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Minimum Density Power Divergence Estimator for
Diffusion Parameter in Discretely Observed Diffusion
Processes*

Junmo Song! Sangyeol Lee? Okyoung Na® and Hyojung Kim%

Abstract

In this paper, we consider the robust estimation for diffusion processes
when the sample is observed discretely. As a robust estimator, we consider
the minimizing density power divergence estimator (MDPDE) proposed by
Basu et al. (1998). It is shown that the MDPDE for diffusion process is
weakly consistent. A simulation study demonstrates the robustness of the
MDPDE.

Keywords: ergodic diffusion processes; Brownian motion; minimum density power diver-

gence estimator; robustness.

1. Introduction

The diffusion process has long been popular in modeling stochastic phenomena,
occurring in various fields such as finance, engineering, physical and medical
sciences. The statistical inference for diffusion processes is either on the basis
of a continuous sample during a specific period, or a sample discretely observed
from diffusion processes. Kutoyants (2004) is a representative reference for the
former case. With regard to the latter case, we refer to Dacunha-Castelle and
Florens-Zmirou (1986), Florens-Zmirou (1989), Yoshida (1992), Kessler (1997,
2000), Kessler and Sgrensen (1999). Some basic results are well summarized in
Prakasa Rao (1999).
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In various statistical parametric models, it is well known that the estima-
tors based on Gaussian likelihood are severely influenced by outliers or extreme
values. Naturally, one can conjecture that the similar situations happen in the
estimation procedure for diffusion processes. Actually, according to our simu-
lation study, Kessler’s (1997) estimator based on the Gaussian approximation
method is damaged by outliers. The purpose of this paper is to designate a
robust estimator diffusion processes. For constructing a robust estimator, we
adopt the idea of Basu et al. (1998) (BHHJ for abbreviation) which introduces
an estimation procedure to minimize a density-based divergence measures, called
density power divergences. Compared to other existing density-based divergence
methods, such as Beran (1977), Tamura and Boos (1986) and Simpson (1987),
which use the Hellinger distance, and Basu and Lindsay (1994) and Cao et al.
(1995), their method is known to have merit of not requiring any smoothing meth-
ods. Moreover, BHHJ demonstrated that the minimum density power divergence
estimator (MDPDE for abbreviation) possesses strong robust properties with lit-
tle loss in asymptotic efficiency relative to the maximum likelihood estimator
(MLE). Therefore, it can be viewed as a good alternative in terms of efficiency
and robustness.

The organization of this paper is as follows. In Section 2, we introduce the
construction of the robust estimator using the BHHJ’s procedure and present
the weak consistency of the proposed estimator. The result is an extension of
the weak consistency result in Lee and Song (2006). In Section 3, we perform a
simulation study and compare the proposed estimator with Kessler’s estimator.
The proof for the main result in Section 2 is provided in Section 4.

2. Main Result

For a family of parametric distributions {Fy : 8§ € © C R™} possessing
densities { fo} and for a distribution G with density g, BHHJ defined the minimum
density power divergence functional T,(-) by

da (9, fro(e) = géiélda(g, fo),

where
/{fl+a(z) - (1 + %) g(2)f*(2) + ég”"(z)} dz ,a>0,
/9(2) (log g(z) — log f(2)) d= ,a=0.
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Given random sample X1, ..., X, with unknown density g, the MDPDE is defined
by

~

0an = argmin D, ,(6), (2.2)
fcoO

where Dy n(8) =n~1 Y7 | Va(6; Xt) and

/1+a dz—( é)fg‘(Xt),a>O,

_long(Xt) ) a=0.

Va(e; Xt) =

BHHJ showed that éa,n is weakly consistent for T,(-) and asymptotically nor-
mal and demonstrated that the estimator has strong robust properties against
outliers.

This approach can be extended to regression models. Let {fg(y|z)} be a
parametric family of regression models indexed by the parameter § € © C R™
and let g(y|z) be the true density for Y given X = z. Substituting fp and ¢ in
(2.1) by fo(-|z) and g(-|z) respectively, a family of the z-conditional versions of
density power divergences is obtained as follows:

dao( ), ol 1) 1 )
{1t - (14 2) a5 0lo) + 200 do, >0

/g(yll’) (log g(y|x) — log fo(y|z)) dy, a=0.

Similarly to (2.2), given data pairs {(X:;,Y;) : 1 < t < n}, the MDPDE for
regression model is defined by

( n n
1
§ / fire(y| Xy)dz — ( E) E :fea(Yt|Xt), a>0,
N t=1

fa,n = argmin (2.3)

0co n
= _log fo(VilXy), a=0.

\

Now, we apply this method to the parameter estimation for diffusion pro-
cesses. Let us consider the stochastic differential equation

dXt = a(Xt, Uo)th + b(Xt)dt, XO = Zo, t> 0, (2.4)
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where o¢ € ©, a compact subset of RP, a¢ and b are real valued functions and
{Wy : t > 0} is a standard Brownian motion. It is assumed that a and b are
smooth enough to ensure the uniqueness in law of the solution to (2.4). We
denote this law by Fy.

Suppose that X, 1 < i < n, are discretely observed from (2.4), where t =
ihn, hy — 0 and nh, — oo. From (2.4), we have that

Xip = Xz | +a(Xep ,00)ZniV he + b(Xep  Jhn + Dng,
where Z,; = (Wt;» — Wt?_l) /v by, and

n n
i ¢

[4
An,i = / {a(Xs; 0'0) - a(Xt?_l»O'O)} dWs +/

n n
ti-l t’i—l

{b(XS) . b(Xt?_l)} ds.

Note that Z,1,...,2Znn are i.4.d. N(0,1) and |An;| = Opy(hs) (cf. Lemma
4.1). Ignoring A,;, we can see that for large n, Xt?\Gf_l, 1 € i < n, behave
like independent r.v.’s following N(Xg | + b(Xin )hn,a(Xir ,00)%hs), where
G? denotes the sigma field generated by {W, : s < '}. Hence, viewing the
observations as regression data pairs {(Xs» ,X¢) : 1 <4 < n} and applying
(2.3) to them (in this case, the family of parametric distributions is the normal
distributions), we can define the MDPDE for (2.4) as

1 n
&a,n = argmin ;1“ Va,n,i(a)a (25)
1

€O =

where

Van,i(9)
z (Xen—Xgn  —b(Xyn  Yha)?
1 1 1 i i— i—
(a(Xt?_l,a)i) |: tra (1 + a) exp {—% a‘(Xt;‘_l)o')2hn1 }:I , a >0,

(Xgn—Xyn 1 ~b(Xn 1 )hn)2
2 = 11—
a(XtrL 1 ,O')Zhn

+loga(Xe ,0)? ,a=0.

Remark 2.1 The contrast function, {, (o), of Kessler (1997, p. 227) asymp-
totically coincides with Y ;- ; Vo n.i(0) since by Lemmas 8-10 of Kessler (1997),
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14| X | Xip — Xgn | = b(Xep )hn
c( ) { }

(1 + | Xen I)C {th — Tko(tht?_l),U)}z
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where ko and 7, are the those given in (3.5) of Kessler (1997).
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Below we establish weak consistency of the MDPDE in (2.5). For this task,
we set F = {f(z,0) : |f| < C(1 + |z|)€ for some C}, where C does not depend
on o, and assume the conditions as follows:

(A1) There exists a constant Cy such that for any z and v,
|a(z, 00) — a(y, o0)| + [b(z) — b(y)| < Cilz —yl.

(A2) The process X from (2.4) is ergodic with its invariant measure g such
that [ z¥duo(x) < oo, for all k > 0.

(A3) sup, Eg|X¢|* < oo, for all k > 0.

(A4) The function a is differentiable with respect to  and o; a and the deriva-
tives belong to F.

(A5) inf, , a(z,0)% > 0.
(A6) If uo{zx : a(z,0)? = a(z,00)?} = 1, then o = oy.

Here is the main result of this paper.

Theorem 2.1 Assume that (A1)-(A6) hold. For each o« > 0, if h, — 0,
nhy, — 00 and nh — 0 for some q > 1, then 64, converges weakly to oyp.

3. Simulation Study

In this section, we compare the performance of the MDPDE and Kessler’s
estimator (KE) for the diffusion process:

o
dX; = —X,dt 1+ —— |dW;, Xog=0, 3.1
¢ ¢ +< +1+Xt2) t 0 (3.1)
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because the KE is a typical estimator based on the Gaussian approximation
method. In our simulation, the case og = 1 is considered and the path of X is
generated via the Euler scheme with generating interval 10~4. The minimizer is
obtained on the parameter space © = [0,20]. The sample { X, }7; is observed
discretely with sampling interval k, = n=%7. Comparison is based on the mean
squared error (MSE) and

4 ._ MSE of MDPDE
E-= ""MSE of KE

First, we handle the case that the observations are not contaminated by out-
liers. Based on 1000 repetitions, the mean, standard deviation (SD), MSE of
the estimates and dg are calculated for n = 500,800, 1000. The results which
are presented in Table 3.1 show that the KE outperforms the MDPDE and the
MDPDE with «a close to 0 performs similarly to the KE. It is also seen that the
performance of the MDPDE with « not close to 0, say a > 0.1, is not bad.

Next, we examine the case that outliers are involved in the data. Here, we

consider the situation that the sample {X,r}7; from (3.1) is contaminated
by the outliers X r vl (0, 0‘2,) and the observed r.v.’s follow the scheme
Xin = Xo 47 +piXcp, where p; are i.i.d. Bernoulli r.v.’s with success probability
p- It is assumed that {p;}, {Xosr} and {X} are all independent. The mean,
SD, MSE of the estimates and dr based on {X;»} are calculated out of 1000
repetitions for n = 1000.

Table 3.1: The Mean, SD, MSE and dr without outliers

[ n=500 n=800 I n=1000
[ MEAN SD MSE _dg | MEAN SD MSE __dg | MEAN SD MSE___dg
KE 0.9945 0.0849 0.0072 1.0000] 0.9941 0.0695 0.0049 1.0000] 0.9993 0.0618 0.0038 1.0000
0 0.9825 0.0844 0.0074 1.0254] 0.9856 0.0692 0.0050 1.0268 0.9922 0.0616 0.0039 1.0086

001 0.9826 0.0844 0.0074 1.0258| 0.9856 0.0692 0.0050 1.0271| 0.9922 0.0616 0.0039 1.0092
0.02 | 0.9826 0.0844 0.0074 1.0268| 0.9856 0.0693 0.0050 1.0280| 0.9922 0.0617 0.00639 1.0105
0.03 | 0.9827 0.0845 0.0074 1.0284 | 0.9856 0.0693 0.0050 1.0295| 0.9922 0.0617 0.0039 1.0122
0.04 | 0.9828 0.0846 0.0075 1.0305| 0.9857 0.0694 0.0050 1.0314| 0.9922 0.0618 0.0039 1.0146
0.05] 0.9828 0.0847 0.0075 1.0332| 0.9857 0.0695 0.0050 1.0338 | 0.9922 0.0619 0.0039 1.0174
0.06 | 0.9829 0.0849 0.0075 1.0363| 0.9857 0.0696 0.0050 1.0367 | 0.9922 0.0620 0.0039 1.0207
0.07 | 0.9829 0.0851 0.0075 1.0399| 0.9857 0.0697 0.0051 1.0399| 0.9922 0.0621 0.0039 1.0244
0.08 | 0.9830 0.0852 0.0076 1.0440| 0.9857 0.0698 0.0051 1.0436| 0.9922 0.0622 0.0039 1.0286
0.9831 0.0854 0.0076 1.0484| 0.9857 0.0700 0.0051 1.0476| 0.9923 0.0624 0.0040 1.0331
0.1 0.9831 0.0857 0.0076 1.0533| 0.9858 0.0701 0.0051 1.0520| 0.9923 0.0625 0.0040 1.0380
0.15| 0.9835 0.0870 0.0078 1.0828| 0.9859 0.0711 0.0053 1.0786 | 0.9923 0.0635 0.0041 1.0677
0.2 0.9838 0.0886 0.0081 1.1199| 0.9860 0.0722 0.0054 1.1118| 0.9925 0.0646 0.0042 1.1044
0.3 0.9845 0.0923 0.0088 1.2109 | 0.9863 0.0750 0.0058 1.1934| 0.9927 0.0672 0.0046 1.1933
0.4 0.9851 0.0965 0.0095 1.3171| 0.9865 0.0781 0.0063 1.2891| 0.9930 0.0701 0.0050 1.2963
0.5 0.9857 0.1008 0.0104 1.4317| 0.9868 0.0813 0.0068 1.3938| 0.9933 0.0731 0.0054 1.4073
0.6 0.9863 0.1050 0.0112 1.5496| 0.9870 0.0845 0.0073 1.5033| 0.9936 0.0760 0.0058 1.5217
0.8 0.9873 0.1128 0.0129 1.7807 | 0.9873 0.0907 0.0084 1.7241| 0.9942 0.0815 0.0067 1.7471
1.0 0.9880 0.1195 0.0144 1.9914{ 0.9874 0.0962 0.0094 1.9333| 0.9947 0.0863 0.0075 1.9546

MoUYOZ
<
<
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Table 3.2: The Mean, SD, MSE and dg with 0.1% outliers

a€/=045 ] 06:1 [ 0{,:2
| MEAN SD MSE dp | MEAN SD MSE dp | MEAN SD MSE dp
KE 1.0940 0.1729 0.0388 1.0000| 1.1899 0.3369 0.1495 1.0000| 1.3863 0.7804 0.7583 1.0000
0 1.0863 0.1720 0.0370 0.9553( 1.1812 0.3341 0.1445 0.9660| 1.3759 0.7781 0.7467 0.9848

0.01 | 1.0518 0.1034 0.0134 0.3449| 1.0746 0.1325 0.0231 0.1547 | 1.0823 0.1313 0.0240 0.0317
0.02 | 1.0355 0.0831 0.0082 0.2109| 1.0407 0.0923 0.0102 0.0680( 1.0389 0.0863 0.0090 0.0119
0.03 | 1.0264 0.0749 0.0063 0.1627 ) 1.0250 0.0787 0.0068 0.0456 | 1.0235 0.0741 0.0060 0.0080
0.04 | 1.0206 0.0708 0.0054 0.1402| 1.0164 0.0728 0.0056 0.0372| 1.0150 0.0694 0.0050 0.0067
0.05 | 1.0166 0.0684 0.0050 0.1279| 1.0110 0.0698 0.0050 0.0333| 1.0098 0.0672 0.0046 0.0061
0.06 | 1.0137 0.0670 0.0047 0.1206| 1.0074 0.0680 0.0047 0.0313| 1.0064 0.0660 0.0044 0.0058
0.07 | 1.0115 0.0661 0.0045 0.1160| 1.0048 0.0669 0.0045 0.0301| 1.0040 0.0653 0.0043 0.0057
0.08 | 1.0098 0.0654 0.0044 0.1130| 1.0028 0.0662 0.0044 0.0294{ 1.0022 0.0649 0.0042 0.0056
1.0085 0.0650 0.0043 0.1110( 1.0013 0.0658 0.0043 0.0289| 1.0009 0.0647 0.0042 0.0055
0.1 1.0074 0.0648 0.0042 0.1097 | 1.0002 0.0655 0.0043 0.0287| 0.9998 0.0645 0.0042 0.0055
0.15] 1.0041 0.0646 0.0042 0.1081] 0.9969 0.0651 0.0043 0.0284] 0.9967 0.0845 0.0042 0.0055
0.2 1.0026 0.0653 0.0043 0.1100; 0.9955 0.0656 0.0043 0.0289 | 0.9954 0.0652 0.0043 0.0056
0.3 1.0014 0.0674 0.0045 0.1173 | 0.9946 0.0675 0.0046 0.0307| 0.9943 0.0671 0.0045 0.0060
0.4 1.0011 0.0700 0.0049 0.1266 | 0.9946 0.0699 0.0049 0.0329 | 0.9940 0.0695 0.0049 0.0064
0.5 1.0011 0.0728 0.0053 0.1367 | 0.9949 0.0725 0.0053 0.0353} 0.9939 0.0721 0.0052 0.0069
0.6 1.0013 0.0755 0.0057 0.1471 | 0.9954 0.0750 0.0056 0.0378} 0.9941 0.0748 0.0056 0.0074
0.8 1.0018 0.0805 0.0065 0.1673 | 0.9964 0.0797 0.0064 0.0426 | 0.9945 0.0798 0.0064 0.0084
1.0 1.0023 0.0847 0.0072 0.1854 | 0.9973 0.0838 0.0070 0.0470| 0.9950 0.0841 0.0071 0.0094

movUOzZ
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Table 3.3: The Mean, SD, MSE and dr with 1% outliers

[ ol =05 | % =1 I o2 =2
[MEAN SD MSE _dr | MEAN 5D MSE _dr | MEAN SD MSE  dp
KE 1.8798 0.5554 1.0826 1.0000] 2.8863 1.1982 4.9940 1.0000| 5.5998 3.5021 33.423 1.0000
0 1.8663 0.5519 1.0551 0.9746 | 2.8605 1.1849 4.8655 0.9743| 5.5250 3.4307 32.246 0.9648

0.01 ] 1.5857 0.3330 0.4539 0.4193| 1.9049 0.4717 1.0414 0.2085| 2.2682 0.6855 2.0783 0.0622
0.02 | 1.4276 0.2337 0.2374 0.2193 | 1.5621 0.3010 0.4066 0.0814| 1.6287 0.3471 0.5157 0.0154
0.03 | 1.3279 0.1791 0.1396 0.1289] 1.3868 0.2133 0.1952 0.0391 .3807 0.2149 0.1911 0.0057
0.04 | 1.2610 0.1462 0.0895 0.0827| 1.2846 0.1636 0.1078 0.0216 .2603 0.1551 0.0918 0.0027
0.05] 1.2139 0.1250 0.0614 0.0567} 1.2198 0.1338 0.0662 0.0133 .1922  0.1238 0.0522 0.0016
0.06 ) 1.1795 0.1106 0.0445 0.0411| 1.1761 0.1148 0.0442 0.0089 .1495 0.1056 0.0335 0.0010
0.07} 1.1536 0.1005 0.0337 0.0311| 1.1451 0.1023 0.0315 0.0063 .1207 0.0942 0.0234 0.0007
0.08 | 1.1334 0.0932 0.0265 0.0245| 1.1222 0.0938 0.0237 0.0048 .1003 0.0866 0.0176 0.0005
1.1175 0.0878 0.0215 0.0199| 1.1048 0.0879 0.0187 0.0037 .0851 0.0814 0.013%9 0.0004
0.1 1.1046 0.0837 0.0179 0.0166| 1.0912 0.0836 0.0153 0.0031 .0736 '0.0777 0.0115 0.0003
0.15 | 1.0660 0.0736 0.0098 0.0090] 1.0532 0.0737 0.0083 0.0017 .0426 06.0694 0.0066 0.0002
0.2 1.0478 0.0704 0.0072 0.0067 ) 1.0367 0.0708 0.0064 0.0013| 1.0299 0.0675 0.0054 0.0002
0.3 1.0321 0.0696 0.0059 0.0054 | 1.0233 0.0705 0.0055 0.0011| 1.0206 0.0682 0.0051 0.0002
0.4 1.0265 0.0710 0.0057 0.0053| 1.0190 0.0723 0.0056 0.0011| 1.0186 0.0707 0.0053 0.0002
0.5 1.0247 0.0731 0.0059 0.0055( 1.0180 0.0747 0.0059 0.0012| 1.0192 0.0737 0.0058 0.0002
0.6 1.0248 0.0754 0.0063 0.0058| 1.0185 0.0773 0.0063 0.0013 | 1.0208 0.0769 0.0063 0.0002
0.8 1.0273 0.0801 0.0072 0.0066 | 1.0215 0.0823 0.0072 0.0014] 1.0253 0.0828 0.0075 0.0002
1.0 1.0308 0.0845 0.0081 0.0075| 1.0252 0.0866 0.0081 0.0016 ] 1.0300 0.0880 0.0086 0.0003

[ T R e
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Tables 3.2-3.4 summarize the results for p = 0.001,0.01,0.05 and a%, =
0.5,1,2. From these Tables, it can be seen that the values of MSE of KE and
MDPDE with « close to 0 increase considerably as a%, increases. Meanwhile,
MSE of MDPDE with o > 0.1 does not increase. So, dg decreases to 0 as g%
increases. The bold phased figures denote the o that gives a minimal MSE, i.e, a
minimal dg. It is observed that the producing minimal di increases as p increases
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Table 3.4: The Mean, SD, MSE and dg with 5% outliers

0‘2,:0.5 | af/zl ] o"l/=2
I MEAN SD MSE dr | MEAN SD MSE dp ] MEAN SD MSE dp
KE 5.2477 1.3401 19.839 1.0000( 10.359 3.3003 98.475 1.0000| 18.816 2.3562 322.96 1.0000
c 5.2097 1.3588 19.568 0.9864| 10.179 3.2152 94.594 0.9606| 18.663 2.4759 318.12 0.9850
0.01] 4.3141 1.0206 12.025 0.6061| 6.9600 1.8803 39.057 0.3966| 11.932 3.3789 130.92 0.4054
0.02f 3.7174 0.8249 8.0645 0.4065| 5.3883 1.3832 21.171 0.2150{ 7.9786 2.2855 53.925 0.1670
0.03] 3.2715 0.6848 5.6287 0.2837| 4.3695 1.0883 12.538 0.1273| 5.7388 1.6534 25.190 0.0780
0.04] 2.9205 0.5786 4.0232 0.2028| 3.6327 0.8751 7.6972 0.0782| 4.2505 1.2507 12.130 0.0376
0.05| 2.6371 0.4946 2.9247 0.1474| 3.0752 0.7076 4.8070 0.0488| 3.2448 0.9329 5.8095 0.0183
0.06] 2.4051 0.4260 2.1559 0.1087| 2.6492 0.5723 3.0474 0.0309} 2.5844 0.6734 2.9638 0.0092
0.07) 2.2141 0.3687 1.6101 0.0812] 2.3259 0.4639 1.9731 0.0200] 2.1594 0.4809 1.5754 0.0049
0.08 2.0564 0.3208 1.2189 0.0614) 2.0827 0.3789 1.3157 0.0134} 1.8864 0.3528 0.9102 0.0028
1.9261 0.2808 0.9366 0.0472| 1.8999 0.3132 0.9080 0.0092| 1.7060 0.2724 0.5726 0.0018
0.1 | 1.8183 0.2478 0.7310 0.0368| 1.7618 0.2636 0.6499 0.0066| 1.5819 0.2212 0.3875 0.0012
0.15} 1.4953 0.1542 0.2691 0.0136]| 1.4141 (.1482 0.1935 0.0020| 1.3042 0.1260 0.1084 0.0003
0.2 | 1.3507 0.1195 0.1372 0.0069] 1.2847 0.1127 0.0938 0.0010| 1.2105 0.1024 0.0548 0.0002
0.3 1.2323 0.0970 0.0634 0.0032] 1.1896 0.0924 0.0445 0.0005| 1.1465 0.0896 0.0295 0.0001
0.4 | 1.1895 0.0910 0.0442 0.0022{ 1.1600 0.0884 0.0334 0.0003| 1.1304 0.0873 0.0246 0.0001
0.5 1.1732 0.0897 0.0380 0.0019{ 1.1522 0.0887 0.0310 0.0003 1.1301 0.0881 0.0247 0.0001
0.6 | 1.1689 0.0904 0.0367 0.0018 1.1541 0.0907 0.0320 0.0003| 1.1367 0.0902 0.0268 0.0001
0.8 | 1.1758 0.0940 0.0398 0.0020| 1.1696 0.0963 0.0380 0.0004| 1.1582 0.0956 0.0342 0.0001
1.0 | 1.1904 0.0986 0.0460 0.0023| 1.1902 0.1024 0.0467 0.0005| 1.1825 0.1014 0.0436 0.0001

[l el R vl
o
1=
@

and does not receive an effect a lot in a%, change

From this result, it can be concluded that the MDPDE is more robust than
the KE. Meanwhile, it can be seen that the o’s yielding minimal dg vary with
the cases. This indicates that choosing an optimal « is not an easy task in actual
usage. However, it may be an important issue to select an optimal «. One possible
way is, as in the trimmed mean context, to choose an a to produce the smallest
asymptotic variance of the MDPDE. See, for instance, Hong and Kim (2001) or
Warwick and Jones (2005). Conventionally, o in [0.1, 0.2] is recommended since
the MDPDE with such an « still keeps the efficiency and robustness properties.
The same can be applied to our case. However, our simulation result suggests
that a broader range of o’s, say, in [0.15, 0.5] could be employed in construction
of the MDPDE.

4. Proofs

We will provide the proof for the case of & > 0 since the proofs of the case of
o = 0 are similar to that of a > 0. In what follows, we denote

ai(g) = a(Xt?a 0'), bz - b(Xt?)7 Zl = Zn,i-

The symbol C > 0 denotes a universal constant. In particular, Cy is a constant
depending on k.
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Lemma 4.1 Suppose that (A1) and (A3) hold. Then, for k > 1 and t} ;| <
t <,

max Eo|Ai[** = O(RZF).
i<n
Proof: By Lemma 6 of Kessler (1997), we can have
2k 5
Bo|X:— Xep,| <Gk

Then, using this and Theorem 6.3 of Friedman (1975), page 85, we have
EolAq**

< 2%-1py {/:1 (a(Xs,00) — ai—1(00)) dWs}zi 2%=1E, {/:l‘ (b(Xs) - b(Xt;gl)) ds}%

i—-1 i—1
n n

t i 2k
< ckhﬁ—lEo/ {a(Xs,00) — ai—1(00)}** ds+ckh$f—1Eo/ {b( ) — b(Xsn )} ds

n i1
i ti1

tr 34
< C’khﬁ_l/ EolX, — Xon |*ds + ckhi’c-l/ EolX, — Xep s
T thq
< Cuhr + CehlF = O(rZF).
This asserts the lemma. O

Lemma 4.2 Suppose that (A1) and (A3) hold. If f € F and nh — 0 for
some q > 1. Then,

sup max f](th o) ZFALRT = o(1)  a.s.,
occ@ i<n

where j, k,1 € {0,1,2,...} and m > —L.

Proof: Using (A3), Lemma 4.1 and the fact that EZF < oo for all k > 0,
we have that for any €,k > 0,

ZPO (maxl(l—l—]th NCZEALRT >e)

< Z = max Bo | (1+ | X, ) ZF AR

o

Z H—m)n

i o ( l+m>n/q)

n=1

By choosing & such that 1 — (I + m)k/q < —2, we establish the lemma. d
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Lemma 4.3 (Kessler, 1997). Suppose that (A1)-(A8) hold. If f(z,0) :
R x @ — R is differentiable with respect to x and the derivative belongs to F,
then

= Opo(l).

%Zf(Xt{”_pO’) —/f(a:,a)uo(dx)
i=1

If in addition, 8, f exists and belongs to F, the above convergence holds uniformly

no.

Lemma 4.4 Suppose that (A1)-(A5) hold. If f(x,0) : R x 6 >R belongs
to F and is differentiable with respect to x and o with derivatives belonging to F,
then

2
a 2-1(90)° 2

ZfX Je P aa@r (1+ “z’—l(ao)Q)_l/2 f(@,0)po(dx)
sup . n o o)e ° u-1le — oO— I, T
i “ ai-1(0)? Ho

= OPo(l)

Proof: By (A4) and (A5), we can readily see that 8;(1 + a(a(z,00)%/
a(z,0)?)" Y2 € F. Let

2
_a%-1000)" o

1 -
hi(o) = Ef(Xt?—l"’)e 27 (@)% Yot

Then, by Lemma 4.3, we have that

_ —1/2
(1 + M) f(thl 170-)

a;_ (0’)2 -

gEo {hi(0)|GT1} = Zn: )
. / (1+ ale, "0) ) 1/2f(w,a)uo(dx>

and

ZEO {hi(o Zf (Xen ,0) = op,(1).

In view of Lemma 9 of Genon-Catalot and Jacod (1993), the convergence for each
o is ensured. To establish the uniform convergence, we will prove the tightness
of the sequence {>_ 1 ; hi(0)} in C(©), the space of continuous functions on ©.
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According to Theorem 20 of Ibragimov and Has'minskii (1981), page 378, it
suffices to show that

n 2
Ep Zhi(a) <C forallo (4.1)
i=1
and
n T 2
Eo { Zh,(dl) - Zhi(UZ) S C|0'1 — 0'212 for all 01,02. (4.2)
i=1 i=1

Note that (4.1) can be proved easily by using Jensen’s inequality and the condition
f € F. Further, since

Q

sup |8,hi(0)] < =(1+ [Xen N9 (1+ aZ})
ce0 n

Joof

n

> (hi(o1) — hi(o2))

> " 0,hi(0*) (o1 — 02)
i=1

| J

i=1
< 205 g {1+ 1 Xer )C(1+ 22
< |oy — o2 E; 0 (L+ X D71+ aZy)
1=
< Cloy - 9],
where o* lies between o and o2, (4.2) is asserted. O

Lemma 4.5 Suppose that (A])—(A5) hold. If hp, — 0,nh, — co and nh} —
0 for some g > 1, then

LS Vamilo) - V(o)

n 4 = OPO(l)’
i=1

sup
€O

v () s (10 o o2) i
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Proof: In view of Lemma 4.3, we have

18 1 a/2 1 af2
supl > (ier) [ Gosp) w@)|=on).  ©3)
Let
a;— 1( 0) A a A2
K; = — ;
) = o o v | 2 a(0)hn
Then by Lemma 4.2, sup, g max;<n |K;(c)| = o(1) a.s.. Note that
1 — 1 a/2 a(Xt? - Xep — bi_1hn)? aai—1{00)’ 2

cco |n ; (ai_l(a)z) {eXp <_5 ai-1(0)2hn >_ P <_§ ai-1(0)? Zi)
_ 1 1 /2 aai-1(00)? 2

=i (o) oo (55205 2) tewrion -1

<

C sup max |exp(—Ki(o)) — 1]
sed i<n

< Csup max|K (o)| exp (sup maxIKi(cr)|>
c€@ i<n ce@ i<n
= o(l) a.s. (4.4)

and by Lemma 4.4,

23 () e (5t n)

sup
7€0 i=1
1 a/2 a(.T 0_0)2 —1/2
B 1+ a———% —op,(1). (4
/<a($,0)2) < +aa(:c,a)2> po(dz)| = opy(1). (4:5)
Combining (4.3)-(4.5), we assert the lemma. 0

Proof of Theorem 2.1: It follows from Lemma 4.5 that for any subsequence
{n'} < {n}, there exists further subsequence {n"} C {n'} satisfying

//ZVan” - ( )

Moreover, noting the fact that

1\%/? 1 1 To\ ~1/2
- —{14+= =
(x) {m <+a)(1+aaz) }’ z>0,20>0

is minimized only at £ = zg, V(o) has a unique minimum at o = oy by (A6).

sup
cED

Therefore, since O is compact, we can easily know that 6, ,~ strongly converges
to og. This completes the proof. O
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