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ABSTRACT. This paper deals with space Beltrami system with three characteristic ma-
trices in even dimensions, which can be regarded as a generalization of space Beltrami
system with one and two characteristic matrices. It is transformed into a nonhomoge-
neous p-harmonic equation d*A(x,df’) = d*B(z, Df) by using the technique of outer
differential forms and exterior algebra of matrices. In the process, we only use the uni-
formly elliptic condition with respect to the characteristic matrices. The Lipschitz type
condition, the monotonicity condition and the homogeneous condition of the operator A
and the controlled growth condition of the operator B are derived.

1. Introduction and statement of result

For Q a bounded domain in R"(n > 2), we consider a mapping f =

(fY F%,--,f") € Wﬁ)cn(Q,R”) The differential Df(z) = (g—f and its
i/1<i,j<n

determinant J¢(z) = det Df(z) are, therefore, defined almost everywhere in €.

Throughout this paper, we assume that J¢(z) is non-negative, that is, f is sense-

preserving. For a matrix A, we define the operator norm of it by |A| = sup),|—; [Ah].
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Definition. A mapping f = (f!, f%,---,f") € Wllo’:(Q,R") is said to be K-
quasiregular, 1 < K < oo, if

(L.1) [Df(2)]" < KJj()

for almost every x € Q. If, in addition, f is homeomorphic, then it is called K-
quasicon formal.

The theory of higher dimensional quasiregular mappings began with Yu. G.
Reshetnyak’s theorem, stating that they are continuous, discrete and open, if they
are nonconstant, see [9]. Development of the analytic theory of quasiregular map-
pings depends upon advances in PDEs, harmonic analysis and (in dimension 2)
complex function theory. The first equation of particular relevance to the theory of
quasiregular mappings is the n-dimensional Beltrami system

(1.2) D'f()Df(x) = J}"(x)C(a),

where D! f(x) is the transpose of Df(x), G(z) € GL(n) is a positively-defined,
symmetric, and determinant 1 matrix, and satisfies the following uniformly elliptic
condition

alé? < (G(2),€) < BIE)?, VEER"0<a< < oo,

Yu.G.Reshetnyak obtained in [9] the following result: every component function
u=f'i=1,2,---,n of equation (1.2) is a weak solution of the following divergence
type elliptic equation (also called A-harmonic equation)

(1.3) divA(z, Vu) =0,

where A(z,£) = (G1(2)€,6) "2 GL(x)¢. See also [6] and [7]. The weak solution
of (1.3) means that

(1.4) /Q<A(x, Vu), Ve)dr =0

for arbitrary ¢ € WO1 (02). By this result, we know that there is a close relationship
between space quasiregular mappings and the weak solution of the A-harmonic
equation (1.3).

Consider the following Beltrami system with two characteristic matrices

(1.5) D' f(@)H(x)Df (x) = T} ()G (x),
where H(x), G(z) € GL(n), and satisfy the following uniformly elliptic condition

(1.6) ¢’ < (G()€,€) < Biléf>, VEER™0< oy < B < 0
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(L.7) az|n|* < (H(z)n,n) < Balnl?, ¥ € R",0 < az < B < co.

In [5], the authors have derived the following result: let f € VV;O:(Q,R") is a
generalized solution of (1.5) with the conditions (1.6) and (1.7), then du = df®* A
e Adfi(1 <4y < --- <dp < n,1 <1 < n)is a weak solution of the p-harmonic
equation

d*A(xz,du) = d*B(x, Df),
where

<G;1 (z)du, du) =
H(x)

A(z,du) = <

-2

(G (x)du, du) = B
= (ﬁﬁé@)) G#l(ac)du,

B(z,Df) = Js(z)Dy' f(x)[Hy' (x) — Hy' (x0)]dz’,
where Hi(x) is the element of H;l(x) lies in the diagonal with respect to I =

(i1, -+ ,4;). The weakly monotonicity result of every component function of (1.5)
also been derived. For some related results, see [3], [4] and [12].

Remark 1. Let n = 2. If we let 2 = 21 + izp and w(z) = fH (w1, 22) +if? (71, 22),
then equations (1.2) and (1.5) are equivalent separately to the Beltrami equation
with characteristic function p(z)

(1.8) ws = p(ws,  u(e)] < by < 1
and the Beltrami equation with two characteristic functions 1 (z) and ps(z)
(1.9) wz = 1 (2)ws + p2(2)Wz, [ (2)] + [p2(2)] < k2 <1

L.Bers!!), I.N.Vekual'® and Wen Guochun '] have made lots of research on the
complex equations (1.8) and (1.9), and have obtained some celebrated results on
them.

In this paper, we continue to study a more general Beltrami system, i.e., the
following Beltrami system with three characteristic matrices

(1.10) D'f(x)H(z)Df(z) + K (x)D' f(x)Df(z) = J;/"(2)G(=),

where H(z) is a diagonal matrix, G(x) and K (x) are positively-defined, symmetric
matrices, and satisfy the following uniformly elliptic conditions

(1.11) arlé? < (H(z)€,€) < Bilé)’, VEER™0< g < By < o0,

(1.12) ao|n® < (G(z)n,n) < Ba|nl®, Vn€R™,0< as < B2 < 00,
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(1.13) az|¢]? < (K(2)¢,¢) < A3l¢*, V¢ ER™,0 < ag < 3 < oo

Remark 2. It is easy to see that if f = (f!, f%,---,f") € Wln(Q R") is a

loc
generalized solution of (1.10) , then f is (ﬁ)”/ 2_quasiregular.

In fact, we can obtain by (1.10) that for arbitrary £ € R",

(D'f(x)H(2)Df (2)€,€) + (K(2)D' f () Df (2)€,€) = T}/ ™ (2)(G ()€, ).
By (1.11) ~ (1.13) we can derive that
(a1 +a3)|Df()€]> < (H < > f(2)¢, Df(2)€) + ag(Df(x)¢, Df (x)€)
(D' f(x)H(x) Df (2)€,€) + (K (x)D' f(z) Df (x)€, €)
””( WG (2)€,€) < Ba?/ ()€

IN

Therefore

Df@)P < — 272w

a1 + as

Thus the desired result follows.

Remark 3. Combined with the result in Remark 2 and the regularity result for K-
quasiregular mappings in [11], we can obtain the regularity result for the generalized
solution of (1.10): There exists p = p(n, K) > n, such that any generalized solution
of (1.10) is in fact in the space WP (9, R™).

The system (1.10) has a strong background when n = 2 and has been widely
studied. But for the case when n > 2, it is very difficult to study it directly since the
system (1.10) is overdetermined and fully nonlinear. An effective research method
is to transform it to an elliptic equation, and study the elliptic equaiton by using the
method of differential geometry and the analytical method of Sobolev spaces. The
aim of this paper is to transform system (1.10) to a nonhomogeneous p-equation,
and derive the estimates of the operators A and B. This make a bridge between
system (1.10) and nonhomogeneous elliptic equations. We obtain

Theorem. Suppose that the space dimension n is even and f € W (Q, RY)

loc

is a generalized solution of (1.10) ,which satisfy conditions (1.11) ~ (1.13), then
de =dfr A AdfI1I<i <ia<--<y<n,l= %, 1s a weak solution of the
following p-harmonic equation
(1.14) d*A(z,df') = d*B(x, Df),
where
Az, dff) = Gyl (x)df!

G (@) DYy f () Hy () (Hy ' (2)

— Hy'(x0))da’ — G (x) Ky (2) DYy f (x) Hy ' (x0)da’

Sy
&

T
=

I
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The operator A satisfies the Lipschitz type condition

1
(1.15) |A(z, h1) — A(z, ho)| < Cilhy — ho|, Ci = oy
3

the monotonicity condition
1
(116) <A($,h1) — A(JJ, hg),hl — h2> Z Cg|h1 - h2|2, CQ = ﬁ7

and the homogeneous condition
(1.17) A(z, Ah) = MNA(z,h), VAER,

and the operator B satisfies the controlled growth condition

(118 Bla < catl, €= (PR L 2

Qy a; O3

Remark 4. We can derive some useful properties of the generalized solutions of
(1.10) by using the p-harmonic equation (1.14). These results will be published in
other papers.

2. Preliminaries

Let e',e?,--- ,e™ denote the standard unit basis of R™. For [ = 0,1,--- ,n,
the linear space of [ differential forms, spanned by the exterior products e/ =
et ANe2 A--- Ne' corresponding to all ordered I-tuples T = (iq,42,- -+ ,4;),1 <41 <

ig- - < iy < n, is denoted by Al = AL(R™). Thus, A°(R") = R and A! = R". We
define the Hodge star operator

% /\I(Rn) _ /\nfl(Rn)

by the rule
sl=el N2 A A€,

and

aAxf=L0Axa={a,[)(x1)
for all o, 3 € AL, 1 =1,2,---n. The norm of a € A is then

laf* = (@, a) = (e A xa) € A =R.
The Hodge star is an isometric isomorphism on Al with

% AL — APTL
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and
sk — (_1)l(n—l) . /\l N /\l.

A differential [-form w on 2 is simply a Schwarz distribution on 2 with values
in Al = AL(R™). We write w € D'(2, Al). Therefore every I-from w may be written
uniquely as

a(z) = Z iy ey (@)dzgy A - Adayy,

1< << <n,

where the coefficients «, ... ;, (z) are functions or distributions.
Of fundamental concern to us will be the exterior derivative

d:D'(Q,A) — D'(Q,AF)
it is uniquely determined by the following three conditions:
(i) if I = 0, then df is the differential of f;
(ii) for a € D'(Q, AY), B € D'(Q, AF), we have

dlaAB)=daA B+ (=1)andp
(iii) d(da) = 0.
The formal adjoint ( also called the Hodge codifferential ) of d is the operator
d* = (=1)"* s dx . D'(Q, A1) — D'(Q, AY).

For any forms oo € LP(Q, AD), 3 € LI(, A, 1 < p,q < o0, Il] + é =1, define

(o, B) =/Q<a(x),ﬁ(m)>dx.

Definition. Let 3 € L1(Q, Al). We call the codif ferential of 3 is zero in the weak
sense, if for any o € LY (Q,A'"1),1 < p, ¢ < oo, % + % = 1 with compact support in
Q, we have

(da7 ﬂ) =0

We can also define the differential of o is zero in the weak sense in the same
manner.

Let G be an n x n matrix. The [*" exterior power of G is the linear operator
Gy : A — Al
defined by
Gulaoa Nag A+ ANay) = Gag ANGag A -+ A Gy
for aq, a9, ,a; € AL(R™) and then extend linearly to all of Al. Thus Gy is a

C',l1 X C',l1 matrix.
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For the properties of G4 see [7] and [8].

Let f:Q —R", f=(f'f% -, f"e VVllp(Q R"),p > 1. Then f induces a
homomorphism
o COO(RnJ\l_l) LLP(Q’/\Z—I)

loc

called the pull back. More precisely, let o € C>°(R",A'"1),a = 3", a’dz!. Then

Z ol (f(@))df™s Adfiz A~ Adf.

For the properties of the pull back operator see [6]~[8].
Other unstated symbol in this paper can be found in [6]~[8].
3. p-harmonic equation for the Beltrami system (1.10)

From the system (1.10) we can obtain
D7 f(w) = J; 2" (2) G (@)D f(2) H (x) + J; 2" (2) G (2) K () D' f ()
take the {*" exterior power in the above equality, we derive that
D3 f(x) = J; 2 (@) G5 (@) DYy f () Hy (2) + 7 2" (0) G5 () Ko (2) DYy f () 2 AL — AL
Hence
(3.1) Jp(@) D3 f(x) = I 2" (@) G5 () Dl f () Hy ()
+ I @) G (@) K (2) DYy f(x) : AL — AL

Since f(z) is differentiable almost everywhere, it is no loss of generality to assume
Jr(x) # 0, x is a differentiable point of f(z), and a Lebesgue point of J;(x). Then
by [2] we know that there exists a neighborhood U of z, such that f is homeomorphic
onU. Let V = f(U) and do! = dz™ A --- Adz. Fix zg € Q. By (3.1), we have

(3.2) d*[J;(2) D" f(x)H (z0)da’]
= A [N @) G (@) DYy f(w) Hoy (2) H (o) da”]
+d [T (@) 6L (@) K (2) DYy f () Hp (o) da].

Our nearest goal is to prove that the left hand side in the above equality is zero in
the weak sense. To this end, take an arbitrary

=Y 97 (Q)d¢” =D T (Q)d¢ A AdGIT € CR(V, AT,
J J

Let
p(z) = Zz/r’ 2))dfit A AdfT



318 Gao Hongya, Chu Yuming and Sun Lanxiang

Then by
dfj A dfjl Ao A dfjl—l = D;Ef(:r)dxj Adzit A+ A dai-t,
(For this formula see [7] o [8}) we have
Z dz/; YA dfir Ao N
(¢
= ZZ &Z 7 le=p@df? Adf A dfr
J =1 C
i 81/1‘] J J1 Ji—1
= D#f ZZ |C f(wdx ANdx?t A - ANdxdt=t,
J j=1
Therefore

/U (5 (2) D3 () H (o) ! dp(a)) e
- /U (M (o) da”, (DY f(2)) " () Ty (2)da

o7 ( .
/U Yzo)da! ZZ 120 le=fyda? Adz? A Ada?' =) Ty (z)da

J j=1
= /(H#l(xo)dcf,zz gzgod(j/\d(jl/\-n/\dcjl1)d§
7 j=1
= [t e d(Oc = / 2L @0)dC”], 9(Q))dC = 0.
174

The last equality holds since the differential form H;l(xo)dg“ 7 has constant coeffi-
cients. Thus we obtain from (3.2) that

A [T (2) G5 (@) Dl f (x) Hy () H (o) da’)
= &' I (@)GR (@) Ko (2) DYy f (2) H (o) da”]

in the weak sense.
Let dff =dft* A--- Adf. By df! = wf(x Ydx!, we have

d {26y ()[df’+D (@) (Hy(x)Hy " (x0) — 1dg)da']}
= "I (@) G5 (@) K () DYy f (2) H (o) da’).
That is
(3.3) d*{J]gn—M)/n(x
= d I @
— d*[J3" 7 (2) G (@) K () DYy f () H (o) daT].
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If the dimension n is even, then take [ = 3, (3.3) becomes
dH{GL (@)df'} = d{Gy (x)Dlyf(x)Hy(z)(H, (v) — Hy'(x0))dz"}
— (G @) K () Dl f () Hy (o).

This is nothing but (1.14).

4. The estimates for the operators A and B

In this section, we derive the estimates (1.15) (1.18) for the operators A and B.
We first derive the estimates for the operator

Az, h) = G;Ll(:r)h.

(i) the Lipschitz type condition

1
|A(x, hy) — A(x, he)| < Cilhy — ha|, C1 = o
3

By (1.13), we know that

1 _ 1
(4.1) — ¢ < (@GR (@)¢, ) < —[¢P
B Qg
Therefore 1
G (@) < —
# o,
Hence

1
A2, hi) = Az, ho)| < |G (@)|ha = hal < ~rlh = hal.
3
ii) the monotonicity inequalit
(i) y inequality
(A(z,h1) — A(x, ha), by — ha) > Ca|hy — hol?,  Cp =
By (4.1) we can derive that
<G;¢1($)h1 - G;sl (x)h, hi — h2>
- 1
= (GL'(@)(hy — ha),hy — ha) > ﬁ'hl — hal?
3
(iii) the homogeneous condition

A(z,\h) = AA(z,h), YAeR.

This can be easily derived by the definition of A(z,h).
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We next derive the controlled growth condition (1.18) of the operator B. By
(3.2), we know that

Bz, Df) = Az, df") + Jy(z) D" f () Hy ' (wo)da’,
and from the Lipschitz type condition (1.15), we know that

1

(42) Al df)| < Cildf|, = .
3

Hence we need only to estimate |Jf(x)Dq;1f(x)Hq;1(xo)dx1|.
By (1.10) we have

H(z) + (D' f(2)) 'K (2)D' f(z) = J{" (2)(D' f () ' G(2) (D f () .
Take the I"(1 = 2) exterior power, we have
Hy () + (DY f(2)) " Kp(2) Dy f(x) = Jp(2)(Dy f () 7' Gy () (D f () 7"
Thus for any 5 € R%, 5 # 0, we have

(4.3) (Hay(x)n,n) + (Ky(x) DY f(x)n, (Dy f(x)) ')
= Jp(@)(Gy(x) Dy f()n, Dy f(x)n).

By the uniformly elliptic conditions (1.11) (1.13), we know that

(4.4) ol |7|? < (Hy(z)r,7) < Bi|7)%,
(4.5) ab|7?> < (Gy(z)7, 7) < Bo|7?,
(4.6) ah|7|? < (Ku(x)r,7) < Bh|7]>.
Therefore

(4.7)  (Eg(x) Dy f(x)n, (Dyf(x) " n) < B5(DYyf (@), (Dyf(a) ') = B5nl*,

and
(4.8) ay| Dyt f(2)n|? < (Gy(2)Dy' f(x)n, Dy f(x)n) < Byl Dy f(a)nl>.
Thus, by (4.3) (4.8) we can derive that
abJy ()| Dy f()nl* < (B8] + 83) Inl*.
That is
Bt s

1
Qg

(4.9) Jp(@)| Dy f(x)” <
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By using the system (1.10) again, we have
Jp(@)Hy' (z) = Dy f(2)G (2) Diyf (x) + Dy f(2) G (0) Ky () DY f (2) H ().
Thus
Jf(x)<Hq;1(x)de,dxl>
— (D4 f(2)GF ()DL f(x)da’ da’) + (Dy f(2)G5 (0) K (@) Dly f () H (2)da da”).
Since the matrix H(x) is diagonal, so is H~!(z) and H;él(:r) Therefore
(4.10) (@) (Hy' ()
— (G5 (®)DY f(2)da!, Dl f(z)da)
+ (Hy' (2)) Gy (2) Ky (2) DYy f (2)da’, DY f(2)da”)
= (G (@)df!,df") + (Hy' (2))(G3' (x) Ky (x)df", df),

where (H,'(z))! is the element lies in the diagonal of H?;l(x) with respect to
I = (i1, - ,1;). By the condition (1.11) we know that
1

1
0< = < |(HZ'(z))| < =.
g S| < o

Hence from (4.10) we have

(G ()df", dfT)
(Hy'(x))!

By (4.11) and (4.4) (4.6), we can easily derive that

(4.11) Jy(x) = + (G5 (@) Ky ()df ", df ).

B+ B erpo
. < —F .
(4.12) Jy(x) < o |df!|
Combining (4.9) with (4.12), we have
_ 2(8% + B
B@ng e < 2B g

2
It follows that

! 1\ 3
1@l0g o) < (2P apr,
Hence
1 I\ 3
(413)  |Jp(2)D3 f@)Hy (so)da!| < (“ﬂcj‘”) ]
2 1

The desired controlled growth condition of B is obtained by combining (4.2) with
(4.13).
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