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Abstract

Interval-valued fuzzy sets were suggested for the first time by Gorzafczany(1983) and Turksen(1986). Based on this,
Zeng and Li(2006) introduced concepts of similarity measure and entropy on interval-valued fuzzy sets which are
different from Bustince and Burillo(1996). In this paper, by using Choquet integral with respect to a fuzzy measure, we
introduce distance measure and similarity measure defined by Choquet integral on interval-valued fuzzy sets and
discuss some properties of them. Choquet integral is a generalization concept of Lebesgue inetgral, because the two

definitions of Choquet integral and Lebesgue integral are equal if a fuzzy measure is a classical measure.
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1. Introduction

Distance measure, similarity measure, and entropy are
three basic concepts in fuzzy set theory. In the pa-
pers(4,7], Fan, Ma, and Liu discussed the relationships
between distance measure and similarity measure and
entropy. Distance measure can be considered as a dual
concept of similarity measure.

Many researchers, such as Gorzalczany [5],
Turksen[12], Burillo and Bustince [2], Wang and Li [13],
Hong and Lee [6], and Zeng and Li[15] gave the axiom
definition of distance measure and similarity measure on
interval-valued fuzzy sets and have been applied to the
fields of approximate inference, information and un-
certainty theory.

Interval-valued fuzzy sets were suggested for the first
time by Gorzafcancy[5] and Turksen[12]. Based on this,
Zeng and Li [15] introduced concepts of similarity meas—
ure and entropy on interval-valued fuzzy sets which are
different from Bustine and Burillo {2]. We remark that
distance measure and similarity measure in [1,2,5,6,13,15]
were defined by Lebesgue integral with respect to a
classical measure.

In this paper, by using Choquet integral with respect
to a fuzzy measure instead of Lebesgue integral with re-
spect to a classical measure, we define distance measure
and similarity measure on interval-valued fuzzy sets.
Choquet integral is a generalization concept of Lebesgue
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inetgral, because the two definitions of Choquet integral
and Lebesgue integral are equal if a fuzzy measure is a
classical measure. And also Choquet integral is often
used in information nonlinear aggregation
tool(seel8,9,10,11]).

In section 2, the elementary concepts and some results
of interval-valued fuzzy sets are introduced. In section 3,
we introduce Choquet integral with respect to a fuzzy
measure and their properties which are used in the next
section. In section 4, we introduce distance measure and
similarity measure interval-valued fuzzy sets and discuss
some properties of them.

2. Interval-valued fuzzy sets and Choqguet
integrals.

Throughout this paper, we will denote the unit inter—
val [0,1].

N={a=[a",a"]la,a" € Tanda <a"}.

Then, according to Zadeh’'s extension principle [14],
we can popularize these operations such as maximum
(V), minimum (A) and complement (c) to [] defined
by

aVb=[aVb,atVb*]
aAb =[a"Ab,a" ADY],
c—zcz[l—a+,1—a_],

thus ([], V, A,c) is a complete lattice with a mini-
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mal element 0 =[0,0] and a maximal element 1 = [1,1].

Definition 2.1 Let E,E € [1]. Then, we define the fol-
lowing equal, inequality operations:

a=b anda =b and a" =b",
a <b if and only if a~ < b and a* < b*,
a<b ifandonlyifaél; and a # b.

Let X be a set, ZF(X) stands for the set of all inter—
val-valued fuzzy sets in X, F(X) and p(X) stands for
the set of all fuzzy sets and crisp subsets in X,
respectively.

Definition 2.2 For each A€ IF(X) and z € X,
Az)=[A"(z), AT (2)] is called the degree of member-
ship of an element = to A, then fuzzy sets A™ : X—7
and A% : XTI are called a lower fuzzy set of 4 and an
upper fuzzy set of A, respectively.

For simplicity, we denote A=[A", A"]. Then, some
operations such as V, A,c¢ can be introduced into
IF(X) as the followings: for each 4, B € IF(X),

(AVB)(z)=A(z)VB(z),
(ANB)(z)=A(z)AB(z),
(A)z)=Az)=[1-A"(z),1- A" (z)].
Thus, ([F(X), V,A,c) is a complete lattice. If

A, B € IF(X), then the following operations can be in-
troduced in the papers [15,16]:

A<DPB if and only if A {(z) < B (z) and
AT (z) < B'(z) for all z € X,
A=28 if and only if A (z)=B (z) and

AT (z)=B'(z) for all z € X.
Now, we introduce Choquet integrals and their basic

properties which are used in the next sections (see
[8,9,10,11D).

Definition 2.3 (1) Let (X, {2) be a measurable space. A
fuzzy measure on X is a real-valued set function
w: 2—1 satisfying
@) p{z)=0and p(X)=1,
() p(4) < p(B),
whenever A, B e {2, A C B,
(2) A fuzzy measure g is said to be continuous from
abovel[below, resp.] if for each increasingldecreasing,
resp.] sequence { £, } C 12,

p (U B (N E,), resp. | = Limp(E,).

n—co

(3) If v is continuous both from above and from be-
low, it is said to be continuous.
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We recall that the concept of Choquet integral with
respect to a classical measure was first introduced in
capacity theory by Choquet([3]). Its use as a Choquet
integral with respect to a fuzzy measure was then pro-
posed by Sugeno and et. al(see [8,9,10]).

Definition 2.4 (1) The Choquet integral of a measurable
function f with respect to a fuzzy measure p is defined
by

) [ sau= [ 0)ar
0
where p;(r)=p({z € X|f(z) >r} and the integral
on the right-hand side is an ordinary one.
(2) If X is a finite set, that is, X={x;, -, 2, }, then
the Choquet integral of f on X is defined by

(©) [ fau=3Y mg () = s (A )
i=1 B

where (- ) indicates a permutation on {1,2, -=,n}
such that Ty ==y Also

A(l):{(z>; (Z+1);: (’I’L)} and A(n+1)

%

We note that Choquet integral with respect to a fuz—
zy measure is often used in information fusion and data
mining as an aggregation tool. We also introduce the
concept of comonotonic between two functions and some
characterizations of Choquet integral which are used to
define distance measure and similarity measure.

Definition 2.5 Let f,g : X—/ be measurable functions.
We say that f and g are comonotonic, the symbol f ~ ¢
if and only if

f(z) < fla')—g(z) < g(z)
for all z,2° € X.

Theorem 2.6 Let f,g,h : X—I be measurable functions.
Then we have the followings:

@O f~f,

i) f~9g—9~1F,

(i) f ~a foral a € 1,

Giv) f~gand f~h — f~g+h.

Theorem 2.7 Let f,g: X—7 be measurable functions.
Q) If f < g, then (C’)ﬁd,u < (C')/ gdy.

(i) If f~ g and a,b € I, then
(O) (ot +bg)dgs = a(O) s +b( fs.

(iii) If we define (fVvg)(z)=f(z)Vvg(z) for al
z € X, then
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) [ £vain=(0)[ fanv (0) [ g

(iv) If we define (fAg)(z)=Ff(z)Ag(x) for all
z € X, then

) [ 1rgin=(0) [ faun(0) [ gin

3. Distance measure and similarity
measure.

In this section, we first state definitions and give
some formulas to calculate distance measure and sim-
ilarity measure on ZF(X). In 2006, Zeng and Li [15] in—
troduced formulas of similarity measure and entropy de-
fined by Lebsgue integral on IF(X). Based on this, we
introduce concepts of distance measure and similarity
measure defined by Choquet integral with respect to a
fuzzy measure instead of Lebesgue integral with respect
to a classical measure on JF(X). We recall that for each
A,B € IF(X),

A= DB if and only if
p({zlA(z) = B(z)}) =0,

that is, A is equal to B on almost everywhere X.

Definition 3.1 A real function D: IF(X) X IF(X)—1 is
called a distance measure on IF(X) if D satisfies the
following properties:

(D) D(A,A)=0 if A is a crisp set,

(D) D(4,B)=0 — A=B,

(Dy) D(A,B)=D(B,A),

(D) for all A,B,Ce IF(X), if A< B< C, then
D(A, C) = D(A, B) and D(A, C) > D(B, C).

We recall that A is a crisp set if and only if
A(z)=A=[A", A™], for all z € X. Then we can give
the following formulas to calculate distance measure on
interval-valued fuzzy sets A, B:

DAB)=(O) [ dyl(Aw), Bla)du(e)
- / " ({dlda(A(), B@)})dr,
where dy is the Hausdorff metric between A{(z) and

B(z). Since Alz)=[4"(z), AT (z)]
B(z)=[B (z), B (z), clearly, we obtain

and

du(A(z), B(z))
= maz { sup, e aw)infse pula—bl,
SUPy e B(z)mfa e A(z)|a - b| }

=max {|4 (z)— B (@)l, [4™(z)—B (@)l }.
Thus,
D4, B)

=(O) oo {147 (2) - B (o),

14" (z)— B (z)| }dp.

We note that since p(X)=1, D.(4,B) <1 for all
A,Be IF(X), that is D, is a function from
IF(X) < IF(X) to I. From now on, we assume that a
fuzzy measure p is continuous.

Theorem 3.2 The real function D,: IF(X) X IF(X)—1
is a distance measure on [F(X), we say that D, is a
Choquet distance measure.
Proof. (D)) If A is a crisp set, then A(z)= {47, A]
for all x € X. Thus,

du(A(x), Blx))

=(0) [ max {14 @)~ 4 @),

A" (2) — A" ()] Y
=0.
(Dy) 1t D(A, B)=0, then

(O) fra{14” ()= B (@),

|A™(z) = B" () }du=0.
Thus,
p({alA ()= B ()l >r})=0
and
p({zllA™(2) - B (@) >r})=0
for almost all .

N7 {alld @)= B @) > =)

We note that

={zl14" (z) = B (2)}

and

N7 {alld’ (@)= B (@)l > +)

={a]|A"(z) = B (z)}.
Then, clearly, by the continuity of x,
p({zl A" (z) = B (2)})

= in p({alld ()5 (@)>L})

n->00

we obtain

=0.
and
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p({al A7 (z) = B (z)})
= lim [/,({IHA+(ZL‘)—B+(I)>%})

n—oco

=0.

That is, A~ =85 and A" =B a.e.on I.

Hence 4 = B.

(%) The proof of I is clear!

(D) Sinced < B< C,

At < B" < C*. Thus,

AT—B £ A —-C"

and

AT—B*< AT - C".

Then,

dg(A, C)=maz {|A"— C,|4"- C"}
>maz{|lA—B,|A"—B,|4"— B}
=dy(4, B).

Thus,

D.(4,C) = D.(4, B).

Similarly, we obtain

D.(4,C) = D.(B, C).

A< B < C° and

Theorem 3.3 If A € IF(X) and 4 is a crisp set, then
D.(4, A% =1.
Proof. Since 4 is a crisp set and A=[4",4%],

A (z)=A"(z)=1 for all az€A and
A (z)=A"(z)=1 for all z& A. Then

dy(A(z), A(z))

=|A"(z)+ A4 (z)-1]

=1

for all x € X. Thus,

D,(4, A7)

=0 du(A), £@)due)
= [ualdn(A ), 4) > 7 )
z‘/ol,u(X)d,uzl.

Definition 3.4 A real function §: IF(X) X IF(X)—T is
called a distance measure on ZF(X) if S satisfies the
following properties:

(85)) S(A,A°)=0 if A is a crisp set,

(8) S(4,B)=1 —> A=5,

(%) S(4,B)=5(B A),

(8) for all 4,BCe IF(X), if A< B< C, then
S(A4,C) < S(A4,B) and S(A4,C) < S(B,C).

For example, we define
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S;(A: B) = 1_'DC('A} B);
for all A, B € IF(X). Then, it is easily to see that

0<8(4,B)<1. Thus, we have the following
theorem.
Theorem 3.5 The real function

St IF(X) X IF(X)—I is a similarity measure, we
say that S, is a Choquet similarity measure.

Proof. (&) Since A is a crisp set, by Theorem 4.3,
D.(A, A%)=1. Thus,

’SL(A;AC)zl_Dc(A}AC):l

(%) The proof of (%) is similar to the proof of (Z3) in
Theorem 4.2.
(S) Since D.(4,B)=D.(B A),
S(4,B)=1-D,(4,B)

=1-D(BA)

=8(B A).
(5) If A< B< C, then by Theorem4.2,
D.(A,C)=D,(A B

and
D.(4,0) = D.(B O).
Thus,
=5(4,B)
and
(4,0 =1-D(4,0)
<1-D(BC)
=8(BO).

Therefore, S, is a similarity measure on IF(X).
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