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ABSTRACT. In this paper, we derive some generating relations involving Konhauser poly-
nomials, Gauss, Humbert, Appell and Kampé de Fériet hypergeometric functions with
the help of four general theorems on generating functions (partly unilateral and partly
bilateral) of one and two variables.

1. Introduction
Let f(z1,---,%) be a function of r independent complex variables defined in
some domain C" as the sum of a confluent multiple series
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(1.1) FGem) = D Alkr,e k) 202
and let
M<n
(12) An(mlu"' y My 21,0 ;z’l") = Z (_n)MA(kl, 7k7‘)z]]_€1“'zrkr7
k1, kp=0

where {A(ky,--- k) | kj € N, j = 1,---,r} is a bounded multiple complex
sequence and M is defined by M = miky + - -+ + my.k,., mq,--- ,m, representing
positive integers.

Konhauser [5] defined the polynomial Z%(x; k) by
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where k is a positive integer.

Agarwal and Manocha [1] have obtained the following theorem for Kounhasuer
polynomials.

Let a and b are complex constants, not both zero. Then

=~ x . [(a 4+ bn)t]"™
) gz <<a+ bn)l/k”“) (1+ a)n
eau ’ T k
N l—bl/OFk _V(E) ’
Alk;l+ o)

where v = te?, A(k;a) denote the sequence of n parameters a/k, (o + 1)/k, - - -
(e +k—1)/k, k> 1 and ¢F} is hypergeometric function [11, p.42(1)].

From Lagrange expansion formula [8], we have

(1.5) o i atbn)

n!
n=0

where v is a function of ¢ defined implicitly by v = te®”, v(0) = 0.

An interesting (partly bilateral and partly unilateral) generating function for
Laguerre polynomials L% (z) [9] due to Exton [3, p.147(3)], is recalled here in the
following (modified) form (see [6], [7])

(1.6) exp(s +t —xt/s) = Z Z ] L(m)()

or equivalently,
mtn
(1.7) exp(s+t—axt/s) = Z Z o 1Fi(=n; m+1; z),
where
(1.8) m* :=max{0,—-m} (me€Z:={0,%£1,£2,---})

In subsequent sections of this paper, we shall encounter the following polynomial
0;2(1:, y) involving Konhauser polynomial and its special cases
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(1.12) Hn’l(mO) = 1F1[—n; 14+ m; z] T+ mTn) L7 (x),

n! m!

where L% (z) is Laguerre polynomial [9] and m and k are positive integers.

The article is organized as follows. In the main Section 2, we derive two theo-
rems on partly bilateral and partly unilateral generating functions of general nature.
Two more theorems on multiple generating functions involving Appell and Kampé
de Fériet series are proved in Section 3. Later in Section 4, it is shown as to how
these theorems lead to a number of generating functions for certain classical poly-
nomials.

2. Generating functions involving bilateral series

Theorem 1. Let the function f(z1, -, z.) be defined by (1.1) and let A,(mq,- - ,m;;
21, , 2r) be defined by (1.2). Also let m* be defined by (1.8). Then

es—zt/s+au
(2.1) ﬁf[(_y)mlzh... (=)™ 2]
_ = - sM N - (_x)p(a+b(n_p))n—p
B m;mn;* ! pz:% (p+m)!p!(n—p)!
. zl e zT
e R o= e i e

where v = te?, a and b are complex constants, not both zero and provided that each
member of (2.1) exists.

Proof. Denote for convenience, the first member of the assertion (2.1) by Q. Then
using the following expansion formula due to Agarwal and Manocha [2, p.276(1.4)]

av
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where a and b are arbitrary complex constants, not simultaneously equal to zero
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and v = te®” and expanding the exponential function, we obtain

25" K (—z)P P S (a+ bn)™
@3) Q= > ) e X
m=0 p=0 n=0
Al Zr
An ) ) T; ) 3
% {ml " (a+ bn)™ (a+ bn)mr

O

Upon replacing the summation indices m and n in (2.3) by (m+p) and (n —p)
respectively, if we rearrange the resulting triple series (which can be justified by
absolute convergence of the series involved), we are led finally to the generating
function (2.1).

Remark. The above theorem provides us a class of generating relations for the
functions A,,. A large variety of special cases including [2, p.276(1.4)] (when = = 0)
may be deduced from it by assigning particular values to variables and parameters.

Theorem 2. Let a and b be complex constants, not both zero and let v = te®”. Also
let m* be defined by (1.8). Then

eau+s—wt/s e 0

(2.4) ﬁoFk s Ak 14+ a); —v (Z)k} = Z Z s™ " GZ:Z(x,y),

m=—o0 n=m*

where 922(33,3/) is given by (1.9).

The derivation of (2.4) runs parallel to that of (2.1) except that we use (1.4) in
place of (2.2) and we skip the details.
3. Multiple generating functions

Theorem 3. The Appell’s hypergeometric polynomials [11]

z Y
3.1 m,n L, = F y —Ny, =M D, 75 ’
BN o) = Fafon i S

are generated by

t'r‘L Tm

n! m!

(3.2) DY (a1 +bin)" (ag + bam)™ frnn(@,y)

n=0m=0
eal v+agw

~ (1= buw) (1 baw) Valos i —av, ~yul,

where v = te?”, w = Te’?™ and 1o denotes Humbert’s confluent hypergeometric
function of two variables [11].
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Proof. Starting with the left hand side of (3.2), using series expansion of Appell’s
function F» (see [11, p.53(5)]) and

(—=1)F m!
(3.3) (—m)p = e <k<m
we have
0 n m
n pm k" xk )k+7 yr
b b
n;o(aﬁ- 11)" (ag+bam)™ n! m! Z;) (n—k)! (ay + bin)* TZ Ve (V) (az + bam)"

Now replacing n by n + k and m by m + r and using (1.5), we get

ea11/+a2w i (a)kJrr (—.’Eteb“’)k (_yTebzw)'r,
(1 =b)(1 = bow) 2= (B (¥)r ! !

ealquagw
(1 — b1U> (1 — b2’w>
by [11, p.59(42)]. O

Following the method of proof of the formula (3.2), we can readily obtain the
following theorem involving Kampé de Fériet series of two variables FEE™ (see [11,
p.63(16)]).

Theorem 4. The Kampé de Fériet’s hypergeometric polynomials

Yol B,7v; —xv, —yw)

(ap) Py —me g

_ el x Y
(34) fm’n(x’ y) = Fq:0§1 a1 +bin’ as +bam
(611) ; )
are generated by
= n tnTm
(3.5) Z (a1 +b1n)" (az + bam)™ frn(z,y) Tl
n,m=0
ea11/+a2w (ap) ;
= F, — (zv +yw ,
q 3
where v = te®, w = Te®", (a,) denotes a1, -+ ,a, and ,F, denotes generalized
hypergeometric function [11,p. 42(1)].
4. Applications
First of all in its special cases when z1,--- , 2. = 0, (2.1) reduces to

s—xt/s+av

(4.1) 61_7(” = Z Z s 020 (2,0),

m=—o0 n=m*
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where 02? (z,0) is given by (1.11). Secondly upon setting a = 1 and b = 0 and
using (1.12), (4.1) would obviously correspond to the generating function of Exton
given by (1.6) (or (1.7)).

For r =1 and f(—vz1) = oF1[—; a+ 1; —vy], (2.1) reduces to

esfzt/erau

ﬁoFleH-l; —vy| = Z Z m, (),

m=—o00 n=m*

(4.2)

where 92? (x,y) is given by (1.10). Further for y = 0, (4.2) reduces to (4.1) and for
r = 0, we have

ew . ) _ =t (a+bn)" o Y
(4.3) o ohl et -y = > ( Lo ( )

— (1+a), a+bn

Another special case of (2.1) would occur when we set r = 1 and f(—vz) =

-1
1Fill+ 6 1+ o <22) v]. Thus we have

es—wt/s+au 2—1
ﬁlFl |:1+ﬂ7 1+Oé, <2> 1/:|

Z Z S Z (a+b(n—p)) 7P

l
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(m(np) ’

where P,E"‘ﬁ)(:c) is Jacobi polynomial (11, p.91).

(4.4)

The generating function (2.1) for £ = 0 corresponds to the main result of
Agarwal and Manocha [2, p.276].

Next, we consider some applications of assertion (2.4). First of all by setting
k=1, (2.4) immediately yields (4.2).

If in the assertion (2.4), we set = 0, then it reduces to (1.4).
For a =1 and b = 0, (2.4) yields the generating function

k
(4.5) etts==t/s \ . {; Ak 1+ a); —t (%) ]

— S n (_I)p a .
- Z Z ! Z < (p+m)!p! (1+ a)k(n—p) Znp (Wi k),

m=—00 n=m*

which further for = 0 and ¢ = s reduces to the following known generating function
[1, p.116(18), see also 10, pp. 243-244]

n

(4.6) Zza yik 1+ta) = e OF,C{ A(k; 1+ a); —t (z)k}
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Setting a = 3 = 7 in (3.1) and using [11, p.53(5)], we get

(4.7) > (a1 +bin—2)" (a2 + bom —y)™

n,m=0

(a1 +bin — x) (ag + bam — y)

X 2F {—n, —m; «;
e v+ (az—y)w
(1 =b1v) (1 = bow)
where v = te?” and w = Te??v.

For p = ¢ =1, (3.5) yields

1o 205 yw — av),

o0

(4.8) > (a1 +bin)" (az + bym)™

n,m=0
T Y tmrm
(a1 +bin) (az + bam) | n! m!

X Fl |:Oé, —n, —m; 55
ealeragw
= A0 (- hw) 1Fia; B —(av + yw)),
where v = te?” w = Teb2¥ and F} is Appell’s function [11, p.53(4)].

For a; = ay =1 and by = by = 0, (3.2) yields

t’fL Tm

n! m!

(4.9) Y Bla,—n,—m; B,7; 2y

n,m=0
e abola; B,y —at, —yt]

which is a generalization of the well known generating function due to Rainville [9]

o0 tn
(4.10) > 2Fi[-n,05 B 2] — = e'1Fifo B —at]
n=0
For y = 0, (3.2) reduces to a result [3, p.159(3.4)]
= (a+bn)" 5 x
4.11 PP —— "
(4.11) nz::() 1+a), " a+bn
av 1—
— 1e—bu1F1 {l+a+ﬂ; 14+ o —< 2x> V:| . v=te,
which further for a = 0 yields a known result [3, p.160(3.18)]
= (a+bn)? (B—n) x
4.12 —— Y — ) "
(4.12) nz::o n! " a+ bn

e v\ —a—1
= 1— 7> = teb
1— v ( 2 T
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where Y\ (z) are generalized Bessel polynomials of Krall and Frink (see [11],
p.75(1)).
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