KYUNGPOOK Math. J. 47(2007), 357-361

A Note on c-Separative Modules

HuanyIN CHEN
Department of Mathematics, Zhejiang Normal University, Jinhua 321004, People’s
Republic of China

e mail : chyzx1@Ghunnu.edu.cn

ABSTRACT. A right R-module P is c-separative provided that P @ P =~ p OQ=>P=Q
for any right R-module ). We get, in this paper, two sufficient conditions under which
a right module is c-separative. A ring R is a hereditary ring provided that every ideal of
R is projective. As an application, we prove that every projective right R-module over a
hereditary ring is c-separative.

Let P and @ be right R-modules, and let p: P ® @ — P be the projection on
P, and let g; : P — P @ P be the injections from P(i =1,2). f p: PO P =2 P®Q

c
and (peq1)(peg2) = (peg2)(peqr), then we say that P ® P = P @ Q. For example,
if R is a commutative ring, then R& R = ReQ ifandonlyif RER= R® Q.

A right R-module P is c-separative provided that P & P ~p Q= P =Q for
any right R-module Q. A right R-module P is strongly separative provided that
PP =2PdQ = P = Q for any right R-module ). Clearly, the concept of
c-separative modules is an extension of that of strongly separative modules. Many
authors studied strong separativity for exchange rings (cf. [2], [4] and [9]-[10]). This
inspires us to investigate c-separative modules. We get, in this paper, two sufficient
conditions under which a right module is c-separative. A ring R is a hereditary ring
provided that every ideal of R is projective. As an application, we prove that every
projective right R-module over a hereditary ring is c-separative.

Throughout this paper, all rings are associative with identity and all modules are
unital right R-modules. A <® B means that A is isomorphic to a direct summand
of B. Let P be a right R-module, and let E = Endg(P). If aF + bE = E with
a,b € E, then we denote the submodule {p € P | a(p) € b(P)} of P by P, ).

Theorem 1. Let P be a right R-module, and let E = Endr(P). If aE+bE = F
with ab = ba implies that there exists a right R-morphism 7 : Py — P such that
a |py., 071 Pap) — b(P) is a R-isomorphism, then P is c-separative.
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Proof. Assume that P& P = P& Q. Then there exists an isomorphism 6 : P® P =
P @ Q such that (pfq1)(pfg2) = (phgs)(pbq1), where ¢; : P — P @ P are natural
injections and p : P & @ — P is the natural projection. Let p; : P® P — P and
p': P®Q — @ be natural projections and q : Q — P @ Q be the natural injection.
Construct a map ¢ : P @& P — P given by ¢(r,s) = (pfq1)(r) + (pfgz)(s) for any
(r,s) € P@ P. For any r € P, it is easy to check that ¢(p10~'(r),p2071(r)) = r;
hence, ¢ is a R-epimorphism. Construct amap i : Q — P® P given by i(r) = 0~1(r)
for any r € Q. Clearly, 7 is a R-monomorphism. For any r € @), we see that

pi(r) = @(07'(r))
= o(p107 (r),p2071 (7))
= (p0q1)p10~ " (r) + (pOg2)p260~*(r)
= pO(qp1 + q2p2)0(r)
= p(r)
= 0,

and thus Imi C Kerp. If ¢(r,s) = 0 for some (r,s) € P @ P, we get (pfq1)(r) +
(pfq2)(s) = 0; hence, pd(r,s) = 0. Obviously, p’6(r, s) € Q. Furthermore,

i(p'o(r,s)) =

= (rs).

That is, Kery C I'mi. Therefore we have an exact sequence
0-QSPaP2P 0,

where ¢ = (a,b),ab = ba,a,b € E. Construct a map ¢ : P — P @ P given by
é(r) = 07 1(r,0) for any r € P. It is easy to verify that ¢¢ = 1p, so we have

¢ = ( 2 > : P — P @ P such that p¢ = 1p,c,d € E. Hence, ac+ bd = 1p. By

assumption, there exists a 7 : P — P such that a |p,, +b7 : Pap) — b(P)
is a R-isomorphism. Let u = a |p(a_’b) +b7r and M = P, ) © P. Construct a right
. u!
R-morphism ¢ = < -l ) b(P) — M. As a |p,,, +b7 =u: Pyup — b(P)
is an isomorphism, we get a |p, , u~" + bru~" = lyp). This implies that (¢ |us
) = lypy. Thus, M = Ker(¢ |v) © Imip. Clearly, Ker(¢ |v) € Kerp. If
(p1,p2) € Kery, then a(p1) + b(p2) = 0 with p;,ps € P. Then a(p1) € b(P); hence,
p1 € Pap). As aresult, (p1,p2) € M, and so (p1,p2) € Ker(p ). This implies
that Kerp = Ker(p |a). So M = Kerp @ Imyp. On the other hand, we have

o = 1y, where 0 = (u,0) : M = P © P — b(P). Consequently, we deduce
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that M = Kero®Imy = P& Imi, and so P = Kerp = (). Therefore we complete
the proof. O

Corollary 2. Let P be a right R-module. If every submodule of P is projective,
then P is c-separative.

Proof. Let E = Endr(P) and aF + bE = E with ab = ba. Let P,y = {p € P |
a(p) € b(P)}. By assumption, P, ) is a projective right R-module. Using the Dual
Basis Theorem, there exist {2;} C P, and f; € Homp(Pa), R) such that for
any * € Py, * = ) x;fi(x), where only finite f;(z) are not zero. As P, is

K3
projective, there exists a a : P, ) — P such that the following diagram

Pap)
a J la
P X s = 0

commutates, i.e, a = ba. Since x; € P, ), there exists p; € P such that x; = b(p;)
for each i. Hence z = Y b(p;) fi(x) = b( > pifi(x)). Define a map h : Py — P

given by h(p) = > pifi(p) for any p € Pp). If p = 0, then each filp) = 0;

hence, h(p) = 0. That is, h is well defined, In addition, we get 1p,, = bh.
One easily checks that a [p, , +b(1p —a)h : Pgup — bP is a R-morphism. If
(alp., +b(1p—a)h)(p) =0 forap € Pqy), then a(p)+b(1p —a)h(p) = 0, and so
p=0. Thus, a |p,, +b(lp —a)h: Pqyp) — bP is a R-monomorphism. Given any
bp € bP, we see that bp € P, ). Furthermore, we have (a |y T0(1P —a)h) (bp) =
bp, ie., a |p,, +b(lp —a)h : Pqp) — bP is a R-epimorphism. It follows that
alp,.,, +b(1p —a)h: Ppy — bP is a R-isomorphism. Therefore we complete the
proof by Theorem 1. O

Corollary 3. Ewvery projective right module over a hereditary ring is c-separative.

Proof. Let P be a projective right module over a hereditary ring R, and let F =
Endgr(P). Since R is a hereditary ring, every submodule of P is projective. In view
of Corollary 2, P is c-separative, as asserted. O

Let R be a hereditary ring and aR + bR = R with ab = ba. Then R =
{(&,m)]a& +bn = 0}. We construct a map ¢ : R® R — R given by ¢(&,n) = a&+bn

for any (¢,7) € R® R. As ab = ba, we have that R® R = R & Keryp. By virtue of
Corollary 3, we see that R = Kery, and we are done.

Recall that a domain R is said to be a Dedekind domain in case it is hereditary.
It is well known that every finitely generated module over a commutative Dedekind
domain is cancellable (cf. [7, Theorem 5.8] and [10, Theorem 4.3.7].

Corollary 4. Let P be a projective right module over a Dedekind domain R. Then
P is c-separative.

Proof. Since R is a Dedekind domain, it is a hereditary ring. Therefore the proof
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is true by Corollary 3. (]

A ring R is a semihereditary ring provided that every finitely generated right
ideal of R is projective. Let P be a finitely generated projective right module over a
semihereditary ring. Analogously to Corollary 3, we conclude that P is c-separative.

A ring R is said to have stable rank one provided that aR + bR = R implies
that there exists a y € R such that a + by € R is invertible. This condition plays
an important role in algebraic K-theory (cf. [9]). It is well known that every
strongly m-regular ring has stable rank one. Now we observe the following result on
c-separativity.

Theorem 5. Let P be a right R-module, and let E = Endr(P). If aE +bE = FE
with ab = ba implies that there exists a y € E such that a +by : P — P is an
isomorphism, then P is c-separative.

Proof. Given aF + bE = E with ab = ba, then there exists a y € F such that
a+by: P — P is an isomorphism, Let 7 = y|p, ,. Then a|p(qp) + b7 : Pqp) — bP.
Let w = (a + by) " !pp. For any bp € bP, we let = (a + by) ' (bp). Then
(a + by)xr = bp, and so ax = b(p — yx) € bP. This implies that u € P, ), i.e., we
get u: bP — P, p). It is easy to check that

(a|p(a7b) + b’l‘)u = 1p(a7b) and U(a|p(a7b) + bT) = 1pp.

Therefore a|p(qp) + b7 : Prqp) — bP is an isomorphism. According to Theorem 1,
P is c-separative. O

Corollary 6. If aR + bR = R with ab = ba implies that there exists a y € R such
that a + by € R s invertible, then R® R = R @& P implies that R = P.

Proof. In view of Theorem 5, R is c-separative, and therefore we complete the
proof. (Il

Theorem 7. Let P be a right R-module, E = Endgr(P), and let Q <® P. Sup-
pose that aFE + bE = E with ab = ba implies that there exists a right R-morphism
7 Py — P such that a |p, ,, +bT : Plap) — b(P) is a R-isomorphism. Then Q
s c-separative.

Proof. Let S = Endr(Q). Then we can find an idempotent e € E such that @ = eP.
It will suffice to prove that eP is c-separative. Let S = eFe. Given ¢S+dS = S with
cd = de, then cx+dy = e for some z,y € S. Hence, (c+1p—e)(z+1p—e)+dy = 1p.
Clearly, (c+1p—e)d = ¢d = dc = d(c+1p—e). By assumption, we can find a right R-
morphism 7 : Pioy1,_c,q) — P such that (c+1p—e) |p(c+1pfe,d> +d1 2 Pey1p—e,d) —
d(P) is a R-isomorphism. Clearly, Pict1,—eq)y ={p € P |(c+1p —e)p € d(P)} =
{p € P|cpecdP),p=ep} Clearly, (eP)icay € Petip—ea)- Thus, we have
et |(ep)(c7d)l (eP)(c,qy — eP. On the other hand, c ‘(ep)(cyd) +d(et) \(ep)(ad):
(ep)(c,d) — d(eP). If (C |(eP)(u,d) +d(er ‘(eP)(c,d)))(ep) = 0 with ep € (ep)(c,d)v
then ce(p) = d(eq) for some ¢ € R. Hence (c + 1 — e)(ep) = d(eq), and so
ep € Piepi—e,q)- In addition, ((c+ 1p — €) |Pletip e +dr)(ep) = 0. This im-
plies that ep = 0, and then ¢ |cp)., +d(eT [cp).,)  (€P)a — d(eR) is a
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right R-monomorphism. Given any d(ep) € d(eP), we can find a t € Py1,—c,q)
such that ((c 4+ 1p —¢€) |4, .. +d7)(t) = d(ep). Clearly, there exists some
s € P such that (c+ 1p — €)(t) = ds; hence, c(e(t)) = d(es). It follows that
(1p —e)(t) = 0, and so t = e(t). Thus, we see that e(t) € (eP),q). As a re-
sult, we deduce that (c |(eP) ey Td(eT |(ep)(cyd)))(€(t)) = d(ep). This means that
¢ l(eP)eay TAET [(eP)u) @ (€P)(cay — d(eP) is a R-epimorphism. Therefore
¢ l(eP)gy TAET [(eP).y) * (€P)(c,qy — d(eP) is a R-isomorphism. In view of
Theorem 1, @ is c-separative. O

Corollary 8. Let P be a right R-module,and let Q <® P. If every submodule of P
s projective, then Q is c-separative.

Proof. Let E = Endg(P). As in proof of Corollary 2, aF + bE = E with
ab = ba implies that there exists a right R-morphism 7 : P — P such that
a \p(a’b) +b7 : Plap) — P is a R-isomorphism. According to Theorem 7, we com-
plete the proof. O
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