if v(-,0) is parametrized by arc length
then so is (-, t) for allt.

Proof. It suffices to prove that

d
(2.8) $<75(57t)a75(3at)> =0
Remark: (,) is the inner product in S® . To see (2.8) , we compute directly to get:
1d A%
2. -2 = (~
(2.9) 5 g7 s(8:1),75(5,8)) = (75075

= <%’Ys - a77’Ys> = <%78775>
’
= <%7t»"¥s> = <dils(% X %’75)»’73)
d AV d VvV d
= <%73 X E’Ys +vs X %(@78)579 = <%’Y$ X %757’)’9
i v i v
= ('757 %'78; %'Vs) = (%7& %7&’75)

!

I v/ I v/
= Vs baims:*sv*sas
(5 ¥s 07 =78 7s) = (57 2%, %s)
= 0.

Both a and b are some functions on «(s, ). So for a solution (s, t) of (2.7), we may
assume that ~y(-,t) is parametrized by arc length for all ¢.

Next we will explain the geometric meaning of the evolution equation on the
space of curves in S3. Let (t,n,b)(-,t) denote the Frenet frame of the curve (-, t).
Since vs = t, and %'Ys = Z—S/t = kn then the curve flow (2.7) becomes:

(2.10) v¢ =kt x n = kb.

In other words, the curve flow (2.7) moves in the direction of binormal with cur-
vature as its speed in S3. In the following, we write equation (2.7) in terms of
parallel frame (eq,e2,e3)?. Recall that if we rotate the Frenet frame (n,b) by an
angle (s, t) satisfy

(2.11) d%ﬁ(syt) =—7(s,1),
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then

(2.12) b = sin fey + cos fes.

Hence

(2.13) Y& = kb = k(sin Ses + cos Be3) = —koea + kies.

In fact vortex filament equation (2.7) and NLS

. 1
¢ = ilgss + (Flal* + 1)g]

shown the same motion equation. We will give the demonstration below.

Suppose (s, t) is a solution of (2.7), choose a parallel frame (e1, eq, e3)7 (-, t) for
each curve (-, t). Let k1(-,t) and ko(:,t) denote the principal curvature of (-, t)
along ey(+, 1), e3(-,t) respectively. Then we get

v [ @ 0 ki ko el
(214) df €9 = —k}l 0 0 €9
§ €3 —]4}2 0 0 €3

’ ’
We want to compute %(el, e, 63>T, so we first compute %el(-,t),

A \4 \4 \4

(2.15)

T T w T

!

\Y%
= E(—k2€2 + kyes)

\vad \vd
= —(k2)se2 + (—kz)Eez + (k1)ses + k1 753
= —(ka)se2 + (k1)ses + (—ko)(—kie1) + k1(—koeq)

= —(kg)seg + (kl)sefr

Since e;(s,t) are orthogonal, there exists a function wu(s,t) so that

V/ €1 0 _(k2)s (kl)s €1
(216) E €2 = (k’g)s 0 (A €9
€3 —(lﬁ)s —Uu 0 €3

Now, how to compute the function u(s,t) is the key step. If we can find u(s,t),
then we can get the coefficient matrix of Y- (e1, e2,e3)”. Before computing u(s,t)
we give some preparative knowledge.

(1): Since
21y YV VIV gLy, V.V, -V v
QU mwm T wma - VEVETVaVe T VizatVie g
9 9
= B35 3) T Vig.ap
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whereVg 21=0,s0
0 ' at

AVAR VAR VA vid 0 0
(2.18) Pl i R(—, =).
R(% 82) is the curvature operator of S3.
(2

): Let M be a Rieman manifold of constant curvature K, for any X)Y, Z ,W
€ T,M we have

(2.19) R(X,Y,Z,W) = (R(X,Y)Z,W) = —K((X, Z)(Y,W) — (X, W)Y, Z)).

This can refer to [3]. Since S? is a space of constant curvature, and the sectional
curvature K=1. So

(2.20) <R(6S at)62,€3>
(R(e1, —kaea + k1e3)ea, e3)
= (=1)((e1,e2)(—kaea + kie3, e3) — (e1,e3)(—kaoea + kies, €2))
0
similarly
o 0
(221) <R(6 8t)61,€2> ]fg,
o 0
(2.22) <R(8 8t)61’€3> -k
by (2.18), (2.20), (2.21), (2.22) we get
v'v’ A\VAR VA
(2.23) <dt 752 © e3) = <d i —-€2,€e3),
v' v’ v'v’
(2.24) <dt e e) = <d 7 —e1,e2) — ko,
v' v’ A\VAR VA
(2.25) <EE€1, €3> <d a —e1, 63> + k1.

In the following we begin to compute u(s,t) ,

(2.26) (T Feaes) = (o(—hier),es)

\%
= <_(k1)t€1 kld 61,€3>

= (—ki(—(k2)se2 + (k1)se3), €3)
= _kl(kl)s
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similarly

(227 (- (ea).es) = (ka)aks + s,
by (2.23)

(2.28) —k1(k1)s = (k2)ska + us.
So

(2.29)

for some smooth function c(t).

1
u= —§(k§ + k2) + c(t),

Remember that for each fixed ¢, we can rotate

(e2,€3)(,t)by a constant angle 6(t) to another parallel normal frame (v, v3)(-,t)of
~(+,t). If we choose 6(t) so that 6'(t) = —c(t), then the new parallel frame satisfies

v [ e 0 —(k2)s

(2.30) s Vg = (k2)s 0
U3 _ ];, E%‘H::g

( l)s D)

({21)5:2 el
B2+

_ 12 2 Vg
0 v3

So we have proved the first part of the following theorem:

Theorem. Suppose y(s,t) is a solution of the vortex filament equation (2.7) and

|v(s,0)] =1 for all s. Then

(1) there exists a parallel normal frame (e1, ez, e3)T (+,t) for each curve y(-,t) so

that
V/ €1 0 kg €1
(231) df €2 = —k?l 0 €9 s
o €3 —k2 0 €3
—(k k
v [ & B 0 (F2)s (kfllig e1
(2.32) e | = (ks 0 =57 e |
t e kitks e
3 —(k1)s 52 0 3

where k1(-,t) and k2(-, t) are the principal curvatures of v(-, t) along ea(+,t)and

es(,t) respectively.

(2) q=k1+iky is a solution of the NLS

, 1
¢ = ilgss + (5la” + 1)gl.
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Proof. We have proved (1). For (2), we use (2.31),(2.32) to compute the evolution
of (k1) and (ko).

\Y4 \VARR VA
2. k = = —(—
(2.33) (K1) = <ds e1,e2)
A\VARVA v Vv
= <Ed e1,e2) + <£€1, E€2>
A\VARVA k? + k2
= <£Eel’62> — ko + <k1€2 + koes, (kg)sel - 5 2€3>
v’ k3 + k3
= <?(—(k2)s€2 + (k1)ses), e2) — ko — kg ———2
S 2
2 2
= —(k2)ss — ko — ko kit ky
2
similarly
k2 4+ k2
(2.34) (ko) = (k1)ss + k1 + k1 1 ; 2,
Therefore
(235) qt = (k'l)t + i(kg)t
2 2 2 2
= —(k2)ss — ko — ko Mt + (k1) ss + ik1 + ks Mtk
. 1
O
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