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Correlation of Intuitionistic Fuzzy Sets
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Abstract

When we deal with crisp data, it is common to find the correlation between variables. In this paper, we propose a method to
calculate the correlation coefficient for intuitionistic fuzzy data, by adopting the concepts from the conventional statistics.
The value of the correlation coefficient computed from our formula not only provides us the strength of the relationship
of intuitionistic fuzzy sets, but also shows that the intuitionistic fuzzy sets are positively or negatively related.
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1. Introduction

Intuitionistic fuzzy set was first suggested by Atanassov
[1], which is a generalization of a Zadeh fuzzy set. Some
relevant basic notions can be found in [1, 2, 3, 4, 5].

Let X be a crisp set. An intuitionistic fuzzy set A in X
is an object having the form

A={(z,ua(z),va(z)) 2 € X}

where s : X — [0,1] and v4 : X — [0,1] de-
note membership function and nonmembership function,
respectively, of A and satisfy 0 < pa(z) + va(z) < 1
for every x € X. Note that a Zadeh fuzzy set, writ-
ten down as an intuitionistic one, is of the form A =

{(z,pa(z),1 — pa(z)) z € X}

The concept of correlation is often used in statistics.
Correlation analysis can be employed to study the nature
of the relations between the variables. It is interesting to
see how the notion of correlation can be extended to fuzzy
sets. In 1985, Murthy et al. [17] proposed a measure of
correlation between two membership functions satisfying
some assumptions, which lies in the interval [—1, 1]. Sah-
noun et al. [18] used the Bhattacharyya’s coefficient [6] to
compute a consistency measure between two fuzzy state-
ments. The value of the Bhattacharyya’s coefficient also
lies in [0,1]. Yu [9] described the correlation of A and
B in the collection F([a, b]) of all fuzzy numbers whose
supports are included in a closed interval [a, b]. Chauduri
and Bhattacharyya [18] used the Spearman’s rank corre-
lation coefficient [11] to define the correlation coefficient
between two fuzzy sets which lies in the interval [—1, 1].
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In 1991, Gerstenkorn and Mariko [12] defined the cor-
relation of intuitionistic fuzzy sets A and B in finite crisp
set X = {z1,z2,...,2,} as follows: Com(A4,B) =
S (palz)ps(z)+ valz;)ve(z;)), and the correla-
tion coefficient of A and B was given by

Com(4, B)
VCam(4, A) - Com(B, B)
In 1995, Hong and Hwang [13] defined the correlation

of intuitionistic fuzzy sets A and B in a probability space
(X, B, P) as follows:

pam(A, B) =

Cun(4,B) = / (kapB +vavp)dP,
X

and the correlation coefficient of A and B was given by

pun (4, B) = VCun(A,A) - Cuu(B,B)

Note that if X = {z1,2,..., 2y} and a probability P is
given by P(A) = |A|/n, where |A| is the cardinality of
A, then pg s is exactly pear. As they stated, the values of
pcu and pg g lie in the interval [0, 1]. Recently, Hung and
Wau [15] used the concept of centroid to define the correla-
tion of intuitionistic fuzzy sets A and B in a crisp set X as
follows:

Cuw (A, B) = m(pa)m(pa) + m{va)m(vs),
and the correlation coefficient of A and B was given by

. CHW(A7B)
paw (A, B) = VCuw (4, A) - Cuw(B, B) ’




d dx
Gemialohts ug) = Lxomate

T [y pa(z)dz’
_ [x zpa(z)da _ Jxwpa(z)de

mpa) = o mam and m(ia) = [y va@)de
centroids of p4, v4, pp and vp, respectively. The values
of pgw lies in the interval [—1, 1]. Thus, unlike the corre-
lation coefficients paas and py g, paw (A, B) tells us not
only the degree of the relationship between A and B but
also whether A and B are positively or negatively related.

where m(pa) =

are the

In conventional statistics, from the random sample, we
can consider some statistics that allow us to analyze the
set of data and to obtain some information about the pop-
ulation distribution. When we deal with a set of data, our
interest often is on the information about the relationships
among the variables. We often employ the correlation co-
efficient rather than covariance of two random variables,
because the correlation coefficient is not only a measure to
describe the type and the strength of the linear relationship
of two random variables, but also is bounded between —1
and 1.

In this paper, we extend the correlation between crisp
sets to intuitionistic fuzzy sets, we adopt the method from
conventional statistics to develop the formula for the corre-
lation coefficient between the intuitionistic fuzzy sets, be-
cause we obtain grades of membership function and grades
of nonmembership function for each individual observation
of the random sample, even though the membership and
nonmembership functions of the intuitionistic fuzzy sets
can be either discrete or continuous. The correlation coeffi-
cient computed in this paper, which lie in [-1, 1], gives us
more information than the correlation coefficients pay and
puH. and not only provides the strength of the relationship
between the intuitionistic fuzzy sets, but also shows that
the intuitionistic fuzzy sets are positively or negatively re-
lated, which is better than the correlation coefficients pgum
and pgy, because they provide only the strength of the re-
lation.

2. Correlation coefficient of intuitionistic
fuzzy sets

When we have a random sample from a crisp set, with
the corresponding membership grades and nonmembership
grades of some specific intuitionistic fuzzy set defined on
each observation, we are interested in finding the sam-
ple estimates of the mean of the differences of member-
ship grades and nonmembership grades and the variations
of the differences among the sample of that intuitionistic
fuzzy set. Now we first define the sample mean and sample
variance of the differences of membership grades and non-
membership grades of an intuitionistic fuzzy set as follows:

Definition 2.1. Let {z1, 22, ..., T, } be a random sample
of size n from X, having the membership grades p4(z;)
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and the nonmembership grades v4(z;) of an intuitionis-
tic fuzzy set A defined on a crisp set X. The sample
mean and sample variance of the differences p4(z;) =
pra(z;) — va(z;) of membership grades and nonmember-
ship grades of A defined as follows:

2
n pa(zi)—pa
~ Zzl:l PA(-Ti) S2 = Zi:l ( 2 )
===l 5=

Pa n n—1 )

6y

where S% represents the degree of variations of p4(z;) of
Aover {z1,22,...,%,}, and then the sample standard de-
viation will be 54 = /5%.

Now, let us consider the situation when there are two
intuitionistic fuzzy sets A and B defined on a crisp set X,
then A and B can be expressed as

A= {(17’NA($)7VA(33)) HEUAS X}’
B = {(z,pp(z),ve(z)) : z € X},

where pa,up 1 X — [0,1] and vs,vp : X — [0,1].

If we have a random sample from a crisp set, with cor-
responding pairs of membership grades and pairs of non-
membership grades of two intuitionistic fuzzy sets we have
interested in, likely we will compare the grades of member-
ship functions and the grades of nonmembership functions
of the two intuitionistic fuzzy sets to see if there is any lin-
ear relationship between the two intuitionistic fuzzy sets,
we need a formula for the sample correlation coefficient
of two intuitionistic fuzzy sets to show the relationship be-
tween them.

Definition 2.2. Assume that there is a random sam-
ple {z1,29,...,2,} of X, having the membership grades
pa(x;) and pp(x;) and the nonmembership grades v4(z;)
and vp(z;) of intuitionistic fuzzy sets A and B defined on
a crisp set X, respectively, let us define the correlation co-
efficient r 4 g between the intuitionistic fuzzy sets A and
B as follows:

Z?:l

(pale)=pa) . (pn()=pe) /1, 1)
S4-SB ,

TA,B = 2)
where p4 and pp denote the averages of pa(x;) and
pB(z;) of intuitionistic fuzzy sets A and B over the ran-
dom sample, S 4 and Sg are the sample standard deviations
of the differences p 4 (z;) and pg(x;) of intuitionistic fuzzy
sets A and B, respectively.

In spite of the values of the membership and nonmem-
bership functions are constrained in [0, 1], the value of the
correlation coefficient obtained from (2) is in [-1, 1]. This
shows not only the degree of the relationship between the
intuitionistic fuzzy sets, but also the fact that these two sets
are positively or negatively related.
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Theorem 2.3. Let A and B be two intuitionistic fuzzy
sets on a crisp set X having membership functions p4
and pp and nonmembership functions v4 and vg respec-
tively, and let us take a random sample {z1,Z2,...,Zn}
from X having sequences of paired membership grades,

((na(z1), pB(21)), - (ma(Zn), uB(zn))), and paired

nonmembership grades, (va(z1), ve(z1)), (va(z2), ve(za

o, (va(zy),ve(zy,))), of intuitionistic fuzzy sets A and
B, respectively. Then the sample correlation coefficient
74, p defined by (2) lies in [—1, 1], that is, |r4, 5| < 1.

Proof. For {z1,z2,...,2n} C X,

@If up(z;) = apa(z:)+band vg(z;) = ava(z;)+b
for some a > 0 and b, then 4 5 = 1, if pp(z;) =
apa(z;) +band vp(z;) = ava(z;) + b for some a < 0
and b, thenr4 p = —1.

Let 54 and pp be defined as in (1),

fa = Z?:1 pa(Ts) Zin:1 pB(:)
n

and pp = ="=———".
n

Since pp(z;) = pp(x:) — vB(T:) = apa(z:),

o imgopalm) _ adi pali)

pB = = =
n n

3)

Let $% and S% be defined as in (1),

Zfb (pA(zi)_ﬁA)Q
52 _ =1 2
A n—1 ’
s (;»B(zi)—ﬁB)Z
82 _ =1 2
B n—1 '
Then by using (3),
7 (apA(Zi)—aﬁB )2
SQ _ =1 2
B n—1
a2 Zn (PA(zi)—ﬁB)Q
i=1 2
o n—1

=a’53,

and then the sample standard deviation of B is Sp =
|a| . S A
The sample correlation coefficient r 4, p of intuitionistic

fuzzy sets A and B as defined in (2),

) _ 22;1 (pA(IiQ)—ﬁA) . (PB(xg)_ﬁB)/(n — 1)
A,B Si-Sg
_ T (PA(IiQ)—ﬁA) ) (“”A(z’é)’am)/(" —1)
Sa-Sp
_ayn (PR (n — 1)
Sa-Sg
B aSi _a
lalS%  lal’
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Sothatrs p =1ifa > 0,andra,p = —1 ifa < 0.
(b) For the other cases that g (z;) = apa(z;) +b
and vp(z;) = ava(z;) + b, |ra,s| < 1.
By the Cauchy-Schwarz inequality,

n

D, (O (pal@) = pa)en(e) — 75))”

i=1
n n

< S (pal@) —pa)®) - Q_(pnlas) = 75)°),

i=1 i=1

or

(Cizi(pal@i) — pa)lpn (@) — pB))* <1
i lpale) —pa)?) - (S (pon(ea) = 25)) ~

and then

(Z?:l (PA(ZiZ)—ﬁA) . (PB(IiQ)—ﬁB)/(n _ 1))2

?:l(pA(Ig)pr )2 ) Z?zl(ps(ziz)*ﬁg )2

n—1 n—1
_ (Z?:l (pA(mz)—ﬁA) . (PB(x;)_ﬁB)/(n _ 1))2
%
= (ras)’
< 1.

Thus we have |r4 g < 1. O

Example 2.4. Let X = {All the girls in the university},
our interests are the estimates on the degree of charm
and the degree of prettiness of the girls in this uni-
versity, we cannot measure over all the girls in the
campus, therefore, a sample of six girls was taken
at random from the campus, {z1,Z2,...,%Ts}
{Kim, Park, Cho, Jung, Hwang, Yoon}.

Now, let us define two intuitionistic fuzzy sets over the
crisp set X, A = {Charming girl} and B = {Pretty girl}
and then we collect information and obtain the member-
ship grades and nonmembership grades of these six gitls
concerning intuitionistic fuzzy sets A and B as follows:

Name | (pa,va)  (#B,vB)

Kim | (0.79,0.18) (0.72,0.26)
Park (0.94,0.03) (0.98,0.01)
Cho (0.65,0.32) (0.60,0.39)
Jung | (0.84,0.20) (0.90,0.08)
Hwang | (1.00,0.00) (0.83,0.16)
Yoon (0.86,0.12) (0.88,0.10)

By Definition 2.2, we can compute the sample esti-
mates of the averages of p4 and pp

_ Z?:1 pa(z;)

PA = 6 = 071, ﬁB =



and the sample variances of intuitionistic fuzzy sets A and
B are computed over six samples,

2
6 palzi)—pa
52 —Zi:l( 2 ) — 0.0142
AT 6—1 TRe
2
6 i)=P
§2 = 2im1 (pB(zQ pB) = 0.0189
5= 6—1 - :

Thus we can see that the girls in the university have more
degrees of charm than the prettiness, according to this par-
ticular random sample girls.

Next, we will estimate the correlation coefficient be-
tween the intuitionistic fuzzy sets A and B, that is the cor-
relation between the charm and the prettiness of the girls in
this university. Using equation (3),

Z?ZI (PA(xiQ)_ﬁA) . (PB(mlé)_ﬁB)/(G —1)
Sa-SB

TA,B
= 0.7577.

Thus this value gives us the information that the two intu-
itionistic fuzzy sets, {Charming girl} and {Pretty girl}, are
positively and closely related with a strength of 0.7577.
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